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INTEGRAL CALCULUS. 



SECTION I. 

ELEMENTARY INTEGRALS. 

Art. 1. The Integral Calculus is the reverse of the 
Differential, and has for its object to determine the value of 
a function the differential coefficient of which is known, in the 
same manner as the object of the latter is to determine the 
differential coefficient when the function itself is given ; or, 
more generally, the object of the Integral Calculus is to dis- 
cover the relations which exist between the variables and their 
functions, from given equations between the variables, the 
functions, and the differential coefficients of the functions. 

Hence, our object is to determine y in terms of ^, or the 
relation which exists between them, from the equations 

or /((Cy, cC"^yj-.^» y) * ; 

or, to assign the relation between /r, y, iv, (where jir is a function 
of Of and y), or between a greater number of variables and 
their functions, from the equation 

f(af,yyZ, d^z, d^x) =0, 

or from other equations in which a greater number of variables 
and differential coefficients of higher orders are involved. 

2. We shall begin with the solution of the simplest case 

dj^y ^ Uy (a function of of) 

in which it is required to find the value of a function of one 
variable, when the first differential coefficient is given explicitly 



in terms of that variable ; y representing the unknown function, 
and u the given differential coefficient. 

The required function y is usually expressed by f^Uy 
(Jg being the symbol of an operation precisely the reverse of 
that indicated by d^ in the Differential Calculus) and is called 
the integral of u with respect to w. Hence if f, and df« be 
prefixed to the same function, they neutralize one another, 
that is, 

The operation by means of which the integral of a given dif- 
ferential coefficient is determined, is called Integration; to 
integrate a differential coefficient, is to find its integral, that 
is, the function from which it is derived. Hence f^u means 
a function of «v whose first differential coefficient is u. All 
functions of w which are proposed for integration, are looked 
upon as the first differential coefficients of certain unknown 
functions which we are required to find. 

Again, as the same function admits of successive differen- 
tiations, so a function may be integrated any number of times ; 
and as d/u means d«(d«t«), so f/u means fsifaU)^ &nd is called 
the second integral of u with respect to a ; and J/u is called 
the w*^ integral of u with respect to a?. 

3. The above definitions and notation being understood, 
we proceed to deduce the rules for integration. Every rule 
given in the Differential Calculus for finding the differential 
coefficient of a function of one variable, being inverted, will 
furnish a corresponding rule for integration. 

Thus the Integral Calculus, at least in the simpler parts 
of the subject, requires no new investigation of principles, but 
depends for them entirely upon the Differential Cidculus ; and to 
a person who is familiar with the latter, it offers few difficulties 
beyond those arising from complicated algebraical operations. 
Expertness in performing these, and in foreseeing to what result 
any substitution will lead, is very necessary in this subject; 



J 



since, with all the rules that can be given, the integration of 
many formulae may be facilitated, and sometimes can only be 
effected by particular transformations and artifices, which the 
student must himself discover. 

4. The problem of integrating a given differential co- 
efficient, may be resolved into two grand divisions : 

I. To find the values of the Elementary Integrals^ that 
is, such as are not capable of being transformed into simpler 
expressions ; as for instance 

^*"' 1,1' Xi^' /.>/i-c«(8in*)N&c 

II, To reduce a proposed integral to one or more of the 
elementary integrals. 

This reduction, according to circumstances, is effected by 
some one of the following methods. 

(1) By transformation^ that is, by altering the form of 
the expression to be integrated by some common algebraical 
process, but without substitution. 

(2) By substitution^ that is, by the introduction of a new 
variable. 

(3) By the method of rational fractionSj that is, by re- 
solving rational expressions of that description into the sums 
of several others of simpler forms. This is a particular case of 
the first method. 

(4) By rationalization^ that is, by substituting in tr- 
rational expressions, so as to make them rational ; which is a 
particular case of the second method. 

(5) By the application of formulce of reduction whence 
a proposed integral is reduced to one more simple, mnd this 
again to one yet more simple, and so on, till at last it is made 
to depend upon an elementarv integral. 



(6) By integration hy parts, that is, by the employment 
of a certain general formula applicable to all cases ; of this 
method, one or two of the above are only modifications ; and 
its employment is in general to be preferred. 

5. The integrals of Algebraic Functions, as far as they 
can be obtained, are expressed either by Algebraic expressions, 
or by Napierian Logarithms, denoted Log, or by Angles deter- 
mined by their circular measures, or by Elliptic Functions ; 
for the numerical values of the three latter, when the values of 
the undetermined quantities which enter into them are assigned, 
recourse must be had to the proper Tables. It is indeed the 
existence of those Tables which has led to these modes of re- 
presenting the values of integrals. The integrals of circular, 
logarithmic, and exponential functions will usually involve 
similar functions. 

When a proposed integral cannot be obtained in a finite 
formula composed of any of the abovementioned quantities, it 
is expressed by an infinite series (which is generally possible), 
so as to converge under the given circumstances. 

6. Since any constant quantity connected with the variable 
part of an expression by the sign + or — , disappears in 
differentiating, it must be restored in integrating; and since 
all expressions which differ from one another only by their 
constant parts, have the same differential coefficient, we must, 
in order to give an integral its most general form, (i. e. so 
as to comprehend all functions from which the proposed dif- 
ferential coefiicient can have been derived), add to it an in- 
determinate constant which we shall denote by C. Although 
in finding integrals we shall usually omit the constant for the 
sake of conciseness, yet in all practical applications of the 
Integral Calculus, it must be invariably annexed, and its value 
then determined by the conditions of the problem. 

If the value of the integral be known, corresponding to 
a particiSlar value of ^r, then the constant may be determined ; 
thus let 



and let A be the value of the integral corresponding to x m a, 

.: A -/(a) + C, 

or C = J-/(a); 

.-. jC« -/(a?) -/(o) + A. 

If A I' 0, that is, if the integral vanish when « b a, the 
equation becomes 

in this case a is called the origin of the integral. 

In those formulae which retain the sign of integration /„ 
the constant is unnecessary, being reserved under that sign. 

7* Since dg{au) s ad^Uy .*. the integral of ad^z^, or 

lt(ad,u) = au; 

which shews that if a constant quantity multiply a differential 
coefficient as a factor, it will also multiply its integral. Also 
since 

f^iad^u) = aw = aj^{d^u), 

a constant factor which multiplies a differential coefficient, may 
be written without the sign of integration ; and any constant 
factor may be introduced under the sign, provided we place 
its reciprocal without the sign. Hence 

- 1, being the factor brought out. 

8. Let ^1, 2^2, ^3, be functions of /&, and u^ t^2, Ws, their 
differential coefficients, so that d^yi » w^, and .*. y^ » j^Wj, &c.; 

••• ii(^i + «^ - Wa) » yi + ^2 ^ ys « f»ui + fs^2 -^ f»^ 

which shews that the integral of the sum or difference of several 
differential coefficients, is equal to the sum or difference of the 
integrals of those differentia] coefficients. 



9. Since d^(UV)^Ud,r+ Vd^U, .-. UV^j,UdJ^f,Vd^U, 

or f,Ud, V^UV-- f^ Vd^U. 

This result shews that when a function can be resolved 
into two factors, the integral of one of which d^V can be 
obtained, its integration depends upon the integration of the 
product of the integral V already found, and the differential 
coefficient d„U of the unintegrated factor. The above is the 
fundamental formula for integration by parts^ and is the one 
alluded to in the last of the methods of integration enumerated 
in Art. 4. If F = a?, and .-. d, F »= 1, the formula becomes 

10. Since d,|^-^J = —-.^,.-.-=y^—.y^-^, 



or 



rd,U U rU , ^ 

X T" ~ F ^ X r **' *^' 



11. Since d^al^ ^ mw^"^ for all values of >w, 



a/^ 



m 

C 

puttinsr the constant Ci instead of — ; which shews that the 
° m 

integral of any power of w is found by adding 1 to the index^ 

and dividing by the increased index. 

If it be given that f^x"^"^ vanishes when a? = a, then 



a" 



= — + Ci, 
m 



which determines Ci ; and subtracting this equation from the 
former to eliminate Ci, the corrected integral is 



/»«' 



a?«-' = 



af^ -a*" 



m 



m 



/•I 1 1 . - WO?- /• 1 o /- 

Hence / — « r-nrri' y»^' = » /— 7=- = 2y^a?. 

12. Generally, if u be a function of ^, and m any number 
whatever, 

since d^^afjT) « maw*~'d,«, 



.*. fgmau^''^djfU *i au^y or f^uT'^adjgU 



au^ 



Now let ad^uesf, /. j^f^^'^tj = 



f?» 



m mdgU 



• 



Hence if an expression be of the form u^'^Vy (the quantity 
which multiplies «*"**, that is, which is without the vinculum, 
bearing a constant ratio to d^u the differential coefficient of 
the quantity under the vinculum) its integral is found by this 
Rule, In the proposed expression add 1 to the index^ divide 
by the increased indew^ and by the differential coefficient of 
the quantity under the vinculum. 

Ex. 1. /^{a'^ + ary-^jT'K 

The differential coefficient of the quantity under the vinculum, 
is ma?*"', which bears a constant ratio to ar*"', the quantity 
without the vinculum, 

•"^ ^ n.mai^'^ mn^ ^ 

Ex. 2. /,(« + 6a?*)«^-> « ^ -^ 

^ (a + 6cP")'«^ . 



nb{p + ^) 



A 



Ex. 3. /.(2^ + 3^)\*^ + .) - ^'"^ -^ '"'> ("* + "> 



5 . 6 (oT* + a?) 



1 5 



8 



df,u 



Ex. 4. f . ' - - = fsd.u (a + i w)-» 
J^ (a + buy 

- (n - 1) 6rf,w (w - 1) 6 (o + few)"-' * 
^"^^ ^' j,(a + 6a? + ca?*)" * - (w - 1)(6 + 2ca?) 



n - 1 (a + 6^ + co;^)' 



i-i* 



Ex, 6. /,(a* - a?*)''Sa?' = ^— « - - (« - ^)'- 

/• a a(af - 6)"*+^ a 1 

^ — /• dgU 

Ex.8. /lw"id,w = 2 V t^, or /— 7= = 2\/m; 
•" •'* V w 

that is, i/ an ewpression he of the form of the differential 
coefficient of a function of x, divided by the square root of 
that fwnction^ its integral is equal to twice the square root 
of that function. Hence 

r CD _ /• 2ar 

^B V a^ + a^ ''* V « -^ ^ 

r a — w rdg(2aaf — a^) . 

also, / = 1 / = s/9,ax - a^ ; 

•^«\/2o.r — w ^'^g V 2aa? - or 

and / — y * = r\/« + ft«^* 

^gy/ a •\-bu ^ 

13. Expressions which do not appear under the proper 
form for the immediate application of the rule in the preceding 
article, may often be reduced to it. 



Ex. 1. ft(a - a) v/ft -a?"»Ji(o-6 + ft-i») \/b - x 
^ia-b)fyb^ + f,{b-m)i (o-6)f(6-ar)t-f(6-^)i 



Hence / — —^ « , . 



Similarly, £ ^^ = 



1 • 



£X. 3« / y • as I . 

f a . 

Ex.4. /-5— T5 — «i>-*(a?-'-l)»— j-^ ir = -^ 4^. 



ca? + ear h 



can •¥ ear h ( ae\ x 



e X - ae — he 



e 1 



26*(»-2)*(a + 6«*)-''" 

Several of the preceding examples are particular cases of 
an integral of frequent occurrence, which ma^ be transformed 
so as to fall under the rule of Art. 12, as we shall now shew. 
2 
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14. Expressions of the form {a + baf^Yai^'^ are imme- 
diately integrable if — be a positive integer, or — + — a 
negative integer. 

For (a ^bafyaT-^^af-^ {a + baf'Yar"' 



if, therefore, — be a positive integer, (a + fea?" — a)* may 

be expanded according to powers of a + 6a?*, in a limited 
number of terms, and each term being multiplied by 

0?*"* (a + 6 J?')? 
will be of the form cu^df,Uj and can be immediately integrated. 

p p up 

Also (a + j&o?*) ^^-^ = (ao?-" + 6)^a?"«"'*^""* 



!!+£+i 



=:a» « 






if, therefore, - + — be a negative integer, 

q n 

may be expanded according to powers of {ax"^ + 6), in a 

limited number of terms ; and each term being multiplied by 

p 
a?"*~^(aa?"*+ by is immediately integrable. 



16. Hence an expression of the form (a + 6fl?")'ti?""^ 
being proposed for integration, if the index of w without 
the vinculum increased by 1 be a multiple of the index of 
w under the vinculum, we see that by the former trans- 
formation its integral can always be found in a series of 
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•i. *» p 



powers of o + 6a?" ; but if — + - be a negative integer, then 

n q 

by the latter transformation the integral can be obtained in a 

series of powers of ozr""" + 6. 

. 2 + 1 
Ex. 1. f»a^^/a-\-w; here = S, a positive integer; 

.-. ai^^a + w as va + a? (a + d? — a)* 

« \/a + w { (a + a?)* - 2 o (a + a^) + a*} 

= (a + a?)''- 2o (o + /»)» -^a^ia^ w)* 

y— — 2 '4a 9 2a* • 

••• fM^y/o> + ar « - (a + ^)* (a + af^ +— (a + 07)1. 

S + 1 

Ex. 2. Jtaj* (a + 6a;")i ; here — — -«2; 
.-. a?^(a + 6a^)» - T (a + fc<»*)^(a + hw^ - a) 

O 






«-«— 1 



= — r|(a + fea?)""* - f»a (a + 6a?) 

1 f (a + 6a?)"-^-*'\ i»a(a + 6a?)"-" 1 

6"'''"^\w»-w+l m-w 7' 

Ex. 4. rr-r^-iTT -i («' + ^*)* (6^' - 9a')' 

J^{a'+w*)t 20^ ^ 

Ex.5, r - ^ « '^°/fr" (66V- 8a6a?"+ l6ffl»). 



Other expressions of frequent 
similarly integrated, a 



which may be 



o*±ar" a + ba>' 
The following are instances of the second transformati(Hi. 

Ex. 6. f ^ = /,j!-' (a" + x^-i; 



^ ~ (o^ai-' +1-1) (o'a--* + i)-> 



■ i ZxTil — IKt = -~f, C*'''^ * + 1)' -_ {a*x^ + l)-i. 

ix. 7. j" — -?= — . - /,flj-'(2a-a!)-i; here -|-i= -3; 
. af-i(2a-af)-t=aj-M— - l| ' 

" 4o* \ ar } \a! ) 

= —{—^ \l «-* ^2o_ Ai »2* /?f \'* 
4ffl*\,iif / 2a \ a / 4o* I, a; / ' 

. / - - ■ ... = 1 (2ax~' -l)t 

^x 8 /• ' = r " — 

J,ar(*x+5a;)" y, (aj>-' + ft)" 

1 /■ J''''(ffla'~' + b - by *"' 
" a" ■*■" -" I («,r-' + 6)" 
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= ^;^/.«-* {(o»-'+6)— »-(m+n-2)6(o«-'+5)— '+&C.} 
«"+""' I m-l ^ ^ wi-g j 

Other expressions which may be similarly integrated, are 

1 1 



1 /•! 

16. Since d,log^«-, /-oiloga?+C. 

If in the equation LaT^ , (Art. 11.) we make m«- 1, 

ri 
we find I - isscc ; hence the rule for finding j^^ is said to 

fail when m » — 1 ; the reason of which is, that the equation 

/•I . rl 

/ - sslogor, supposes the function of w denoted by / - to 

vanish when a? = 1, whilst the equation f^a^ = supposes 

f^a^ to vanish when or » ; if however we introduce the same 
supposition into the latter equation as is made in the former, 
the results will agree; for in that case, by introducing the 
constant, we have (Art. 6.) 

i»+ 1 

and if m » - 1, the second member assumes the form - ; to 



obtain the true value, let m » — 1 +^A, A being very small, so 

that for ^^ we may use its expansion in powers of A ; 

.-. = — — - =7(l+Aloga? + — ^^-^-^+&c. - 1) 

m + 1 h h^ *^ 1.2 ^ 

h 
=s log X + - (log wy + &c. 



14 

Now let A ■> 0, or m<= — I, .■- f~ — logir. 

17- Generally, since d, (log«) = — ^, 

/■**»« • ^ , r^d.u rd-« 

.•- / ■ loctt + C; and / = m / -^— 

J. tt * ^# tt ■/, « 

n m log u -H C B log ( - ) > making C » — m log c. 

Hence tb^ integral of any fraction whose numerator is 
the differential coefficient of the denominator, or bears a con- 
stajit ratio to it, is the Naperian logarithm of the denominator, 
or bears that same ratio to it. 

r a a /• b a rd,{a + bar) 

Jiia+ba b J,a + bw b Jm a + bx 

= - log (o + bai) =1 log (a + b/sy ; 

and f — ^—r- = t 'oJ? (<* + *")■ 
J,a + bu h ° 

•^jtt + ii!^ nJaa'-^af 

Sx. 4. / ; :t ■= logC« + 0* + car), 

^> a + odr ■(- car 

and / ; - log(l -w + jf"). 

Ex. 5. / , „ - / — ^1 — r = - - log (n« + ^): 

Jjaw + ftw^ ■'-aw '+0 a ° 
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Ex. 6. l—rr-^ — -, = - / 

18. Hence we are enabled to integrate all rational integral 
algebraic functions of w\ for the most general form of such 
functions is aoT + ha^ + caT + ••• + & ; the integral of which is 

+ + ... + c^ + C 

m+ 1 n + 1 

It is not necessary that in, fi, r, be. should be positive 
integers ; they may be negative or fractional, and the integral 
will be the same, except in the case in which any of the terms 

are of the form ~, the integral of which is g log w. 

w 

We are idso enabled to integrate the integral parts of all 
rational fractions the dimension of whose numerator exceeds 
that of the denominator ; which integral part must be obtained 
by division. 

_ 6dJ*-Sa7*+S«* + 407-2 , Sot* + 40? -2 

Ex. 1. t« = — T = So?« + --—- -— 

207* - or* 2a?* - 07* 

S 2 

=:8«* + - -+ -r; 

207-1 or 

.-. /,w = o;' + |log(2o?- 1)-^- 

^ rofi "bof* -^ aai^ --abiV + c rf , c \ 

Ex.2. / 4 =/ 07-6+-^ 

Jg 0? + ao? ^*\ 0? + aw J 

^^a^ — bw log(l + ao7"'). 

3a 

We shall next proceed to establish a formula for changing 
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the hypothesis of integration, corresponding to the one in the 
Differential Calculus for changing the independant variable. 

19. To prove that /»{/(%) d,%\ = /»/(»)» where % denotes 
a function of a?, and/(j^) a function o{ x. 

d^y 



d^z 



f(«), or d,y ^f(x), .-. y = f,f(%). 



Hence, equating these two values of y, ' 

This is a formula of great use; for in finding f^u, one 
method of most extensive application is that of substitution^ 
which consists in assuming some relation between ai and % so 
as to obtain a value of u in the {oTmf{z)dj.«y where f(x) is a 
rational function of Xy or an expression more easy to integrate 
than u; then 

This likewise affords a means of generalizing all our results ; 
for if, in any case, we find jC/(^) = F (cv), then it follows that 
fxf(x)dgX = F {x)y where x is any function of w. 

20. The formula of the preceding article may also be 
put under the form 

jgU = fgU d^Wy 

u being a function of a?, and <r a function of x ; 

forlety = X^; .\d^y^u\ r.-^^^u; 

d^x 

or d^y = ud^ai\ /. y = fgUd^of ; .*. f^u = fgUd^w. 

Hence in cases where it is more convenient to obtain ud^w in 
the form /(«f), than to obtain u in the form f{x) dgX^ we may 
prepare the integral fg,u for substitution, by writing it j^ud^w. 
Also it appears that when we have any expression to be in- 
tegrated with respect to ^, by multiplying it by d^w we may 
transform the integral into one with respect to x. 
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21. Integration of the elementary logarithmic forms. 

These are certain expressions which do not appear under 

the fundamental form ^ , but may be made to assume it. 

u 



r dgU r d,u u + y/u^ ± a* 

•'xv/i*' ± o* -f»\/u^ sis a' « + y/u* ± a* 

M y/u* ± a* + w 






d«u 



f y ^ « log (t* + V tt« ± a») + C. 

Suppose we have given that the value of the integral 

r d u -. 

/ . * , corresponding to u-a^ is 0, 

.-. s log (o) + C, or C = - log a. 

/dgU . 

/ a ^t = ^^S (^ + V «*' - «0 - logo, 



.„,(%v/$7.). 



/- d^u ^ ^ r d^(au"^) 
= - log {att~* + V (««"*)* ± 1 1, by the preceding case; 

Cv 



•^r t* \/o' ± t«* " o ^ V «* / 

= - log ( %==A + C*. 



III. f-p^, 

J, a* - w 
Since 
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• — M* 

Za 1 



(!*-«* (a-M)(a + H) a + M 
d,w 1 / d,u -d,u\ 
' ' a* — u* Za \a + u a — uj ^ 





-^{Hi'*") 


-log(a- 


»)! 




= i>-(^) 


*C. 






^;fe.- 






Here 


ia 1 1 

«'-0* M-O W + ffl' 






-i^S'ogC"-")- 


log(» + 


")]. 




2a ^Vo + o/ 


C. 





The integral may also be derived from the preceding one, 
ranging the constant into log (— I) — C. 

!2. Integration of the elementary circular forms. 

iy reversing the rules for finding the differential coefficients 
de inverse circular functions, we ohtain the following 

ts: 

d,« 



[. Since d, sin*'— — 



d,u 



«n-'- + C. 
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Also, since sin * - = cos * — , we have 

a 2 a 



/ . ■= cos * - + C, 



TT 



(including — in the constant, and changing the signs,) at 
which we might arrive immediately by observing that 



d*cos"* - 



u — d,w 



a y/a^ - vf ' 



u a <*»u 



II. Since d« sec~ ^ ^ ss . s a 



" ^^/a^ 



w\/«*^ - a^ 



• • I . — ^ — sec — + 0» 

III. Since d, tan ~ * - = ^ = a —t^ — r , 

a /u\ * w* + a" 

r d-tt 1 ,w ^ 

/. / -r-^'=-^an-^- + C. 
JgU' + ar a a 



*"" d 

IV. Since d,versin"*- 



a \aj 



* v/2at*-tt* 



.•. / = = versm * — + C. 

These four formulas, which are called circular forms, 
together with the four logarithmic forms investigated in the 



preceding article, must be carefully recollected. Joined with 
the expressioDB 



l,u'd.u~ 



and 



■md,u 



Jr u 



nlogu 



they constitute fundamental formulGe, to one or more of which 
it is the object of almost every process in the elementary 
portion of the Integral Calculus to reduce the integrals of 
proposed expressions. 

23. The following integrals are also of very frequent 
occurrence; they furnish examples of integration by parts, 
Art. 9) being by that means reduced to the preceding forms. 

I. jt \/u' + a" d,u. 

In the formula f,Ud.7- UV - f.Vd.U, 

molfo V~u, and U = \/«* + a', .-. d,U " 
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Integrating by parts, 



or -u^ " o* 



''• V a* - 






w 



••• I»y/^ - «**d,tt ■» - \/o* - 1** + — sin-^ - , 

by first circular form, Art. 22. 

III. jCvt*N^2owd,w 

= jt \/(«* + o)* - a* d, (w + a) 
«^ + a /-r a* 



vw* + 2ot* log (w + a + \/w* + ^au)y 



2 2 

by formula I, a being either positive or negative. 

IV. f^y/^au ^ u^d^u 

« ftx/c^ - (w - a)^d,(«* - a) 
u — a / a* . . w — o 



\/2att-tt* + — sin~^ , by formula II. 

2 a 



2a Vt* Of*"* + 5 J^a + bu^j 

^1 t* 1 /• d, (ftw) 

2oa + 5w* 2a*/, o6 + (6w)** 



»w(o+6«')i-3/,(a + 6M*~a)(a+6«')M,w; 
itt*)*d,« = u{a + bu^)i + Saf,(a + bu*)id^u. 
wo latter integrals may be completed by the pre- 

Uthough we have given separate investigations of 
XT and logarithmic forms, it is possible to deduce 
the other. Take for instance the form 

^ = log (ar + \//i^ ~ a*) + C, (Art. 2 1 . making u = x), 
ler that the integral may vanish when tva, make 



^^ 



J,-yaf-a^ ^ ^ J,s/(^-m 



-1, suppose; therefore-+ \/ (~j —1=6'^'-' I 

.-. - - ^ (e"^~' + «-"'-') = coB«, 

,w r ~ ' -1 * 

■.as -cos-'-, or / -7==^ = cos -. 

a Jg\/ a' —or a 

Ve shall now proceed to shew the use of the circular 
;hmic forms in integrating a variety of expressions, 
er are of the proper form for the immediate applica- 
m, or can be reduced to that form. 
Articles 21, 32, and 23, we suppose the function of 
by u, to be'= x, and therefore d^u = l, we obtain 
ing resulu: 
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/-^l= = iiogf iL_) 

/•I a? 

/ > «sin-^-. 

^»va*-ai^ a 

Jmor -V or a a 



a 



w 



J / =r:« versin-^- . 



/ ^ = versiu — 

y/2ax —or a 

2 ^ 2" 



/\/a?^±a»=-v/^±a* ± — log (a? + v/^^^). 



/ \/a* - a?* a - \/a* - ^ + — sin""^ - . 



2 2 a 



j \/ €0^ ^9,aoo^ V a?* + 2aa7 log(zr+a+ v^H-2a^). 



2 2 

a?- a 



r / « a? - a /- -r a* . , a? - 

^ 2 2 a 

J/* 1 1 /p 1 /• 1 

, (a« ± a?*)2 "^ 2^*a^T^ "^ ia^Xa*±^ * 

/"(a* ± a7«)l = - (a* ± a?«)* + — /'\/^'±^. 

It may be useful to observe that each of the above results 
is homogeneous in w and a, and of a dimension greater by 
unity than the di£Perential coefficient (also homogenous in 
X and a) of which it is the integral. 



26. In the following examples of rational expressions, 
the quantity to be integrated requires a previous reduction to 
the proper form. 



f 1 f ft f d,(l 

J,a + ba^ J^ab + tfa^" J^ab + 



d,(ba>) 



1 _,«\A^ 

\/ab *i/a 



_a + Aa;* J^a + hi^ %hha + 



%has 



c , w-s/b e , , . ,» 

= -^=tan-' ^ + -t: log (a + ft»*). 

/ r-i = - - / \ — i - - - log (oa)-' + 6). 

Jgax + bar aj,aa)^ + 6 o 

/■ L_.2 /• !£ 

\a-^hx + eai* Jt^ac + ibex + it^!i^ 
d,(3ca' + 6) 2 _, 2cai + b 



Of + by + 4,ac - b' ^4,ac - ft* \/4ac - 6* 

, by third circular form. Art. S2. 



an~'« — sec~'vl +«*ecot '- = coi 

« ,1 . , /" 

g COB"' . = versrn-' 1 1 

1 + »* s/i + «• V 

\ac — b^ = k, the expression - tan"' 

I 

/ (2 c* + by 2 , 2 v/c > r 

' 1 + !--^ - - sec-' ^^ ^A + fc^Tc^; 
Sc* + 6 



2cjr + 6 , 

— - — may be 
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formulae, we may obtain di£Perent expressions for the integral ; 
and it is obvious that every integral expressed by the circular 
measure of an angle will admit of similar transformations. 

If 4ac<&% the value obtained above for the integral 
becomes imaginary ; in that case, by the fourth logarithmic 
form. Art. 21, we have 

d,(2c.v + b) 



(2ca? + 6)*-(6«-4ac) 



f I 2/- 

JgG + bjff + cat* Ja 

I 2ca? + 6 - \/6* -^ 4ac 

r 1 ^ ^ f( ^ ^ "^ 

^# (a? + a) (a? + 6) a - 6 J« \a? + 6 a? + o/ 

1 , ar + 6 
log 



6. 



r p + qof 1 /•2pc + 7 (6H-2car-6) 

jMa + bw +€Jf* 2c Jm a + bw +cai^ 

— log (a + bar + <?/»*) + — — f 

2c 2e J*a-hbaf + 

a -^bof ra + ba-^- b(jv - a) 



ca^ 



Jr a -^ OX ra -^ oa -i- o\ju — 

„ _^tan-^~-g-+ ^log {(^- ay + /3'}. 

Jr 1 — ar cos a f sin* a + cos* a — x cos a 

, 1 - 2^ cos a + J^ Js sin* a + (^ - cos a)* 

r sin* a /• «r — cos a 

" Js sin* a + (a? - cos a)* J, sin* a + (.t? - cos a)* 



,a?-cosa cos a, . ^ «v 

sm a tan"' — ^ — loir (1 - 2a? cos a + ^r). 

sm a 2 ° 



4 
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9uppose, changing the constants. 

First let p> g and />• — if^ff\ then 
0^ + 2p«»* + g* = (a?* + i>)* - w* = (a?^ + p + w) (a?* H- p - ») ; 
aa?* + /3 1 fa(w + ;>)-)3 a(«-p) + /3l 

Next let p < g and 2 (g -* p) = i»* ; then 

a?* + 2p«' + 9* = (a;* + g)* - m*w^ 

= (^* + mx + g) (a;* — i»af + g) ; 

w* + 2pai^ +^ 29»g\ a^ + mof + q a^ ^mw -^q ] 

The proposed integral falls under No. V. Art. 23 when 
p^ q, hence in every case it is reduced to a form immediately 
integrable. The mode of effecting such transformations as the 
above, will be fully explained when we come to the Section 
on Rational Fractions; but the example is introduced here, 
because it is the form to which several integrals, that will 
present themselves in this Section, are reducible. In the 
next article it will be observed what extensive use is made 
of the artifice of taking away the second term of a trinomial, 
such as a-\-ba + cuf either by writing it 

^{(^ + i-) +^-J^j, or by putting «=.r + i-. 

27. The following are instances of irrational expressions 
which may be transformed so as to fall under the elementary 
forms : 

1. ' ' — 



f ' ' f 



1 

""T^log \b(JO -f ^a + v6(aa?-f 6«r*)} 



87 






1 y o . -26a? 



O* I ^~jBI^^SBB3saKBBaHB SI - ^ I ■ * ... ■ ... 



d^(2ew + 6) 



\/c ^, \/(2caf + ft)* + 4oc - 6* 
— ^log{2ca? + 6 + v/4c(a + ft^+c«r«)}. 



But if c be negative, 



•^^ V a + fto? - COT* Vc *'«v/4c(a + 6d? - cor*) 
. _j r <^(2cay-fe) 1 . J gear -ft 

y/eJ»\/4iae + ft* - (2cj? - 6)« " \/c -v/ioTTft^ 



;, r ^ . __L r <fc>\/g + ft^ 

^'\/(a + fta?) (c + eai) \/eb J, /fce 

\/ a + a + ftor 

= ~~7=T ^^gjv^o 4^ fear + V - (c + co?) J- 

I f ^ _ 2_ f d,y/a + baf 

^M\/ia + bw){c''eai) y/ebj, /be 

V — + « - (a -h 



6*) 



V eft ftc 4 ae 

7 r P-^9^ ^^ rpc -f g (c^ 4 j ^ ft) -T j^ ft^ 
^my/alTba^i^c^ c J, \/o + ftar + car* 
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q . '. \ 2p^? — 6? r 1 

~ 7 V <* + 6^ + COT* + — / / r . ^ ' 

8. f ^ f ""'' 

JmWy/Q, ^bw + ca^ •'x v^ad?"* + bw^ + c 



~s/li 



c 



1 ^ 



^»^ \/ {a+bw)(c+ew) \/acL /^i ] ' 

\/ fc + a^" + 

c 



f;^ ^ / ==== 



e+-(aa?"* + 5-6) 
a ^ 



2 



tan-^ V^IE±*f). . 



\/{ae - 6c)c a* (ae - be) 



«* -^r \/(aa?-i + \bY ^ac-'^V 

6 , ' 



12 



39 

- f • ^ 

making p + qw t=z «^ which may be integrated by Ex. 8. 
Similarly, if we have (p + q^y in the denominator. 

13, r ^ 1 r p+qof-qa^ 

pJ»^\/a + bW'^ca^ p^Mip-h qai)^a + bw + caf^' 
similarly, if instead of pw + qa^ we have (w + p) (a? + g). 

14. u 



{w + c) v/(d7 + o) (a? + 6) 

2 ar + 6 1 ^ /af + 6 6 - a 



6 — a 0? + c ' 2 ^ 4. a ' (d? + 5)* 

(^ -f 6) (c - o) - (,T + a) (c - 6) ' J? + 6 ' 

,^ /^Tf- ^ ^^g V/(g-q)(>y + fe)+v/(c-6)(ay+^ 

•^' v/(c-o)(c-ft) v/(c - a)(.i? + 6) - \/(c - 6)(a? +a) • 

Similarly w = 

(^ + c) V (a? - a) (6 - ^) 

^(^-^) d,\/^; 

(6 - it) (a + c) + (j? - o) (6 + c) 6 - ^ 

/• 2 . . /b +c w -a 

.'. / w =5 y tan "■ * \^ . . 

J» V (a + c) (6 + c) a + b — w 

j^ r \ _2 /* d^v/a + 6dy 

'^'(:c + ex)\/a-\-bw ^J, e . , . 

^ c + - (a 4- 5^ - a) 

^r d^y/aVbx ^ Jeia^-bw) 
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if bc<aey the integral falls under the fourth logarithmic form. 
Art. 21. 

16. f ?±^s_.lrf^±^+^z^)_l 



which falls under Ex. 15. 

> 

•'« (c*+^) V^a+ bw J' fe*c* + (a + feo? - o)* 

which is integrable by Ex. 9, Art. 26. 

18. / . « / . ==.- 

•'»(c + ear)\/a + 6^* J*c + em \/ a^-\- b(c + ew~cy 



e 1 



^*c + eaf^ae"^ + ftc* - 26c (c + ca?) + 6 (c + co?)* 

\/ac* + 6c* \ c + ca? c + c^ f 

by Ex. 8. 

XI r ^"^ 
/ = / ) 
(c + CJT*) V a + 6d?* ^'{ca-* + c) y/aw* + 6 

«y*c ^ 

-faa?"* + 6-6) + c 
a 

V c (ac - 6c) J7* (oc - 6c) 

If 6c > ac, the integral falls under a logarithmic form ; 

and if - « 7 , it falls under Ex. 2, Art. 13. 
e 6 
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20- / ;■■ - - / 



c + 7 (ba^ + a- a) 





Jibc—ae + e(a-\-ba?) \/(6o — oe) « 6o-oe 

•^•(c+cd?*) va+6dr* y/c^ae-hc) a^ifie-bc) 

g y/e (o + 6a?*) — vac - 6c 

+ J ' ' ' ■ = log -==== -p== y 

2v/e(oc-6c) vc(a + fea?*) + voe - 5c 
by Examples 19 and 20. 

a + - {ea^ + c — c) 



^ r\/a -^ ba^ ^ f g 

•'» c + c^ y» (c + C47*) \/a +6j^ 






2S. l-^ -r- 

J» c + ear 



^^»y/a^baf \ ^ / •'* (c + cjp*) va + 



r (p +gaf)^/a +6a^ 

« 
b r p-^qdB I bc\ r p ■\- qw 

e J* y/a + 6^ \ c / •^« (c + c a?*) v/a + 



25 r_J^±?f!L==— C{^^z3^^2is^\_2=== 



26. fgU^ jC \/a + 64» + ca^ • /-^ \/4c (a + bo/ + c^) 
- -i^/, 2cv/(2c« + 6)*- (6»- 4ac) 
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- — . I(2ca? + b)2ciu - (6* — 4ac) log(2c^ + 6 + 2cJ w)}. 

27. /, v/(a - ^) (^ - c) -^ f^W [^^) - (^"^) 

28. ji (p H- 9^) \/o + fta? + c«r* 

1 / 

= — \^ {2cp + q (2caf + 6-6)} Va + 6^ + ca?* 

= X (a + 6a? + ca?*)t + f p ■ j J^ \/a + 6<r + 



■ ■ M I 

c 



CO?*. 



29- ji (pa?** + ^077*) N/a + 6a? + ca?* 

/• (|>a?~* + ga?"^) (o + 6a? + oa?*) 



\/a + 6a? + ca?* 



rpaw~^ + (p6 + qa)w~'^ +pc + ^q'6 

q^ a-ir bos -v cijf ^r \ / , — 3. * 

^^ •'* Va + 6a?+ca?^ 

30. /, {a^ + a) v/^T6 - /,(a?« + 6)t + (a - b)f,y/^b 

«-(z^« + 6)f + (a^J6)/,^/^T6. 

4 

31- f-. 1 57ir = 8<J* f-? 1 

•/* (a + 6a? + ca?*)t J» (4ac + 46 ca? + 



4 



war 



ca?*)t 
dg{Zcx + 6) 



(4ac + 46ca? + 4c^a?^^ 
2(2ca? + 6) 



{4ac-6^ + (6 + 2ca?)*Ji (4ac-6*)y/a + 6a? + ca?*' 



S2: 



Jr at r *B 

, (a + 6a? + ca?*)t j, (aa?"* + 6a?"* + c)* 

/- /• d,(2aa?~* + 6) 

" - ^^^7, |(2aa?-» + 6)» + 4ac - 6«}* 
2 (2a + 6a?) 



(4ac - 6^) ^a + 6a? + ca?** 
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38. fa,s/tZl^f^\a-{a-co)\J''-^^ 

r q(j>-C) . y 

= -«v/(a-^)(a>-c)+g^i^:L£)/'- ' 

2 Jj, V (o - ^) (^ — c) 



34. 






-?- 



6a?-' 



2 - d^s/baf"" 



2 

= " ~7^ log (\AflF" + \/o + 6^-") with + sign, 



n v/fe 



SID 



^ aa?» 



with - si 



sign. 



/•^/o/^■±6 /• oa?*±6 

35. /-I « / . 



af^h 



2 y ^ 1 

= - V a<a7" :kb ^b I j 



36 /"iZ— —::__? riv'^-c 1 



r -a^jjC +CW) 



2c 



\/a -2c 



log 



a?\/o -2c + \/l + aw^ + c*a?^ 
1 '{■ca? 



- 1 , 1 + ca?* 

or — :^==r sec"' 



\/2c — a 



X 



v/2c - a 
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37. 






1 1 a?v a + 2c + v/l + aa;* + c*tT* 



va + 2c 1 — CiP* 

= — (2pc - g) / r , 



1 +CJ7* 



1 , ^ rl +cjr 1 

+ — (2»c + g) / r . 



g- 2pc , 1 +ca^ 

sec" 



4c\/2c - a ^^^20-0 



g + 2pc ijos/stc + a + \/l + a«»* + c*^ 



4c\/2c-f a X—cdf 

Art. 28. We shall now give examples of the rules for 
integration thus far established; which will furnish instances 
of most of the common artifices by which an expression is re- 
duced to known forms, such as splitting it into others of which 
it is the sum or difierence, or multiplying its numerator and 
denominator by the same quantity. 

_________ O O r» 

5 3 

^'y/of+a + x/af -^* a 3a^ * 

m 

" (o - i) (6 - a>y*' ^ (6 - ^)V+* . 



4- /i(^* + «) \^^ + 4?a ■■ -Of (a^ + 4a)t. 
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5. u 



(1 + a?)\/l -a?* (1 + 0?) \/2(l + a?) - (1 + a?)* 



1 -d.2(l + a?) 



-1 



2v/2(l 4-/p)"^- l' 



.-. /,tt = - \/2(l + 0?)-*-. 1 = - V - 



— w 



6. r ^^=.= -iVi:i^. 



n 



8. 






e+2 



«(p + 2g) 



£+1 



«(p + ^) : 



2-407 



2^-1 






•5 + 2^ rS^"® + 2a? "^ 



• iV + cT Jm W •\' X 

J » of -it a Jx\ D^^-a) 2 2 ®^ ' 



12. 



o*a^ \ /r^ a* 



a?' a^ ,0? a^ , a? - a 

= — + — tan"* — + — loff . 

3 2 a 4 °<!i?4- a 
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1 , a7»-o* 1 ,0^ 

— ; log -s ^ :. tan * -5 • 



Jr at 1 /• d.a?* 1 . ,«* 

f y - - / = «= - sin"^ . 

"• / /, , » / . . ggMTl-'V • 



16. 



X 



d,v»* - o* 



v/(^-o')(6»-ar») " X^6« _ «« - (a;« - a') 

• -I * /<»* - o* 



&«-«' 



• I. 
If 



-f 

ah Jm4 



w 



-s 



a?v/(a^-a«)(6*-a?*) afe^.v/(o-8-^-2)(a;--«-6-2) 

- ^ — gin *" * — X/ . 

v/a-«-6-*-(a-»-ir-'') a* - '" w -• 



a? Ir — a' 



f ] f ' 

A V^3 (1 + ^)-» - (1 + a?)-« - 1 



d.{i - + ^)-'} 

v'|-{|-(i+*)-1' 



= sin"^ 



1 + 3^ 



(1 •vw)\/l* 



Zd^y/^i 



^» (jjo + 5) v 0? + a JgOf + a + 6 - a 



\/6 — a 



tan- V?^. 



6 — a 
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/• 1 /• 1 / I 1 \ 1 

Jg (» + 6)(« + o)i J*a-b \m + b w + a)<^tf + a 



(6 - a)» 



tan 



-. v/fL±^+_i 



*-« « - ft \/« + a * 



JmOf '^'ws/w^—c? ''* \\/^*-a* xy/a^-^a^l 



X 



\/gf - a* - a sec"' ~ • 



22. 



« - \/ d^oT^ + 1 + log (ar + v/a* + a?*) with + sign, 

J? 

= - y/a^x-^ - 1 _ sin -^ - with - sign. 



23. f—^===J . f 



\/a* + a?* + \/o? -^ 



2a7* 



*X^^hX^ 



•/* a - !» « 



+ sec"^ — • 



26. /, V^ = - sin- ? - (« + f)v/^^3^^ 
•^*^o-^2 aV 2/ 
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27. / . y =r 

«3 log (v/l - 2afac + a*c* + v c* - 2afac + a*). 

28. / . = — p log . . 

r ^ 1.1 ^\/2 

29. / y « — F= tan-^ — ^ 

•/,(! +a^)V^l -d^ \/2 \/r^^* 



r 1 . 2 , v^^ 

30. y_— ==«— log— = _=. 

31. / " log (v a,r"* + y/b + aa7"') 



32. 



/• 1 + <r* ^ tV"* + 1 

J» (1 - /r*) v/l + af* •/' (^-^ - ^) v/a;* + ^r"* 



/< - d, («?-* - a?) 1_ zpy/i +\/ay* + 1 

33. / , = - —7= sec ' 7= . (See Ex. 

Js(l+ai^)y/l + a/' V2 af\/2 

36, Art. 27.) 

34. T- (a + 6ar»)* « r-r-;r (« + ^^) * (« + 6a?")-i 

Jww Jg bar 



^ "~ f~li — ~ 9 making ss « v/a + 6^. 



85. f- (a* + 6^)i = - f-p?^ 
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2 / a , » - a , «\ 

= - 2» + -ioff atan"*~ 

n\ 2«+a aj 



4f r ss^ 






38. 



/•(l+ar*)i /•- 1 v/a?* + .r 

^» 1 — d7* A a^ a^ — a?" 



-« 



-/ 



- (» — a?"*) «* + ar~* 






'\/l+^+\/l-^ 



•^' (c+a?)v/a7-ar* •^*(c+zrr)\/^--^ •^*(c+a?)v/^+^ 

, . /c + ca? 2 1 ^ A "" ^^ 
^ «..-* V tan-' V • 



2 

tan 



40. / -^—. •= sec"* . 

Ja 1 — (far 4)C Of V 2c — a 



\/zc + a _ «r \/2c + a + \/l + oar* + cW 

+ log . 

4c ^ 1-ca?* 

This Integral, as well as 
/■ l + c*^* 1 ^^j r a^ 1 

are particular cases of Ex. 38, Art. 27, when q ^ pa, when 
9 = 0, and when p « 0, respectively. 
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41. 



/ / 7r=' assume v/a-ar->/6 + jr««. 



and the transformed integral is 

r z p a+b 



42. 



A(i +^'*)v (1 + zp'»)»-df* 




i. 1 i. 

(1 + ^'»)"'"" /'a7-**-»(a?-*»4- !)"«»"" 



^.-Ir 



I 



Art. 29. Before terminating this Section, we may remark 
that the principle of differenttating or integrating with respect 
to constants is capable of some useful applications ; which is, 
that in the equation j^u » v we may differentiate or integrate 
V with respect to any quantity a in it which is independent of 
x^ and we shall obtain the value of the integral with respect 
to ^, of the same differential coefficient or integral of u with 
respect to a; i.e. 

For since f^u = t?, we have w = d,t?, 

but since a is independent of w^ d^{d^v) = dt,{d^xi\ fXidjo) 

which may be both included under the first formula, if we 
consider d,"* to be equivalent to f,. 
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SECTION 11. 



RATIONAL FRACTIONS. 



Art. 30. In pursuing our object of finding f^u^ we next 
come to the case in which uisa rational but fractional function 
of Of ; its most general form will be 

Ja^'' + J?J?""' +... + T U 

the dimension of the numerator being at least less by 1, than 
that of the denominator; for if not, the expression, as was 
observed (Art. 18), may be reduced to the sum of an integral 
function, and a fraction of the above form, by division. Its 
integration is effected by decomposing it into fractions with 
simpler denominators, which are called partial fractions ; the 
possibility of which, in every case, we proceed to demonstrate. 

Every rational fraction may be resolved into partial frac- 
tions, each of which is of one of the forms, 

N M Kw + L Rx + S 



cB^a' {x^hy' (a;-a)« + /3*' {(^ - a)* + /3'*}-* 

Suppose the equation jt" + Aof^^ + ... 7^ « to have one 
real root equal to a, (r) real roots each equal to 6, one pair of 

imaginary roots equal to a ± jSv/- 1, and (m) pairs of imaginary 

roots each equal to a ± jS' v— 1, which comprizes every case 
that can occur in the composition of the denominator ; 

and nai+r + S + Sm, since the dimension of each member 
must be the same, and F is of n dimensions. 
6 
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Then — may be resolved into the sum of the following 

fractions (all the quantities N, Jtfi, Ms^ &c. being constants), 
N M, M^ Mr Kso^L 

RxX + Sx Rtw + Si 

For suppose these fractions were reduced to a common 
denominator and added together. The common denominator 
would be of (n) dimensions and equal to F; and the sum of 
the numerators would be of (n - l) dimensions, for the nume- 
rators of highest dimension would evidently be those of the 
fractions whose denominators were originally of lowest di- 
mension, and would be of n — 1 dimensions, since these deno- 
minators are but of one dimension. Now U is of not more 
than n — 1 dimensions, and may therefore be assumed equal 
to the sum of the numerators ; and since this equality subsists 
for all values of x^ the coefficients of like powers in both 
members must be equal, and if any term in one member has 
no corresponding term in the other, its coefficient must be 
put » ; this will give n equations ; but the number of un- 
known quantities is « l+7' + 2 + 2m = n; hence the unknown 
quantities are the same in number as the equations, and enter 
these equations only in the first degree, consequently their 
values will be real, and may always be assigned. 

If the denominator, instead of one, contain several factors 
of each of the above classes, then for each such factor a partial 
fraction^ or a group of partial fractions must be introduced, 
similar to that belonging to the corresponding factor in the 
above example, and it may be shewn in the same manner that 
all the unknown constants can be determined. Hence it is 
demonstrated that, whatever be the proposed fraction, the 
resolution into partial fractions of the forms indicated above 
can be effected. 
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31. Hence it appears that, in the resolution of a fraction 
into partial fractions, (l) for every simple factor that occurs 
only once in the denominator, there will be one partial frac- 
tion having that factor for its denominator, and a constant 
numerator ; (2) for every simple factor occurring (r) times, 
there will be a group of (r) fractions having the powers of 
that factor from 1 to r for denominators, and constant nume- 
rators ; (3) for every irreducible quadratic factor that occurs 
only once, there will be one fraction having that factor for 
denominator, and a numerator of the form Ax-^ B\ and (4) 
for every irreducible quadratic factor that occurs (w) times, 
there will be a group of (m) fractions having the powers of 
that factor from 1 to m for denominators, and numerators of 
the form R,v + S. The integration, therefore, of every rational 
fraction is reduced to that of the four forms 

N M Kw + L Rw + S 



the three first of these have been already integrated, Arts. 12, 
17, 26; and by making a? - a = a?, the integral of the fourth 
becomes 

r R(z + a') + S R r 2^ r 1 



R 



<j.-2»+3: 



this last integral may be obtained by Art. 9 ; for it equals 
(2m-2)/3'^ "^ ^(2m-2)/3'^-''^^+^ "^ ^ "^ 

^ (2m - 2) (i'' {x" + jS'O""' ^ (2w - 2) /3'« I (z"" + jS'^""^ ' 

from which formula, by changing m successively into w - 1, 
m - 2, &c. we shall make 



32. The determination of all the constanta N, M, &c. 
by the method just explained, is often laborious ; the relations 
however among the constants which result from equating the 
coefiicientif of the highest power of /b, and those terms which 
are independent of x (i. e. from putting x = oi , x = 0), as 
they can be obt^ned by inspection, may be generally employed 
with advantage. We shall now shew how, for each of the 
four classes of factors which can compose the denominator of 
any fraction, the above may be combined with other methods, 
so as to lead to great simplifications ; and it will be seen that the 
labour of any of the direct methods may be often evaded by 
particular artifices. 

We shall shew that the fraction corresponding to any factor 
iT — a or (« — o)' + /3', or the group of fractions corresponding 
to {s — by or J (.D — a'y + /3''| ", can be separately determined ; 
preparatory to which we may observe that if in equation (I) 
Art. 30, all the fractions except the first were added together, 

we should have — '^ n> ^ representing an integral 

JTunction of a;, and Q the quotient of V divided by te -a. 
Similarly we should have 

U Ka) + L P 

enting the sum of all the other partial fractions; 

manifest that we may assume — equal to the sum 

"oup of partial fractions which we wish to determine, 

p 
ction — ; P representing an unknown integral func- 

V, and Q the product of all the factors of V not 

in the partial fractions under consideration. 

To determine the partial fractions corresponding to 

le factors^ each of which occurs only once in the 

itor. 
these be x — a„ x— a^, ... x — a,, therefore the 

itor r=" (-T - o,) (it - a,) ... (» - a.).Q, Q being an 
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integral function of x which does not vanish when co equals any 
one of the quantities ai, 0^9 ••• a„. 

. U A, A, A. P ^ ^ 

Assume -: « + ... + + ~ , (l), 

V .t? - tti 0? - a, ^ — o» Q 

Ai9 A^... A^ being constants, and P an integral function of w; 

U 
.*. -r ^ A^{w - a^ ... (jjB - o.) + -rfg (a? - a,) ... (a? - a,) + &c. 

P 

+ J» (j? - a,) ... (a? - ««-i) +^ (^ - «i) (*' - «») ••• (^ - Oi.)- 

Now this equation subsists for all values of cT, and therefore 
is true when ^ s aj, o^, &c. Let these substitutions be made 

successively, and let ( — 1 denote the value assumed by — , 

when in it, a^ is written for w ; then we have 

(77) "" -'i (®i " ^) ••• (^> " ®») ^'^^^'^ ^"^^ ^»» 



&C. a &C. 

\-qJ =^»(««-«i) -. («»-a«-i) A^. 

Hence -4i, Azj ...A^ being known, P becomes the only 
unknown quantity in equation (1), and may therefore be 
found. 

Ex. 1. f : ; 

JsW^ + bw + S 

the roots of ^' + 6^ + 8 = 0, are — 2, and — 4, 
.'. a?^ + 6^ + 8 = (d? + 2) (a? + 4) ; 
w A B 



let 



(ar + 2) (a? + 4) 1^ + 2 0? + 4 * 



let J? = - 2, .-. - 2 = J. 2, or ^ " - 1; 
again let J? = - 4, ,-. - 4 = JS (- 2), or B « 2 ; 
a: - 1 a 

' ' (a; + 2) (aj + 4.) a; + 2 a; + 4 ' 

■•■ i^J.ta - - l"g (' + «) + ^ '»S (• + *)- "»g —*• 



= log 



V^ 



(» + 2)' 



Mak^-:::^*'^,.-. P.^5 + fl{.-a,), .-. (1)^-^,. 



3i. The above method requires Q to be known ; in cases 
where Q is unknown, the following method is convenient. 

Consider only one simple factor, x — a,, and let 
¥.(.>•- a,). S. 
U J, 

r"ii>-ii,'s' 

But d,r. <!.«.(* -<i,) + S; 
if d^^ V, S , represent respectively the values of 
d S when ic=a,, we have S^^^ = d,^„V, 

.-. A,~ — fzfL: similarly J.n — ^* , &c. 

nee the fraction corresponding to any one simple factor, 
ned without dividing Vhy that factor; and the decom- 
1 of the proposed fraction may be thus represented, 

T^^ 1 U^^ 1 f7,=„_ 1 P 

nee all the coefBcients are known, and P becomes the 
iknown quantity ; Q being obtained from F by dividing 
r-.,)(,v-<ij ...(*-».). 
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Ex. 1. / ; 

, w + 3 A B Cw + D 

let = + + — ; 

j?*-l a?+l a?-l a?*+l 

here d. F = 4ar\ .*. J = = — , B = 1 ; 

- 4 2 4 

also, making «sO, ^= oo , we get —S—A — B'\-D^O=A^B^Cy 
which give D = - ^, C = - ^ ; 

«r + 3 __ ^ 1 1 I ( ^ ^ \ 

f -T = log 7 . . , , -1 - % tan'* «!?. 

^ 6 + CcT J B + Caf 

Ex. 2. 



.'. 6 + Ctr = -4 (a?* - a J" + a^ + (-B + Ca?) (a? + o) ; 

.', making <r = — o, 0, and « successively, we get 

h -ac^SAa^^ b = Aa^ + Ba^ = ^ + C; 

6 + c^ b — ac 260 + ca* - (6 — ac)a? 

3^ + €^ 3o^ (d? + a) 3a* {ai^ ^ aw + a?) 

rb + c(V b-ac. . . b-ac. , , 

6 + ac , 2^7 — a 

+ o /- **^" 7= • 

a*v/3 aVS 



Ex. 3. To resolve into partial fractions, 

or — qx '- r 

where the roots of j?^ — ^a? — r = are all real but incommen- 
surable. 



If cos0=-(-l , the three values of 



3 ;* S ^5/ 3 

let these be deDoted by a, b, c, and let 

1 J B C 



a^ — qa-r or -a x -b 



*'{(""?)'- j} 



iq sin \{ir + <p) sin |- (ir - ^) ' 

since J ■■ (cos— J . Similarly, changing succesdvely dt into 

«■ + ^, and IT - 0, we obtain the values of B and C. 

35. To determine the partial fractions corresponding to 
the simple factors which occur more than once in the de- 
nominator. 

Let a? — o occur («) times, and, therefore, F — Q (a; — a)', 
ing an integral function of x which does not vanish when 
z. 

U At At A. P 

Assume— "7 + -— ... + + -; 

V (a- ay {m - a)' ' x -a Q 

7= ^,Q + A^dix - a) ... + J.Q(a> - a)-' + P{w - «)'; 

itute for At its value, and let — = U„ which is 

9 X ~a 

sarily an integral function, because the equation 
U-AiQ-O, or^Q(«-a)...+/*(a>-o)" = o, 

isfied by « = a ; 
.-. U, ~ AA ... + AA{^ - ay- + P(« - ay-'; 



(t)-^ 



ll^M.n. . i!^\ 



again let ^— - U, ; 



\Q) 
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proceeding in this manner to form successively the subsidiary 
functions CTg, ... f7„„,, {/«, dividing them by Q, and then 
making a? » a, we shall determine all the other quantities, 
viz. 



Sar^l 



Ex. 1. / --— . 

J, (a? - 1)'* (4?* + 1) 

So?' - 1 -4 jB 



Or - 1)^ (a?* + 1) (a? - 1)» d7 - 1 (ci?'* + 1) 
.-. Sa^ - \ ^ A(a^ + \) -If B (X ^ i) {i^ + 1) + P{x - l)^ 
let 0? = 1, .•. 2 » 2^, or j| a 1 ; 

or, dividing by a? — 1, 

2 (a? + 1) = 5(<r« + 1) + P(a? - 1), 
let ^ « 1, .-. 4 = 2fi, or £ « 2 ; 

.-. 2(.r + l)-2(a;' + l)« -2^(a?-l) = P(ct?-l), or P= -20?, 

S.r* - 1 1 2 2ir 

'*' (x - 1)» (^ + 1) "^ Or - 1)' "^ JO^ " ^^ + 1 ' 

• / xs — + loff -^ — . 

' * J,(a' - ly (0?=* + 1) 0^-1 ^ ^« + 1 

+ log - 



1 (a? 4- a)-*»-" 
Ex. 3. z zzr-r m - ". 1 — Z^ 



{x + a)"* (a? + 6)' 






/ b-a \-+'-» 
V g + g } 

- 1 ii.n(»-l)"-' 



(i-a)-"- 
ediately integrable. 



4 f ;p g 21* 

[«* - ai)' " \V - 1 ^ + 1 */ 



-l)'~a?"-l (-»»+ 0' a^ + l s^' 

e above method, in order to determine any single 
he group, requires the computation of all the 
es; by the foUowiog method we can find any 
m directly. Since 

P .... 

— , we have, by successive differentiations, 

-8J,(iii-a)+&c.+(n-l)^,(*-«)'"'+-yi(a'-a)'"'; 



rj+&c.+(»-l)(n-8).4.(a>-o)— '+^,(J!-a)•- 



(n_I)(»_8)...^.I^_+Jf,(J>-a); 

r, representing functions of x that do not become 
I aaa. Now make attain the above equations, 
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Hence the general expression for any partial fraction in the 
group is 



\r^'^ [q) ' (a, - a)-' 



For every factor of the same form found in the denominator 
F, a process similar either to this or the one in the preceding 
article must be gone through, to determine the partial frac- 
tions belonging to it. 

1 1 J B Civ + D 

w^'-^w+s^ Q{fv-iy' (w-iy'^^i ^+2a?+3' 

(<v "* 1)^ being evidently a factor of the denominator, as both 
it and its differential coefficient vanish when ^« 1. 

also equating coefficients of /p', « J? + C, .*. C « -, and making 

a? - 0, - e J - 5 + — , .% D - ^ ; 
S So 

1 11 11 13 + 2a? 

+ — 



" J?* - 4dr + 3 6 (or - 1)* 9^-1 18 zr* + 2a? + 3 ' 
J, a?* -4a? + 3 6a?-l 9*^^ ^ 

1 ,^+1 l,r« «x 

+ 7= tan-*— ^ + — log (a;« + 2a? + 3). 

18 V2 V 2 18 

37. To determine the partial fraction corresponding to 
a quadratic factor which cannot be resolved into two real 
simple factors, and which occurs only once in the denominator. 

Let a?* - a a? + 6 be the quadratic factor, and o* < 4 6, then 
the roots of the equation aj'-aa? + 6 = 0are imaginary ; also 
thp denominator F - (.t?» - a a? + 6) . Q, where Q is an integral 
function. 



U Ax + B P 

Assume — = — ; + — , 

V or —am + Q 

being constants, and P an integral function of ^ ; 

:U-{Ax+ B)ii-.P(^- a.v + b) (i) ; 

ting in the first member the odd and even powers 

R (a^) +J!ltiai^-^P (.^ -ax + b), 
' (ii^)t denoting integral functions of ai*t into which A 
ter only in the first degree. 

lis equation make afl ~ax + b = 0, that is, write 

r w', then the second member vanishes, and the first 

iduced to the same form as before, Ri (or*) + aj R,' (jj*)* 

ision of each function being diminished one half, 

id B still entering only in the first degree. By re- 

ibstitutions of aar — b for m*, we shall at last arrive 

It of the form M + Nx, which put equal to zero, 

Bt be satisfied by two values of x, furnishes two 

J/= 0, N •bO, for finding A and B; and then we 

7-(Ax + B)Q . , . , , 

— - — ^ — , an integral function of a:, by putting 

. B their values, and performing the division. 

S+7a) 



'■ X, 



(ar*-Sar + 5)(*' + iP + l)' 

S + 7« Aw + B A'x + B* 



- «J7 + 5) (.T^ + af + I) ai' - 2iir + 5 ar* + a; + I 
I - (Ax + B) (*' + a + 1) + (A'a!+ ff) (a>» - 2ic + 5) ; 
hence ^ + ^'-0, S « S + SB". 
Make x^ bZx — 5, 
r - {Ax + B) (3X - *) - A {S a^ - ^tx) ■{■ B (Sx ~ 4,) i 
ituting again for «*, 

3 + 10! = A (ix - 15) + S {Sx - 4) ; 
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therefore, equating coefficients, 

3« -15J -4B, 7«2^ + SB; .'. J « - 1, 5 = 3; 
and consequently ^' b i, JS' « ; 

3 + 7.r 3 — ar a? 

+ 



(a?*- 2a? + 5) (c-r* 4-^+ 1) a?* -2a? + 5 o^ + a? + 1 
2 .r-l ^ + ii ^ 

.-. I T-z «tan"*' iloff (a?''-2af + 5) 

•/,(cT»-2d7 + 5)(a^ + ^+l) 2 ^ ^^ ^ 

1 207+1 

+ ilog(af* + cr+ 1) -— ;=tan"^ — y^. 
1 Jof + B A^of-^Bi C 

let ^7-^; r-^^; r « -:^ r + -~i r^ + 



(ar* + l) (a?* + 1) ar*-a? + l a?*+l a? + 1 * 
/. 1 = {Ax + J5) (a?* + 1) (.r + i) + (^^o? + B^) {a? + 1) 

hence = j< + ^i + C, 1 = JB + JBi + C 

Make a?= — 1, .*. 1 « 6C; 

make o?^ + 1 = 0, or a?* = - 1, .-. 1 = {AiX + B^ {-w + 1) 

= ^ (- iT* + a?) + Si (- a' + 1) = -^1 (1 + a?) + jBi (- a? + 1), 

..A,^B,^\; 
consequently -4 « - |^, 5 = ^. 



Ex. 3. 



(a?' + 1 ) (aP* + 1 ) » • a?*- - ar + 1 ^ 'a?'^ + 1 « * a? + T 

( a;«-Hy(a? + i y 

(a;^ - a? + 1)^ 

2(a;^ + l) a?^+l ar* + l_5a?-l 3«t - 1 

(.17* + 3) (a?* + 5) " a'"* + 3 a;* + 5 "^ a;* + 5 ai^ -^S 



'•• / T-;i rr-^ r = log r~ + i tan-*a?. 



the above method, thedivisioa of Fbya*- ffl« + 6^ 
ad Q, will sometimes be a tedious process and may 
I the followiDg manner. 

=• (a/* ~ax + b) Q, 

l^V ~ d,Q. (afl - ax + b) + Q.(2j!-a); 

1^ - 6 is substituted for a^, d^V and Q.(2^- a) 
ae value; and therefore when Q is unkoown, 
y be more convenieotly obtfuned from reducing, 
substitutions, 

i).U- (Aw + B)d,V to the form M + Na, 

the usual way, by reducing U " (Ax -i- B)Q. 

the resolution of -i ;; : -, into partial 

ar + a)' - vr - a:' * 

find that whose denominator is^-i- 1. 

ntity to be reduced by successive substitutions of 

r + B) (See' + 7^ - i^ - 3**), which becomes 
{-(SiB+7)+iw+S}'='3a!+4,(_Ax+B)+i(-A+Bx); 
3 + 4,A^0, -4,A+4,B = 0; .*. Jt=B--J; 

lired fraction is - J '-;— ■ 
*af" + i 

determine the partial fractions corresponding to a 
:toT, not capable of being resolved into two real 
i, which occurs in the denominator (n) times. 

> (iT* - a,v + by Q, where Q is an integral func- 

7 Aj<u + Bi Ata)+ S, 

^ (aH* - a« + by (a^ -ax + by-' 
A^ + B, P 
'" '^ w' - aw ^ b'^ <i' 
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An j8,,...^,, £., being all constants, and P an integral func- 
tion of w\ 

.-. U- (AiOf + £|) Q - (A^ + -BO («• - aa? -♦- 6) Q 
... + (A^v + 5,) (a^ - aa? + 6)-» Q + P (a^ - «a? + 6)"- 

In this equation, substitute aw — b for a* ; then the second 
member vanishes; and the first, by repealed substitutions of 
ax — b for ^, can be reduced to the form jif, + NiW (as shewn 
in article S7.) which put « 0, gives JIf i a o, iVi » o ; and since 
Ai^ Bi enter these equations only in the first degree, they can 
always be determined. Substituting these values of Ax and £|, 

and performing the division, we get -^ — ■" f^u 

Or — aof + b 

an integral function. 
.-. Ui = (^»af + -B,) Q + &c. + (A^w + J?0 Or* - ao? + 5)-*Q 

and substituting for af\ and proceeding as above, we find 
Jfs + Ngfv s 0, which gives A^ and i32* 

Similarly, we can determine A^^ B^j &c. ; and U^'* P. 

Ex. 1. To resolve r-z ttt-^. n> into partial 

(a;" + 1)* (a;* + a? + l)"* ^ 

fractions. 

2a?* -a?* AxArB A^x^Bx P 

\ai'^\)\ai''¥X'¥\y (^ + 1)* a^ + l {a^ + x^if' 

.-. a? (2ar» - 1) - (^«» + -B) (a?* + a? + l)» 

« (^cr + 5i) (^^ + 1) (a?« + a?+l)« + P(a;« + l)«; (1), 

let a?* + 1 = 0, .-. 2a? + 1 + (i<a? + jB) = 0, 

.-. -4 - - 2, jB = - 1 ; 

substituting these values, dividing both sides by a:^ + 1, and 
transposing, we get 

2ar* + (2a? + 1) (a? + 1)' - {A^x + J?,) (0?^ + a? + 1)' « P (a?*+ 1); 
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= 0, .'. - 2a7 + (2a; + l) Sx = (AyX + fi,) jj", 
or - 4 = - {A^al + By), 

these values, and dividing both Bides by x^ 4- 1, 
- 4*» - 4aT - S ; 

'-aj» l+2af 4 4.0^ + 4j; + 3 

■jT' + af+l)" ix^+iy i^-t-1 {s' + x + iy 
Sx i * 1 



hi)* x'+l (ar* + » + 1) (iB* + ar + 1)* 

2af+l 2a!+: 



V^ "^3(a^ + * + l)' 

? L_J_! L_l" 

(ar* + ffl)" (ai" + &)* (a - A)* (ar* + 6 ^ + aj 

1 1 ] ^ f ' 'I 

ai' + by'*' {x'-i-ayf (a~by\x' + b a^ + af' 

be here remarked that by resolving — into its 

Qns, we are always able to make 

J J /■C/+S'a')(p+?*+»-a^)"" 

depend upon / ■:.: =^ ; 

.V + cai' •'' vo + bx + cx^ 

:e of this latter integral can be readily obtained, 
4rp > 9^- Of the arti6ce of resolving into partial 
rational part of an irrational expression, use has 
1 the first Section. 

1 now proceed to the consideration of certain 
as which merit attention, both because they are 
> which many expressions can be reduced, and 
can be integrated by elegant particular methods 
than by the general ones just explained. 



S7 



40. To integrate 



1 -a;" 

Case I. I^et (n) be even ; then resolving 1 - zd" into its 
quadratic factors, we have (Theory of Equations^ p. 25), 

2<9r 
1 -a^ = (l -or') (1 -2»cos — + a^ 

n ^ 

X (1 -2^cos — + ar) (1 - So^cos-^^ — + ^'); 

n n ' 

therefore, taking the logarithms of both sides, and differen- 
tiating, 

. , —2 cos h 2a? 

— no?*"* — 2.r n 



+ 



1 -iflJ" 1 -a^ 27r « 

I - 2a? cos \- or 

n 

4t («-2)7r 

— 2 cos |-2a? -2 cos ^— +2ar 

n n 

4- 



4ir o (»^2)fl- , 

1 - 2d? COS — + /p* 1—20? cos + or 

n n 

Multiply by w, and subtract each side from n, that is, 
the first from n, and each term of the second from 2, since 

the number of terms is -, and divide by n; then 

2 



1 ^1 
--^« -{ z + 



1 - .r" nh -a^ 



2^ 

1—0? cos 

n 

1 —2a? cos — + or 
n 



+ 



47r 
1 — a? cos — 
n 



8 



(»-2)ir 1 
1 - J? cos 

+ " I 

'J 



47r « (»-2)7r „ 

I -2a?cos — +«* 1 - 2a? cos ^^ — V or 

n n 



Case II. Let n be odd, then the resolution of I -«" 
into factors, gives 

1 ~ a^ m (i ~ jt) (1 - 3« cos h -r') 

4w „ , (« - 1) TT „ 

-axCOS + JB*) (l-8*C08^^ +ir)- 

re, taking the logarithms of both ades, and differ- 

h 

Sir 

— 2cos K 2* 

-««■"' -1 » 

+ Sec. 



.tiply by s, and subtract each side from n, that is, 
from fly and the first term of the other side from 1, 



j—i\a^^. 



!-«■ «11- 



2ir , 

1 - SffCOB har 

n 

1 - m cos ^ -^— 

1 - 2ai cos ^ — + a^ I 

ce / ;; can be found ; for each of its partial 



-S^cos — + a^ 
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fractions i& of the form 1^, the integral of 



1 — 2<rcosa + ^ 



which is (Ex. 8. Art. 26.) 



sin a « tan 



-1 



*p — cos a 
sin a 



- ^cos a . log (1 - 2af cosa + a^). 



Ex. 



/l-^' 



4^ O imp 

1 -a^^ss (1 -a?*)(l -2a? cos- +a^)(l -2jrcos — + ^); 

3 3 

r 

therefore, taking logarithms and differentiating. 






TT 2ir 

— 2cos — + 2o? — 2cos + 2or 

-20? 3 3 

l-oj* ^ • 27r , 

1 - 2o7 cos — + or 1 - 2o? cos — + or 

3 3 



Multiply both sides by o?, subtract the first side from 6, 
and each term of the second from 2, i^id divide by 6 ; 



l-of" 



-i 



1—07 COS — 
1 3 



1—0? COS 



27r 



1—0?* IT 2ir 

1 — 2o? cos— -f OJ* 1 - 2o? cos 1^ 

3 3 

1+0? 



J 



^°"Xt^-*^°SI^' 



1—0? COS — 
3 



^ 1 — 2o?cos — + 0?* 
* 3 



v/i , 2o?- 1 1 , ' 

tan"' TTT i log (1 - 0? + 0?*), 



2 



v/3 



27r 

1—0? COS — 

27r 
I -2o?cos — -f 
3 



v/i ,207+ 1 ,, , 

— ten-^ — yr:-' +tlog(l +o? + o?'), 



— = 4, BID — = , COS — — — i, Bin — = ; 

S*32 8 * 3 2 

, collecting the results, 

i^ogl:; V Til + r*^ T — 3- 



£ I. Let n be even ; then (Theory of Equations, 

1 + a!" = (I - 2ir cos - + «•) 
-2« cos — + 3!°) Il -2a: cos ^ ^— + «*( ; 




1 — 2afcos— +«* 1 — Sjscos — + ai* 
n n 

(« - X 1 
I -aicos^ ^— 

1 - 2a) cos + ar 1 

n J 
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Case II. Let » be odd ; 

.-. 1 + 0?" = (1 + a?) (1 - Zof cos- + ^*) 

n 

t. J ^'"' fi\ r' (n-2)w ,. 
X (1 -gjfcos — +dr) (1 -2<vcos^ ^— + ar); 

' » n 

and by the same process as for when n is odd, we find 

1 — oi" 






1+4?* nil +^ 



TT 
1 — Of COS — 

n 

IT 

1 -S^cos— A- or 
n 



Sir 
1 - J? cos — 
n 



1— 2arcos — +flr l-^2afcos 

n 

f can be obtained. 



(w - 2) w 'i 
1 - or cos ^— I 

+ " 1 



1 +a?v/2 + ^ 



Ex. /-i l^logi±fVll±^ 

^•1+4?* 4v/2 l-^v/2 + 4^ 



1 ,-ia?\/2 



tan' 



42. To integrate 



2V^ 1-a?* 



of ^ 1 



Let /p* - 2ti? cos ^ + 1 = (a? — o)(4? — 6) represent any quia- 

. ■"• ^- A B ■ : ' ' 

dratic factor of the denominator F, + ; the fractions 

corresponding to it ; 

.•.(Art.34.)^ = ^-^^»- — ; Bimaarly^-—. 
since a and i are roots of 4?" Jn i a ; 



m — a w - b 7»\jf — a x — b) 
^ _J_ p (a-+' + fc-+') - oh (a* + 6") 1 

■F»[ af*-2afC0s^+l J' 

■1 j2.»cos(m + 1)^ - 2cosm^l 

!f«\ ar"-2»cos0 + l J' 

s Scos0, a6 ~ I. 

i the general fonn of the partial fraction, which may 
ireBsed by 

i(m+I)^-2cos(»»+i)^co80-28in(f»+l)^siii<^| 
a;* — Sarcos0 + 1 J' 

{, ^ Sar — 3 cos d) , . 

cos (m + 1) d> ' 7^- 2 sia (la + I) A 
■• ■'^ar'-aaicos^ + l ^ '^ 

sin ^ 1 

* (ic - cosipy + (sin 0)'| ' 

the general term of f ■■ is 

— {co&(f» + 1) 0.log (a^ — 3arcos^+ 1) 



L Take the upper. sign, then "^- , X 

g an integer ; and to obtain all the terms, \ must be 
re , . , n-S , 

. to 1, when n is even, and to when « 

2 2 

e remaining simple factor, oi + 1, in the latter case 

partial fraction . ,, and consequently, 

( -1)' 
ti--^log(» + l). 
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Case IL Take the lower sign, then « ; and when 

n is even, X must be taken from 1 to 1., the remaining qua- 

dratic factor being a^- Ij which gives the partial fractions 



i»(^— 1 47 + 1 J 



1 ( - 1)"+' 

and, therefore, the integrals — log (a? - 1) + — ^og(af + 1). 

ti n 

» — 1 
When n is odd, X must be taken from 1 to ,the remain- 

.11 

ing factor, a? — 1, giving the partial fraction — . , and, there- 

y| a? — 1 

fore, the integral — log (o^ — 1). 



43, Hence we can intesrrate 



m+l 

for, making — — =»«" and therefore a^ « (l)^^*^' ^^ ^^^^ 
r a* l/o\*±? ri^r^d^ l/a\ *!!/•«** 

When n is even, and a and 6 have different Bigns, we must 

assume « j8". 

a 

44. To integrate "-^- . 

Let a^ - 2 07 cos + 1 =a (^ — a) (<» — 6) be any quadratic 

A . B 

factor of the denominator F, j- the^ fractions cor- 

w ~ a ar^b 

responding to it. 



£4 

Case I, Take the upper sign ; , 

If a"-' + o""*~* o" - a-" a* -ir 



.-. J 



s=a _ 



»-l 






similarly JB = 



— n 



• • 



^ — o a? — 6 



n \ a? — a ^-6j 



- 1 (a* - 6") (a - 6) 4 g^-fe* a-6 1 

4 . . 1 

B — sin m d> sin -5 — — - 9 

n ^ or -2 Of cos (f> + I 

which is the general form of the partial fraction. 

r — — is 

4 . . , a? - cos . -x (2\ +1)^ 

- sin md) . tan"": — ; — r-^y where 9 » 5 

n ^ sin0 w 

and to obtain all the terms, X must be taken from Oto - - 1, 

when n is even, and to — ^ when « is odd ; the remaining 
simple factor ^ + 1 in the latter case giving the partial fraction 

JL-I^ - 0" H- ( -ly-"] ^ ^i^i^i^ vanishes ; ' 
d?+ 1 I -w J 

•-i+a^-«-i 4 J ^ . 

,-. / «:-<sm — ^^.tan 



a?- cos— 



ya^^-^+iP""""* 4 J . WITT ^ _• » 



. IT 

Sin — 



a?*— cos — ^ 

+ sin .tan"' + &c. > » 

. Sir [ 

m — ■ I 

n J 



sin 
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the number of terms being — or — '■ — , according as n is even 
or odd. 

Case II. Take the lower sign, then 



Jx. 



na*'^ — n — n * 



this must also be the value of B since a, 6, are similarly 
involved ; 

A B a" + ft 



cT — a w -^ b 



— » \a? — a a^bl 



2cosm<f> f 2.9— 2COS0 \ 
— n \d7* — 2a?cos0 + 1/ * 

the general form of the partial fraction, the integral of which is 

2 
cos m(f> . log (a^ — 2<v cos <f> + l) ; 

.•. / Bs /cos . log (ar - 2a? cos — + 1) 

•/, ot" + 1 n J » » 

+ cos . log {or * 2ar cos — +1) + &c. > • 

n n ) 

The series within the brackets goes on to — terms, if n be even, 

2 

w— 1 
and to terms, if odd ; the simple factor, in the latter case, 

2 

2 
giving the additional term (- l)**^ — log {w + 1). 

fir 

' be ob- 

tained, in logarithms only, or circular arcs only, according as 
the upper or lower sign is taken. 
9 



1 

I 
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• 46; To integrate ^^-——^-^^, 

Let ar' - 2 J? cos + 1 « (a; - a) (.v - ft) be any quadratic 
factor of the denominator F, 

.•. a* = cos + v— 1 sin 0, 6* «= cos 6 - v - l sin fl ; 

»• 

-4 S 

and let + be the corresponding fractions, 

U a" 1 



ds^a V 271 (a» - cos d) a—^ ^ny/'-l sin ^ a— — ^ 

2^11— n-l ^«-«-l 

-; — , since o6 « 1 ; similarly 5 « — 



2w\/— Isinfl Snv/— 1 sind* 



^ B 



■— m— 1 ^11— «-!' 



B 1 ih*'"^-' a"-" '-'\ 

'a? -a »r-6 2nv/^sin0 V^-a w-b) 

1 «»-« -&•-«- a? (a"""~*-6"'"~0 

2w\/^sin0 a?^ -2i!PCos^ + 1 

«_ 

1 sin (/I — fw) — a? sin (n — m - 1) 

nsind ^ — 2a? cos + 1. 

" . • ■ ■ 

-which is the general form of the partial fraction. 

Jr *^ 
' -3 — -?. is 
;ra?*»-2cos0a?" + l 



4 ' 



1 < ^ V t , ^ - COS 

— : — }cos (» - IW - 1) . tan"* : 

n%\\iQ ^ ^ • sin ip 

— ^ sin (w - m - 1) . log {a^ - 2/r cos + 1) + C} , 

where = ; and to obtain all the terms, X must be 

* n 

taken from to w - 1. 



67 

47* If in the preceding article we suppose 

, cosd> ' 



C » cos (n - m - 1) . tan' 



sin 0' 



, a — cos d} , cos <6 

then tan"* — : — + tan-'-r-^ 

sin sm (^ 



X 



, sin0 ' ^ , ar&n<b 

= tan"' t = taR"^ — ; 

Of — cos d> cos ^ 1 — ^ cos ^ 

sin ^ * sin ^ 

and therefore the general term of the integral becomes > 

I c r V . , a?sin0 

— r-— ricosfn -i»- l)d).tan~^ ^—- 

nsm0 '^ ^- 1— a?cos^ 

— -^sin (» - m -1)0. log (a;* -2j7cos0 + 1)}. 

By this determination of the constant, the integral vanishes 
when w^0\ here also we are furnished with an instance of the 
change made in the form of the integral^ by the introduction of 
a constant of a particular form. 

\ or . 

48. Hence we can integrate 



a + 6a?* + csf^ 



•+1 



c [o\^ fa\ *» 

Let - a^ = x^y .•. a?* = (- ) ijf*, and a?" = I - j «"d,«f, 



»+i 



r a?" /a\ »» f si^dffX 

^'a (1 + --^= «* + »•") 
y/ac 

m+l 

_ 1 /a\ *• /• «*^ 

"a'W Xl -.2cos0«* + ««»' . 

b . . . ' 

if cos = ^=1 , which requires that 4ac be greater than 6*. 

2v/oc 

_ _ > 

But if 4ac be not greater than V, then the values of af^ in 
the equation co^* -f 6a^ + a « are real ; let them be denoted 
by / and g^,. 
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a + baf + ca^ c {af -f) («" - g) 

, ^ f ^ L.V 

*' Xa + 6j7* + ca?^« "^cC/-^) lX.»"-/ Jx^-g) 
and is reduced to Art. 42. 

Examples of the integration of rational fractions. 



2^ + 3 



'■ /;j^?^-|log(*-l)-ilog(^ + 2)-flog... 
/• «2 - 2 1 , , (^ + 2)' 

2. / n + i log . 



a?*-^+l , , (-a^+l) 



T5— 3 ;^i^Qg \^^, -^tan'^o?. 






4* Ixo ^VOrV.^V^ 

+ ~ ^tan"'*a? + — ^ tan"* — . 

18 a;* + 1 72 V* + 4 54 432 2 

^ 3j^ + lOflf + 9^+ Sof + 4 
^' / (l-^-^*-2ar^y 

tan-^ 



(1 - ^ - ^* - Qa^y 

S -14- cT 21^ .1+20? 

M 1- r- + 7=^ tan"^ — 7=r- . 

2(1-20?) 3(l+o? + o?^) SV3 v/3 

50?^ -1 o? + i + \/5(o?-l) o? + l-\/5(o?-l) 

6. = h -^-7—— ^H -^ 72=^ 

1+07* o?+l 2(or^+l)-^(v/5+l) 2(o?*+l)+a?(\/5-l) 

Jrl +07* I ,^v/2 
f ^ -«— =tan-*- . 
,1+0?* y^2 1-^ 

^ 0?* 1 ,«V^ 1 t .i?2-o?v^+l 

8. / 7 = — 7:.tan-^ 3 + — 7=log-- 7= 

J,l+o?* 2v^ 1-^ 4\/2 o?2 + o?V2 + l 

,o?*-2cos20o?* + l 

1 ,207 sin 1 . 0?* -2o?cos0 + 1 
tan" - + loff ~— ~ ~~^ • 

4sin6> 1-07* Scosd ^o?« + 2o?co8e + 1 
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SECTION III. 



RATIONALIZATION. 



Abt. 49. Havikg proved that fgU can always be found 
when u is a rational function of jCy any proposed function must 
be considered as integrated, when by any transformation it can 
be reduced to the form fxR(x)y where R (z) denotes a rational 
function of x^ or to such an irrational form as admits of being 
rationalized. This transformation can be effected only in par- 
ticular cases depending upon the form ol u; the following are 
among the most useful. 

I. To rationalize tjR {a?', {-^^ — -^) , (— — -^) , &c.}. 

a + bw 

Assume ; — » ar, where I = the least common multiple of 

Oi + biOf '^ 

the denominators of the indices, 

^\ a + bx o ttisr + biSfT or j? «o — , 

6 - bixr 

lsff '^{a,b^ab,) 

"5. ' • Z. 

also I ; — I -«•, I — I =:»^, &c. which are all 

rational.' 

Hence by substituting these values, f^u « JzUd^^x becomes 
of the form fgR{x), 

It is manifest that f^R(w, a?", o^, &c..) 

and Jjfi {<v, (a + 6a?)», (a + fc.!r)«, StcJ ; , 
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are particular cases of the above ; and to rationalize them the 
assumptions are a = «*«•••, and a + 6^7 » «■«•••, respectively. 

. ^ * r 

Also Laf^''R{ar% r— , -— , &c.l 

is immediately reduced to the above form by making of* sb z. 



Ex.1 



1 •¥ wi + jff^ 



J/» 1 + cTa + 073 1 

f r- 5 let or = sfiy .-. d,ar = 6«*, . j 

» 1 -f cJ?3 . 

r 1 + fl?' + J5* 

.-. J^u = / — 6s^ = (by division) 



6jr [;!?' + «•-«*-«* + 2«^ + )!?*- 2«-l+ ~ I 

«6— + — -_ + - + ---««-;8f + log(l + «*) + tan-*« . 

Vs 7 6 5 2 3 ''^ ' y 

» ■ ■ ' 

Ex.2, ^t; .1 ., ^ vi ; let 1 +j? = ««, 

J* (1 + a?)3 - (1 + Wp 

by dividing and integrating. 

II. To rationalize /,il (a?, \/6 a? ± ca?). 
•Assume bx ± CcT* « A-'jir'^ 

6 



.-. 6 = 0? («' 9f c),. or d? 



«*=?<? 



- 26« y ^ 6ir 

.•. d^^j-z , and x/bw^cw 



(z^ «F C)* Z^^C ' 

Hence by substituting these values in f,u = f^ud^^ it is 
reduced to the form fgR (z). . » 

III. To rationalize JgR{wy \/a+ 6a? + co?*). 
When c is positive, mak^ a + ior + co?^ :p c (a? + x)\ 
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It t 



••. a + bof^cOiwz + x^^ or w^ -, 



^'' ''^ (2ci^-6)* ' 



«nd y/o + AcT + ca?^ « >/c L^^ _ ^ + »j « \/c 



2c)ir-6 



Sut -when c is negative, let r, r , be the roots of the equation 

a + haf — cai^ « 0, which are necessarily real ; for if they were 

b (t 
imaginary, cr — of would be positive, and therefore 

. c ^ 

\/a -¥ bof — cx^ imaginary, for every value of w\ then 

Make y/c{w - r) (r - a?) « (a? - r) c», .•. / - a? « c»* (a? - r), 

or** + r _ (^ — O 2*^* ' 

, / Z 3 (^' - r) car 

and al/ o + o^ — cjt « r • 

Hence, in each case, by making these substitutions in jgUdgOff 
it is reduced to the form fgRiz). 

Of course j!^ (a?, \/a stca?*) is comprehended in this form^ 
from which it results in making 6 a 0. Also 

is reduced to this case by making u^ ^ z^ provided «- be an 
integer. 

+ fiof ^ 






'^^f.^> 



(2c« - ft)« + (a -'c«»)» ' 
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but if c be negative^ so that a + 6ar — ca^ = c(a? — r) (r — a?), 
then 

ra+fiar I j^ g (est? + 1) 4- fijcrsi? 4- r ) 

X jp'* + a;* y^a +' bx ^ ca?^ "" Xp*(ci8f« + iy + (cr «« + /)** 

It will have been observed that the greater part of the 
integrals treated of in the first Section are particular cases of 

ra + fix + 7^?^ .1 

J»p -^ qx + ra? y/o + fc^ + ca? 

The rational part of this, when its denominator has real simple 

F G 

factors, may be replaced by + h -ff, and the value 

a- +f X +g 

of the integral immediately found. In the contrary case, by 

taking away the middle term of the denominator, the integral 

may be reduced to th^ one we have just rationalized. 

IV. To rationalize jC-R(^, \/a + bx, \/a^ + b^x). 

^ a -hbx - a - a s? ^ (ab — ab)2z 

^^^ — r- = ^» -^^ A^ \ > ^'^^'^-rnr-^- 

a^ + 6/1? 6 «* — 6 (fi^itr - by 

J r- ssy/ab^ - ab > ; — v^o6^ — a,& 

x/6,«« - b "^ ' ' A/6y - 6 

By substituting these values in fgUdgX^ the integral is 
transformed into another of the form fzR(z9 s/b?? ** b) which 
can be made rational by Case iii. 

V. To rationalize 



]^.R \af, v/o + (6a?«)S ba? i>/a + {)>oi?)% 

, m + 1. 
when IS an mteger. 

, (V* „^ ft 

Let bc^ ± va + (6«*)* » ar, .*. a?" ^ — — 

y -_ ^ + a 



2). ' 
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Hence by substituting in fsUdxOf^ it is reduced to the form 

£i? (»), provided be an integer. 

n 

A particular case of this is 

fgR |cr, y/a + (6ar)% 6a? ± \/o + (6^)*}» 

which is rationalized by making bof ± \/o + (fca?)* = %. 

p 
• VI. To rationalize jta?"*"* (a + baf^y.RioT). 

If — be a positive or negative integer, assume a + 6ar" ^ jk;^ ; 

m 

but if — + — be a positive or negative integer^ assume atT"" 

•^ b^ z^9 and the integral is made rationaL ; , 

Similarly, the yet more general form 

p 
/,a?"-'.jR{a?*, 0?", {a-^baf^y} 

may be rationalized by making a + bai^ s sfly if — be a positive 
or negative integer. 

Ex. K T- (o + 6ci?")«' ; let a + fta?" = »«; 
.*. &«" - ;2r^ •* a ; take logarithms and differentiate^ 

' — '■ -^ " / "" (^«^"* + 6) " 

(a+6a?")* ' 

" " / r> making aa?"" + & = «?", 

10 



7* 



= —I log ^^ r -^ ^"■' 7^~i 



Ex. 4. / ---; n = / 7 J where l — *t"* = «*• 

50. Besides the above, there are many expressions which 
are rationalized by assumptions, for which no rules can be 
given, 

Ex. 1. / ; leta + 9,b3f = sr"^ , 

' (a + 6a;*) (a + ^baf) 2^ 

.*. 2(a + feoj*) = a + «f"*"; take logarithms and differentiate, 

ba^'^d^x -.2«-^-* 

Y ; let a + 26a?" = I - J , 



V. r— - « rs"^ -'-^^ ^fzUd^of = - - / — — 

a + fcj^ a + jif** "^ •' bJ„l+a 



(a + 6a?") (a + 26a?")2" 

.-. (oar- + 6)* = az-*- + 6*; .-. ^ = -1- , 

^ ' oar- +6 ffl«-*« + fr«* 

"ar(a + 6«")" o + fe"*^* '''J'^'J^ a + b*ss^' . 
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SECTION IV. 



FORMULiB OF JIED0CTION. 



51. We next come to the case either where we are unabli^ 
to rationalize f^u, or where that would be a disadvantageous 
practical method of effecting the integration ; but where, either 
by integration by parts, or by the method of assumptions, a 
formula is obtained by the application of which to a proposed 
integral, we reduce it to one more simple, and this again, by 
the repetition of the process, to one yet more simple, and so 
on, till it is made to depend upon the simplest of its class. 

The first form of u to which this method applies, and 
which demands particular attention on account of its frequent 
occurrence in the application of the Integral Calculus, is the 
binomial differential coefficient 

«— ' (a + 6j?"y, or ar-^X'^j 

as we shall write it, m, n, jo, being any numbers whatever^ 
whole or fractional, positive or negative* Of course 

aT'^ (aaf + hafy 

is included in this, since it may be written 

971 

52. It has already been shewn. Art. 14, that when — is a 

positive integer, or — + p a negative integer, fgOi^'^ (a + baf^y 

fi 

is immediately integrable ; and when either of these conditions 

is satisfied, this is the easiest method of integration, though it 

does not usually give the result in its simplest form. Also in 
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the cases where — is a negative integer, or — +p a positive in- 

n n 

teger, we have (Art* 49) pointed out the substitutions which 

will transform the integral into fgRix), where R{z) is a rational 

but not an integral function of «; consequently the method of 

substitution is of no practical use in the latter cases and must 

be superseded by the one which we are about to explain, founded 

upon the following proposition. 

53. It is always possible to make an integral -of the form 
JgOf^"^ X^ depend upon another of the same form, in which one 
of the indices is altered ; viz. that of 4S by the addition or 
subtraction of n^ and that of ^by the addition or subtraction 
of unity. . , 

For if we differentiate the expression {d^ X^^ by the formula 

we find, since d^^X ^ nha^"^^ 

DOW9 first, eliminate X from the quantity within brackets, by 
putting for it its value, a + 6«v% 

••. d^ipfX^) = w"'^ Jr«"^ {ra + (r + nq) baf} 

«raa?'^-^Jr«-^ + (r + n^)6a;' + "-»jr«-^ (l) 

secondly, eliminate jt" from the quantity within brackets, by 
putting for baf^ its value, X —-ay 

••. d^{(eX^)^ar-yX'^'^:{{:r^-nq)X-anq\ 

= (r + nq)4^r^X'^ - nqafxT'^ X^'K (2) 

Upon integrating equations (l) and (2), we find the integrals 
j"ar'->ur«-* 4nd ^^''+"^.^jr«-* connected, and the integrals 
fgOT^^X^ and J^aT"^ X^'^ connected, (so that in each case, one 
is known if the other is), where the respective indices differ in 
the manner announced. 

54}. In the preceding Article, we observe that the quantity 
differentiated, oT X^^j is foriiied by adding unity to each index 
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in the one of lower dimensioDs of the two expressions whos^ 
integrals are connected ; and that in resolving its differential 
coefficient, vre eliminate JT, or j^, from the quantity within 
brackets, according as it is the index of JC or of which is to 
remain unaltered. 

56. Hence an integral of the form f^d^^^X^ being pro- 
posed, we must first consider whether, in order to reduce it to 
a known form, it must be mude to depend upon an integral in 
which the index of w is changed, or upon one in which that of 
X\% changed ; . i. e. with which of the four integrals 

j,ar--''x^ />-+-»jr', /,^-U'-', J.ar-'XP^\ 

it must be connected ; and then make an assumption according 
to this rule. 

Take the one of loytet dimensUme of the two expreeaUms 
whose integrate are to be connected^ increase the index both of 
X and X by unity^ and assume the result » P. 

Then in all^ cases dgP can be resolved, (by performing, as 
the case requires, one or other of the eliminations to which the 
attention was called in the last Article) into the sum of the two 
expressions whose integrals are to be connected, each multiplied 
by a constant coefficient ; and upon integrating, the formula of 
reduction is obtained, by the successive applications of which, 
Jia?"""*JP is made to depend either upon a known form, or upon 
the simplest integral of its dass. 

The above method of assumptions is perfectly general ; but 
in many cases Integration by parts is a preferable mode of 
finding a formula of reduction. When the quantity to be in- 
tegrated is of the form xTX' ^ , we may altogether dispense with 
the formula of reduction, as will be seen in several of the fol- 
lowing Examples, 

Jr x^ 
f y 

Here we must diminish the index of ^,i. e. connect the integral 
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with ^a?'""^(a* -^p^)"J; for since m will be diminished by ^ 
by each process, we shall at length arrive at 

(according as m is even or odd) both of which are known forms. 
Also since ^"*(a^ — 4?^)"'i is the expression of lower dipoien- 
sions,' increasing each index by unity, the assumption is 

••. d,P- — ,L== {(m - I) (a* ^oFy^ai'] 



«r"~' 



(m- \)a r — ==-iii 



-•. / J = + a* / . , 

which is the formula of reduction. 
Change m into m - 2, m — 4, &c. 

and we shall at last come either to 



to / > = '-\ai'Xl + / . 
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Hence, collecting the results, we have, when m is even, 






— + 



+ 



(m-l)(iii-S)o*.r*-* («i-l)(iii-S)...l 



J» (f» — 2) i» — 4 



m (wi - 2)...2 j 



(i» — l)(ii» — 3)...l ^ . -ti? 

+ ^ ^- ^ a"* sin"' - ; 

9it(f» *2)...4.2 a 

but If » be odd, X^^^^P - - v/^^{— + — ^^ 

+ OiiziHmzl) ?!^ + &c + (^ -;)("» -^)->-V-.l : • 

«i(m — 2) i» — 4 fil(m — 2)...3 j 

These results are homogeneous and of m dimensions in 
or and a, as they ought to be; for the expression integrated isr 
homogeneous and of f?i — 1 dimensions. 

If m be odd, then ^ (m 4- 1) is a positive integer ; and,* 
as in Art. 14, the expression may be transformed so as to be 
immediately integrable. Also, if m be even, and we multiply 
numerator and denominator by oT'^, we may resolve the ex- 
pression into a series of terms of the form dg\/u by repe- 
titions of the artifice of adding and subtracting the same* 
quantity, always rejecting a power of of from the numerator 
and denominator at each successive step ; as ia the following 
instance : 



y/a^-hc? \/aw^+bcf ^b\/baP + aaj^ ^^\/ba^-^aa^ 
1 , Sa/^ba^-k-aw a \ 



Jf* ' a* fa? Saw\ y 3a* p 1 



+ a 



' > ^ Bs tiT^^i (2a - ^)"*5 which must 
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be connected with fgSi^'^(2a - 00)'^ Hence the assumption is 

P as a?""J (2a - ai)i ; 



tt?"*"^ 






v/ga — .r 



{(«» - j^)2a - m^} 



« (2m - 1) a . ■ m 



/ ""^ "• J- o ♦ 

y/2aw^a^ , V2aa? — or" 



• • / / ' . ' =^ = •- "• ^ — / / • ^-^ 

In any particular case the employment of a formula of 
reduction may be avoided, just a^ in the last example; thus 

aoF — a? 1 Sax^Sar^ 1 y- 2a a;' 

1 . a Saa^-^^a^ a^^af — a-^- a) 

= Q<t V 20cir* - A*" + ^ • / . "^ 7; ^ ? 

3 ,3 Y/2aar*-a? y/^ax-ar 

Xasf-^n^ (af^ am N . — -. » 

/ ■ = - (— + -7- + o \/2flwp-af--a^versin~*'"r 



Ex. 3. r ^ = jC ^-« (a* + ^') 



-i; 



in this case the index of m must be increased, that is, the 
integral must be made to depend upon J]^ *»""+* (a* + a?*) "J; 

assume therefore P « a?-^+^ -y/a* + a;*, and we find the formula 
of reduction 

r ^ 1 v/a'+or*' m-2 r ___JL_u_. 

•^'a?'" \/a* Ta*^ "" "(m^^jo* a?«-' (m^l)aV, a?*" V«V^'^ 

by this formula, when m is odd, we arrive at / — / ., 
^ Jxaiva^-^a? 
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a known form; when m is even, we have the integration 
completely effected by it. In the latter case •^(— w + l) 
— ^ s — -I HI, a negative integer, and the expression might 
be integrated by Art* 14. Any particular case when m is 
odd^ may be integrated by the artifice already used ; thus 



1 4o^"* + 3^"' 3 1 ^aW^^ + w'* 



4a y/ax'^ + a?"* 4a 2a \/ ax"^ + ^"* 

3 1 

+ ■ • 

^o^ wy/a + J?* 






+ - 
8 



a? y/a ° v\/a + w* + V'a/ 



Ex. 4. Ji (a* - j?»)« (« being odd). 
Integrating by parts we get 



.?- 



"^ '^ n + 1 n + l"^^ "^ 

Hence, making successively n s 5, n » 3, 

/. (a» - a*«)i - i ^ (a* -*»)! + 1^ ^ (««_ ^J 

+ ;; d7 (a* - ar)i + or sm * -. 

6.4.2 ^ ^ 6.4.2 a 

-3 



Ex. 5. / — 5 m f W 



11 
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Integrating by parts, as in Art. 31, the formula of re- 
duction is 

therefore, changing n successively into n — 1, n — 2, &c. 

r 1 a?Jr-"+^ 2n-7 1 r 1 

X (a* + a?-)-" "" (2» - 6) a« "^ 2n^ '^J^(a* + a;«)-» * 

till at last we come to 

/• 1 wX'^ I r 1 wX"^ 1 _jd? 

•/,(a* + ^')'"~2^"*"2^X^+^" 2a« "*" 2^**° a' 

r 1 a7jr-"+^ 2n-8 a?A'-*+* 

Jm {a* + aP*)" "^ (2»-2)a* "*" 2«-2 ' (2» - 4) o* 

(2n-3)(2?i-5) ayJr'*+» (2»-S)(2»-.5)...S .r^'* 

"*" (2»-2)(2«-4) * (2»-6)a« * (2»-2)(2»-4)...4'2a*»-* 

(2?i-S)(2»-5)...S . 1 1 _j*r 

"*" (2?i-2)(2»-4)...4.2 a**"* a * 

It may be observed that since 

r 1 1 . ,v 

/ 3 = — ?^ tan-* --^ , 

differentiating relative to c (Art 29) we get 

•/*(^ + c)*" 2c* y/c"2ca;* + c' 

or, changing c into a\ 

r I 1 , iT 1 a? , ;. 

/ TZr". — 2^ * ^-i **"" ^ + ;r-2 "i; ;; > ^^ above. 

•/* (a?* + a-*)* 2a' a 2a* tV* + a* 
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y-j ~; and in general we have 

Jr 1 

to the above form as we have seen in Art. 31. 

Also f ' - '^'" f ' 

making z = v^o + bx^ and a* =• . 

Ex. 6. To make 
Ji«*"^ (a + bjfy depend upon Jt«?"-"~* (a + bx*y. 

Assume P«ar*— JT^+S 

« »*-"-'jr' {(m - ») (a + 6a;") + (np + n) ba^\ 
^(m^n) aoT^'^^XP + (m + np) baT'^X^; 

■^ {m + np)b {m-j-np)b'" 

Similarly, to make 
f^ai^'^ {a + bjory depend upon Jia^+"-* (a + 6a;")^ 
the assumption is P = a;"-^ +', and the result 

•' ma f»a 

Ex. 7* To make 
Jta^~* (a + 6ary depend upon /,af*-» (a + 6*if)'-*. 

Assume P^af^X^^ 
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= (i» + np) oT'^XP - npaa/^-^Af'^ ; 

•» + np m + wp 

Similarly, to make 

fgO^'^ (a + 6a^)^ depend upon j^a?^"^ (a + 60?")''+^ 
the assumption is P = af^X^'^^^ and the result 

66. The preceding formulae fail when any of the coeifi- 
cients become infinite. By inspecting the results in Examples 
6 and 7, we see that this will happen (1) when p « — 1, or the 
index of JIT is — 1, (2) when m ss 0, or the index of a? is — 1, 

andf3Whenm + «p = 0,orp = -!^. 

n 

r ^"^ 

The first case of failure is / ; — , a rational fraction 

already integrated. 

The second is —{a + b w^y , (changing p into - , as the 

JgO; q 

index must be fractional), the mode of integrating which, is 

explained in A.rt. 49. 

The third is / = / s . 

' (a + bafy ^"w (aw-"" + fc) • 

the same as the second. 

57. We can also make ^a?"* "* (a + fctT")'* depend upon 
an integral of the same form in which both the indices Vre 
altered; namely, that of of by the addition or subtraction 
of w, and that of X by the subtraction or addition of unity. 
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For this, the simple application of the formula for integration 
by parts is sufficient. 

Thus, commencing the integration with the factor ^~', 

J[;a?"-no + 6a^)' = — . (a + fcct^y - ^^ )>"+•-* (o + ft j;"/-'. 

m m 

When we commence the integration with the other factor, 
it will be necessary to prepare the expression by writing it 

We observe that these formulae fail when n»sO, orps— 1, 
both which cases have already been considered. 



Ex. K f^^ *'^>"^* 



a^ 



This must be connected 



(a + ba^*-i 



"U. /i^i^^-; 



therefore, commencing the integration with the factor — , 
r(a + ba^y+i (a + 6 j?«)"+l 2»jM /-(a +&«?»)""* 

__ r (« + bw^)t (a + ftj?*)* 3b r (a + 6a?*)i 
Hence / = ^ — + — / ; 

the latter integral has been already found, p. 37* 



Ex. .2. 






(1 + a?»)» 



' g— - ; therefore 



86 



1 

we must commence the integration with the factor -j^ — — , 



.18\«» 



(1 + «*)■ 
and consequently write the expression, oT'^ . ^ 

'' /,(l+^')""^(2w-2)(l+/p*)*-*'*"2^rrij,(i+a?*)*-i' 

Hence making m ■> 4, n » 5, &c., 

r of' la? S p oF 

JA^+^y 8(l-fa^)*"^i^,(l+^*)*' 

Jr a?* _^ 1 a» 1 /• 1 

,(1 +^)* " "6 (1 +afy ■*" 6^(1 + ai'y ' 

, /• 1 la? S a? 3 

and / = 1- + — tan~ ^« 

-/,(!+ «T 4(l+«»)» 81+«» 8 ' 

by Ex. 5. Art. 55. 

Hence, collecting the results, / ; — r is obtained. 

58. The method of assumptions is also applicable to the 
more general expression 

but in this case the integrals of three similar functions are 
connected. 

For, putting o + 6^ + ca^" -» JT, we have d, (pf X^) 
n= a?'-^Jp-» {r Z + ?a? (n6^-^ + 2»caf-«-»)} 
« a;^-^-y»-* {r (a + fej;*" + car'') + gr (nfej;" + ^nca^*)\ 

hence, upon integrating, we have an integral of the form 
jta;""*-X^ connected with two others in which the index of af 
is increased or diminished, (that of 2C remaining unchanged) 
according as we consider l^w^'^X^^^^ or ji^^+*"""^A'^"'^ to be 
the proposed integral. 
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Ex. 1, To make Jt^ " ^X^ depend upon /,** - " - ^X^ and 

Assume P-jf-*"jr^+\ 

^-8»-ij^i> yyQixkg the one of lowest dimensions of the functions 
whose integrals are to be connected ; 

+ (!» + 2«p) c j;" * ^-Y' ; 

therefore, integrating, J^a^'^X^ = — 

(m + 2 np) c 



(«i + 2»p)c'^ (ii»H-2np)c 

Ex. 2. To make f^^T'^X^ depend upon jCaT+'-^JT^ and 
J^^^-'XP. 

Assume P « oTX^'^'^^ and the formula of reduction is 

•' nta ma 

\m +2» + ^^y) ^ jr ^,1,^2,-1 yp^ 
ifia 

The formulae of the two preceding examples will always 
enable us to reduce Jt^ (a + 6.r + ca^y to J^ (a + 6^ + c.r*y', 
when lit is a positive or negative integer. 

f , , :^ ^ 

*V a+6a? + ca^ 

y and / . , by 

assuming P s a^~^\/Xy and the formula of reduction is 

J^ a^ af^'^y/X m-la r oT'^ 2m- 1 6 /•/»""* 
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; Let m a 2, then we may employ the same artifice as in 
Ex. 1. Art. 55; thus 



y/a -f 6^ + car* 2c y/aa? + ba? + cw^ 2c ^/a + 6a? '+ caf 

/• V _^v^-*^_^^ /^ (±_ ^^\ C ^ 

'"' -/'v^^ 2c "4?^ "Uc"8^ji:7^' 

Ex. 4. f . ^-; 

*'maf^\/a'\'bw + ca^ 

to make this depend upon / ;=, and / 7=, 

assume P = a?""**^ \/Xy and the formula of reduction is 
/• 1 y/X 2m -.3 6 /• , 1 

ft 

m - 2 c /• 1 
w- 1 aJ^ar-^y/^' 

Let m^Sj then employing the usual transformation. 



\/o + fca? ■\- car \/am'^ + Aa?"* + ex'* 

1 2atr"* +^36ar"* + ca?"' I ^Sfc^"' + c,r~' 
2a v/aj?"* + fc^"* + cx~^ 2a v/oa;-' + fej;-^ + c 



20 ' 4a" ^/ax"^ + 6a?"* + c 



36 /2ca \ 00'^ 

.'"4a*V'36""* ] v/aa?-* + 6^-» + 



-8 

C 



89 



r ^'^ _ _ V ^ Shy/X /Sb^ c\ r 1 

Ex. 5. /;r- i; 

•/* (a + A,r + Ctr*)» 



0^-* . roT-'^ 



to make this depend upon / — j- , and j -— j- , assume 
P=aa?"-ijr-J, and the formula of reduction is 

J»Xi ~ (m-2)c\/!^ m-2c •/, ^* ^ Zm-A^'cJ^ X^ ' 
Letm-S; ... J _ = —^ - _ y —^ _ _ J^-. 

"\X:p"ci, 5^ "ci^^'^clxi^clxi' 

r -^ _ ^ (2a SV\ r (B Sb r I Sab r 1 
, r I 2{2caf + b) , /• 07 2 (2a + 6a?) 

(p. 52) making 4ac-6^«A7; hence, substituting, we get 



a^ of ^ac " 3b* 2a -^ bw 



Jr ar or ^ac — 30" xa + Oti 

3ab2ca> + b Sb 






We may remark, that differentiation relative to constants 
(Art. 29) may be sometimes usefully employed for integrals 
of this sort ; thus, difl^rentiating relative to c the result 
(Ex. 10. Art. 27.) 

/•(c + co?)-^ -2 . I ^ /(XfCaeC^ -6) 

/ ^ ■ ■: ^cot"^ V -^^ £ ^> "^^ g«t 

•'•Vaor + 607* \/(a«-6c)c a + oo7 

12 



r (c + ex) ' e i/ax + bai' 

•( \/aw + 6a>* '^ ciae- be) c -^ ex 



{(oe - 6c) c} 3 a; (ae - 6e) 

/• (c + «*)-• . 1. . J, 

ly, / may be obtaiDed. 

We can also make J^a;"-' (a + ftai" + cw^'Y depend 
itegrals in which both the indices are altered, viz<, tbat 
iminished, and that of ^ increased, by integrating by 
which gives 

mm m 

e the integral in the second member 



e formula may be replaced by 
aTJC^ 2pna 



f.x^-'X'- 



' m + 2np m + 2np 

+ _£n^/.^..-.^-.. 

n» + 2«p'^ 

In the case where the index of X is to be increased, 
ssume 

itiate, and divide by ar" ~ ' X^, the result will be of 
m ■ a + /3a^ + ya^' + Sa^' ; bence, equating to zero 
fficients of the powers of jp*, we shall have four simple 
<ns for finding the four constants J, B, C, D; their 
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values will be found to be fractions whose numerators are 
respectively 

and common denominator (np + n) (6* — 4oc) a, 

Ex. f ^ ; 

J* (a + bar + cx^y 

assuming jf^ ^ = ^^_i + J ^^-i , differentiating, 

and equating coefficients of like powers of x to determine the 
constants, we get, making A? = 6'^ — 4oc, 

f 1 fecr' + (6* - 2ac)a? (4p-5)6c r «»* 
XT^ * 2oA;(p-l)^^-^ ■*■ 2aA;(p- l) 7,^p-» 

2A;(p - 1) +2ac -6^ /• 1 
■*■ 2aA?(p-l) ' L X^'^ ' 

r i 
By these formulae (when /> is a positive integer), / -- 

be reduced to an integral of the form 

^(oo + Oi^^ + aga?* + ... + ap^iai'^^'^^) -~ , 
and, therefore, falls under Art. 48. 

61. It may be shewn, exactly as in Art. 58, that the 
general integral 

can be made to depend upon k other integrals of the same 
form in which the index of w is increased or diminished by w, 
2w, &c. that of X remaining unchanged ; the quantity to be 
differentiated in each case, x"^ X^'*'^^ or af^~^"XP'^\ being 
formed by taking the one of lowest dimensions of the ex- 
pressions whose integrals are to be connected and increasing 
each index by unity. Also by integrating by parts as in 
Art. 59, we can simultaneously diminish the index of X and 



,, can 
X^ 



t of X. When the index of ^ is to be increased, 
ume 

-^ - {J + Bai' + Cai" + ... + Ta^t*-"") «"-?'+' 
' + B"*" + Ca^' + ... + ra^*-"") j;— -y+S 
ling as io the last Art. we shall have Sk simple 
determine the 3k constants J, B, &c. 

le formula for integration by parts in its simple 
leen largely applied in this section; but it may 
Dper to direct the reader's attention to certain 
I which it may be made to assume, and which 
eDt for the iotegration of several expressions that 
themselves in the next two sections. We hare 

>-i(<i,«./,«).»j;t.-d,o./.'i>+/,(j',»./,'<') 
+i-i)-'d.—u.ffv-K-irj.K«.f.-v)(i). 

series may be continued to an in6nite number of 
rating the symbols of operation from those of 
id observing that d, affects only one of the quan- 
1st f, affects the other v only, we may write it 
:i - d.f, + d'J/ - 8fc.) jC«r - (1+ d.f.y'f,wv. 

develope to n terms the operation denoted by 
, and add the remainder, we get (I + d, J,)~' >= 

re +d,j.y'j,uv. 
..+(-<!-/.)-'}i«»+(-i)'(i+''.i)-7.W)"««. 

ch exactly corresponds to the form (l). 

:»nsider j^ to be equivalent to 5^' (using 5, to 
it affects r only, whilst d, affects u only), we get 

/,(M») = (d,+ ^J-'«tJ, 



93 

which shews that (d« + £«)''^ denotes an operation upon uv 
the same as that denoted by f,. 

Hence 

// (uv) - (d, + 5.)-* {(d. + ^.)-'«»} - (d. + 5.)-««» ; 
and generally 

agreeably to Leibnitz^ Theorem in the Differential Calculus, 
dg9 Sgj affecting only u and v respectively; and d^^u^ S^^v^ 
being, in the expansion of the second member, replaced every- 
where by f/Uj fjv. 
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SECTION V. 



EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 



Art. 63. We next come to the consideration of J^w, 
where u involves exponential functions of a? ; the number of 
cases in which this integration can be completely effected is 
very limited. 

Since d,(a*) » log a a^d^Uf the fundamental formula is 

a* 1 

La^'d^u = + C, or rather i^^'d^u = -«*'• + C, 

loga c 

putting c =s log a. 

Hence LaT* = -^ , Le^' « - e", and j^e''* = c"" ^\ 

'' mloga c 

If u ssf^a"") be an algebraic function of o', and if f^u 
cannot be transformed so as to be immediately integrable, by 
any of the common artifices, then 

making a' = ir, and.'. d,w ^ ^ 



we 



have /./(a') = ^^ £ 



« log a * 



log a Jx % 
which is algebraic with respect to ^r. 



M m 



•^•v/1 + a' '^'x/l + a-' loga^^y/x ^. ^-^ 



9 ' 

-log (a'» + x/i + a-'). 



log 
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64. The expression e*'*^ can be integrated, whenever u 
can be split into the sum of two quantities, the difierential 
coefficient of one of which, is c times the other ; for it is mani- 
fest that 

Ex.i. {^^^^(e'U ^U-^; 

J- (1 + «)« J. Vl + » (1 + a')*/ 1 + « 

•'' (1 - ar) \/l - af* •'• l+a;'(l-af)* 

= /«• V^ |i±^% ^^j - e- v^ . 

•^' 1 + 0? \i - J? (1 - a?f j ^ 1 - d? 

65. To integrate a't^, u being an algebraic function of 
x ; or, which is the same thing, e*"w, putting c = log o. 

The formula for integration by parts as given in Art. 62, 
may be applied here; viz. 

Jft^tj = ttji« - djfuf^v + dluj^v - &c. 

+ (- i)-M/-»t^//t) + (- iYfM>I:^)^ 

for it will enable us to integrate the product of a rational 
function of w^ and any function whose successive integrals can 
be obtained ; thus let v ^ ^' \ 

1 f 1 • 1 
••• Liuef^*) ^-e^* {u-- d„u + -; djt* - &c. 
•^ c \ c c* 

If u a ^, this becomes 

w , nin — i) - 



1 f n 

C/ I c 



(? 



.(-o-^.<:J^^}. 



1 
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Again, making u = c*', we get 

!»{o^') = e" U*^ - c j;*© + c» jT'u - &c. 

+ (- l)-V-^^-«} + (- 1)-. e-/,(^''/»> 
and putting v - a?"", 

tre'^'o?-)- -e^'l + ; — rx + &c.U /-. 

•"^ ^ (w-l (n-l)(w-2) j «-lJ*af 



The latter integral can only be obtained in a series ; thus 

re^' r^ I ^^ ^^ \ 

J» X Jmx\ 1.2 [3 / 

= logor + — + 4 + 4 + Src. 

® 1 ^1.2 ^1.2.3 

66. The above results may be put under a different 
form, which is worthy of notice. 

Since ji(««) « (1 + d,jli)"*jt«», where d, affects u only 
and jg affects t> only ; if v « e*", so that jii? « - e*", we get 

or if « « e*', so that d^u = ce"*, we get 

Hence ^.if"c*" = - ef"* [l + -dA ar", 
and / — = (1 + ciy^—-. . 

67^ If u be independent of c and we have 
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then differentiating, or integrating, n times relative to c, we 

n being any positive or negative integer. 

Hence since ji«*' = - e*', we have 

c 

c 
which agrees with the former results. 

68. We next come to the case of fj^u, where u involves 
logarithmic functions of the variable. 

Ex. 1. / - (a + 6 log «)• « ^—p ^ — . 

Ex. 2 & 3. 

A a? log J?" ^Sy^S^h J^aiQogwY "^ " n - r(log^)'"' 

Expressions of the form u logo {u and v being algebraic 
functions of ai) may sometimes be integrated by parts ; thus 

^ttiogt) « iog«. j;^- jT ■' . 

Ex, 4. / ms v/a" + «' log a? - / - v/«* + ^, 

Ex. 5. 

13 
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»*-6^ 



Ex. 6. /,a.v/^V^.log (-^, )-i(«*+^)*log(^) 

- f (cV^^TT' + *(«*+ ^')* + c^ log— ^^^^iLl 

(making c* - a* + 6^. 

69. To integrate u(loga^)*, u denoting an algebraic 
function of w. 

Let fj,u = «„ / — « Wg, / ~ = «s, &c. ; 
.'. /,tt(logar)" - (logar)«», - « jt(log«)""' • — , 



/*^(log»)«-« = (logar)-»«, - (« - 1) jCGog*)-*. - , &c. ; 

+ « (n - 1) (loga^)"-^«s - &c. + (- l)"[«w,+i. 

Ex. 1. f^a^(logwy; 

a?*+» /&"•+* 0^+^ 

ar+^ f n 



w (n - l) 

(w + ly 



(log/r)*-» - &c. + (- 1)" . 



(m + 1)"J 



Ex.2. /,ar"+"'; 

this can be found only in an infinite series by expanding 07*', 
and it then falls under the present case. 

JsOT .of' ^ J^w^ll H-«a?logar + + &c.> 



n^ . ... .. «' 



= /,^ + n j;^+Moga?+ ---/,jr"+*(loga7)«+ ,-ri;<»"'''(iogar)'+ &c. 

1.2 (3 



99 



(by Ex. 1.)= + z log^ -r 

^ ^ ^ w + 1 f» + 2V m + 2/ 

1.2WI + 3V wi + ^ (m + 3)*j 

■^[£m + 4r''«''^ m + 4 + (m + 4)» (m + 4 ^^ 

{1 nx fi?iif - 1 
+ — &c. V 
i» + l (m + 2)* (m + 3y j 

na7*+*loga?f 1 nx nV 1 

■*■ i lirri (iii + 3)-"*'(m + 4)»" J 

1.2 \m + 3 (m + 4)» (m + 5y J 



L— « 



70. To integrate u (log ^) 

Let d, (tto?) « Wi, d, (wi^) = w»» d, (wjO?) « «3, &c. ; 



.-. jT t« (logo?) - - /. wo? . - (log 0?) 



— » 



^ ° w — 1 



n- 1 



n-2 



n-2 



.-. /.wGog*)""* - 



ux 



n-1 
W8a?(loga?)-+' 



(logo;) 



-a +8 



-•+1 — 



Ui^(loga7) 
(w - l)(n - 2) 

1 /• ««- 



(« - 1)(» - 2)(n - 3) * \n-\ JM log a? * 



Ex. 1. jt^"(log^)""; in this case wa? = a;"+S 

.-. wi = (w+l)a?", Ws * (i» + l)*a?", &c. w,_i«(w + l)'-'a?«; 

r «/! x-» -..J(log^)"''^^ (m+l)(log<r)-^» 

.-. /,a.«Goga.) ' — ^"'^^l ^,1 -^ (n^l)(^-2) 



(m + iy(log^)-*'"' 
(71 - 1) (n - 2) {n - 3) 



+ &c.> + 



1 {m^\T' r 
y n - 1 X 



or 



log 07 
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Ex. 2. ' 



Jg log w Js m log w 

« /-<^ +(m+l)+^ ^loga? + &c.> 

w^, a? (log a? "^ ^ 1.2 ^ J 

« log (log a?) + (m + l)loga? + T(m+l)^(logj?)^+&c. 

1 . 2 

Ex. 3. rfMl^g^^ 

*/, ar" ± 1 
The general term of this integral, found by differentiating 



J ^ 4^ t > ^^^ ^^^ general term, r times with respect to wi, is 
-^— j cos \m(p + + i rTTj log (a?^ - 2 a? cos + 1) 

-2sin(m0 + + Xr^)tan-^ '^ "^ P ^^^*- *^-) 

a formula which is also true when r is a negative integer, 
obtained by iiUegrating r times relative to i». 

Similarly the general term of 

(loga?y {/»"-* ± (- lyar"-"-*! 
a?" ±1 

may be found : r being any integer + or - ; (Art. 44). 

T? A r a^ (log wV 

^''' *• i. /r^-~2cosg^..i '^^^ ^°' ^^^ S"""''^ ^^^"^ 

^'Icos {(n - ^ - 1) + ^r.} tan- ^^i;^^ 

- i sin {(w - m - 1) + ^ rTt} log (a?* - 2a? cos + 1)1 

where « - (^Xtt + 0), and X is to be taken from to 
n 

» - : ; r being any positive or negative integer, (Art. 46.) 
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SECTION VI. 

CIBCULAK FUNCTIONS. 



71. We proceed next to the integration of differential 
coefficients involving circular functions of the variable. 

Since d^ sin u »= cos ud^u^ d^ cos u « - sin ud^u, 
dg tan u = (sec w)' d.w, d, cot w = — (cosec u)* d^u, 
d^secu '^ sec u tan ud^u, d^ cosec um ^ cosec u cot ud,u ; 
integrating, we have the fundamental formulae, 

fg cos udgU es sin t«, 
fg sin ud^ti s — cos u, 

r d U 

J, (secuyd^u = / * - tan u, 

J^ (cos tt)* 

JL (cosec uyd^u « r . / .- = - cot «, 

Jg (sm w)* 

- _ rsint^d^u 

/, sec w tan t«d^t« = / — ^ ■= sec u, 

/, (costt)* 

- , rcosudu 

L cosec u Qotudu « / -— — — = - cosec u. 

^' ' J# (sin«y 

72. Hence, changing t« in the preceding formulae into 
^, f?i<v, mo? -h a, we find 

f^ cos a? = sin Wf jT sin a? = - cos a?, jT (sec a?)* = tan a; ; 

j(^ cos mw = — X ^°® fnw.d^ (mw) = — sin m/r ; 
tn m 

1 1 
f^sm{maf + a)^ — j(^sin(ma7 + a).d,(iii<» + a)= cos(iwa? + a)* 

fj cos (m^ + a) = m"'^ cos (ma? + a - ^ rTr), 
f/ sin (m^' + a) = m"' sin (iWir + o - ^ r^r). 
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73. The following are cases of frequent occurrence, which 
are immediately reducible to logarithmic, or other known 
forms. 

dgU r d,u sec u + tan u rd^u (sec' u -{- secu tan u) 



tan u + sec u 



Jr UgtJb r vbgU sec u -f- lau u r 

a COS u Jg COS f« ' sec t« + tan u J, 

= log (tan u + sec w) *» log tan (— + '")• 

Jr dgU r dgU cosecz^ + cotf^ rdgU(co9e(fu+cosecucotu) 
• sint^ •/^sint^'cosecf^+cotfi J^ cott« + cosect^ 

sz -. log (cot u -f cosec u) « log tan ^ u. 

X cos^ "" ^^^° U "*" i/ * X 5n^ ■= *^g \^ ij • 

fd^cosx 
L tan J? =- - / as — log (cos or). 

•' •/• COSiT 

j]^ (tan wy = /r{(sec a?)* - l} « tan w - w. 

rdg sin cp , 

/, cot « - / . = log (sin »), 
•/« Sin /v 

Jr 1 r (sec A* V 
f -, = / ^^ = log (tan a). 
«sin/rcoStV J» tana? 

^-^-5 5"* Mt vi+r": — r5> = tanj7-cota7. 

Jg sin* 07 . cos^ a Jm ((cos wy (sin 07)*J 

/• COSO? ^1 / L • v 

/ 5--: — = -log (a + 6 sm w\ 



sin"* w 



f . = Jg sin""* w . d, (sin"* ^) ■= i (sin"* a;)*, 

'^* V 1 - 0?^ 



Jrtan~'a? 



Jr 1 
' r^ = ^ { 1 + (tan xy] . d, tan a? « tan o? + 4 (tan a?)^ 
jP I cos iX/w 
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Jr 1 r 1 

f : — - ^/ - 1 — r^ = jt (cosec i tt?)' d_ (i .1?) « - cot A ^. 

(sin 0?)"+' 



f, (sin «)" cos w 



n + 1 



J^{(tana7)""* 4- (tan «)■+*}=« j!i tan""* a?, d, tan /r« -tan* a?. 
f, sin""* zp sin (» + 1) ^ a j(^ sin""* w (sin no? cos w + cos war sin a). 
= j[^|8innj?-d,(sina7)"+ (sina?)" -d,(sinn<»)| = — 8inn^(sina7)". 

f^ sin""* d7 cos (n + 1) ^ B — cos n^ (sin a?)". 

JT sin""* (a? + a) sin {(n + 1) ^ + )3} 

= - sin* (w + a) sin (no? + /3 - a). 
91 



74. The expression 

(cos wy (sin a?)* 

is immediately integrable, if either ii» or n be a positive odd 
integer, or if the sum of m and n be a negative even integer. 

Let « « 2r + 1 ; 

.•. f^ (cos ay^"^^ (sin wy =* j[) { l — (sin aiyy . (sin w)^ . d, sin or. 

Let m B 2r + 1 ; 

.'. jt (cos ^p)" (sin 47)*"+* ■= - fg(coswy . [l - (cos a?)*}*", d^ cos a?. 

Let m + w ■ — 2r; 

.'. f^ (cos fl?)* (sin wy ■= ^ (tan a?)* (cos a?)"*'*'" = jC (tan a?)" (sec a?)*^ 

« j^ (tan ofy . (sec a?)"'"* . d, tan a? 

« f^ (tan a?)* (l + tan* a^)*""*d, tan a?. 

It is manifest that in each of these cases, upon expanding, 
the integration can be performed. 
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8m 



This, of course, includes the integrals 

/, (sin w)^^\ /, (cos w)^^\ f ,.\,^ , r ,— X 
•^ '' ^ ' J, (sm ai)^ Jm (cos w) 

Ex. 1. fg s\v?wcof?w = ji(8in a?)' {l - (sin4?)'p.d,sinj? 

=s ji { (sin wy - 2 (sin wY + (sin a?)*} . d, sin a? 

1 2 1 - 

« - (sin a?)^ — (sin aY + - (sin my- 

^ /• sin' a? , 1 _ 

Ex. 2. / = - log cos a? + - cos* a/. 

J» cosa? 2 

Jg (sin a?)® (cos wy 
/'(seca?)^° /•(seca?)^d,tana? /•(!+«*)* 

=X(i^^''X-ii^i;::^r — X~^ '"'''"« *'""'"' 

14 1 

= — (tan w) — (tan a?)"* - 6 (tan a?)"* + 4 tan a? + - (tan a;)'. 
5 o 3 

Ex. 4. fg (tan a?)" = / --j (making tan a? = «) 

= ii(«""* - «""* + «*"• - &c.), by division ; 

r. x« (tan.r)"-^ (tana?)*"-' (tana?)—* 
... /,(tana;r = ' ^, - ' , + ^tV " ^^^ 

m 

the last term being (- l)^..r (meven), 

m~l 

or (- 1) * .log (sec a;), (m odd). 



75. When none of the conditions of the last Article are 
satisfied, the reduction of the integral 

fg (sin a?)*" (cos a?)% 
may be effected by integration by parts. Or it may be effected 
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in the same manner as that of ^a?*"^ (a + haf^y^ of which it 
is a particular case ; for, by making sin a? s jt, it becomes 



11-1 



jr««(i-«*)» . 

Now this last integral can be made to depend upon another, 
in which the index of « or sin ob is altered by 2, and the index 

of (l - «^) by 1, and therefore that of v 1 - »^ or cos x by 2. 
Hence the proposed integral can be made to depend upon 
another of the same form, in which one of the indices is altered 
by 2 ; and the quantity to be differentiated will be of the form 
(sin aiy (cos a?)^, obtained by taking the one of lower dimensions 
of the two expressions whose integrals are to be connected, 
and increasing each index by unity. If we had begun by 
substituting x for cos a^ the reasoning would have been pre- 
cisely the same. 

Ex. 1. ji(sin J?)", m being an even integer. 

Integrating by parts, we get 
jg (sin a?)" = - Ji (sin a?)*"^ d,(cos x) 

= - (sind?)""^ coso? + (iw - l) ji(sin.t?)'""*'^cos*<r 

«= - (sin .r)""* cos;p + (m-1) ^(sin xy^ (l -sin* ao) ; 



III-2 



- ^ . . COS a? (sin a?)"* ^ m - 1 . , . . 

.-. j(;(sma?)" = ^^ + ^(sma?) 

tn m 

Hence to find jT (sin a?)*, making m = 4, 2, 

^ cos cT (sin 0?)^ s r/ • \t 
f^ (sin xy = \ '- + I ^ (sin wy. 



. . . ^, coso? sin ^ , 
f^ismwY^ + ^x; 

r . . ,. COS a? (sin 0?)' 3 cos w sin x Sjp 
.'. f (sm xY ^ + — . 

Ex. 2. f^(smx)** (cosd?)% m and n being even integers. 

To make this depend upon jt(sind?)*(cos<!p)*"*, 

assume P = (sin a?)"*"^* (coajT)"'^ ; 
14 



.-. d,P- (BiB«)"(oos«)'-* {(m + l)(coBa>)*-(n- l)(Bin«)'J 
= {sin x)" (cos if)""' {(m + n) (cos a:)* — (n — 1)} 
= (m + «) (sin at)' (cos «)• -(«-!) (sin ar)" (cos jc)'"' ; 
. '. f, (sin »)" (cos *)" 
((dn»)"+' (cos a?)""' 
m + n 

ence changing n into » — 2, n — 4, &c. 
^ (sin s)" (cos ip)""* 

— i i — + — L (sin «)" (cos x)' - S &c ; 

m + w-2 m + n-2-"^ ' ' 

last, since » is even, we come to 
ore, collecting the results, 



(sina;)"+^ («-l)(cosfl')- 
m" (coa a))" 1 (cos a?)" + 

(cosiP)'"' + &C.J 

/.(sina,)-; 



t-n -2 
^ (n - 1) (Tt - 3) 

(m + « — 2) (m + « — 4) ^ 
(n- 1){«-S)...3.1 



(m +»)(m + n-a)...(fn + 2) 
(sin a:)" is known from Ex. 1. 

/■I 

X. 3. / r-, n beiniF an odd integer. 

Jm (cos a))' 

o make this depend upon j,(cosa!)"'*^, 

e P = sinar(cOBai)""*', and we find 

1 . ((cos.t)-"+' (n -2)(cos«)— +' „ ] 

{»-!)(« -S)...4.« 'I \i sll 
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76. We can also make ^ (sin w)* (cos m)* depend upon an 
integral of the same form in which both the indices are altered. 
For, integrating by parts, 

ft, (sin a?)"" (cos a/)* = f^ (sin a?)" (cos zp)*"* d, sin w 

(sin ,1')""+ * (cos /r)'~' f» - 1 



w + 1 m + 1 

Ex. 1. /-^^^^ 



j!i (sin a?)""*"* (cosary**. 



a (sin a?)* 



1 (cos a?)* 5 (cos /p)' 5 .5 

, . - - , + : h - COS 07 SID J7 + - JT. 

3 (sm wy 3 sin d? 2 2 

/*co8"drsin(ti+l)of 1 /-cos*'* a? sin no? 

±iX. 2. / ; s -cos"a7sinno7+ / ; 

J* sm X n J* sm d7 

« - cos" a? sin nw -h cos""^ or sin (n- i)w 

n n- 1 

1 

+ cos""* Of sin (ti - 2) a? + &c. to n + 1 terms. 

n -2 



77- The integrals Ji(co8d7)", J]^(sin4?)", may also be 
obtained by substituting for the powers of cos w and sin of, 
their values in terms c^ the simple dimensions of sines or 
cosines of multiple angles. Thus, (Trigonometry y Art. 139.) 

2""' (cosa?)" = cosn(r+ncos(fi~2)or+ co8(w-4)d7+ &c. 

1 [sin nw nsin(n-2)^ 



.-. JT (cos 0?)" « — '{ 



w - 2 



n (« - 1) sm (n — 4) 07 

+ + &c. 

1.2 n-4 



4^ 

tlie last term being, according as n is even or odd. 



1 1 .3.5...(n- 1) 1 n(w- l)...i(w + 3) . 

0?, or — ^^ ^— rpT r- sin X. 



2^ 



1.2.3...^n 2"-^ 1.2.3...^(n- 1) 



Similarly, may f,{6iox)' be found from the series 
(-l)*2"~i(sinit)"ecosrta:-ncoB(»-2)a?+ cos(»-4)it 

(-l)?»(n-l)...(An+l) , 
I- &c. + i i i — ^ , (n even) ; 

l) * 2"~'(8ina!)"=sin»w-»8in(»-2)ar+- Bin(n-4)jF 

i- , ^^ 1 . • - 3 

. 1. /.(COSiT) = — 810 43! + -Bin 2* + -». 

, , . ,, 1 . I . 3 

, 2. /, (sm my •= — sin 4d7 — sin 2<r + - w. 



To integrate 

lin mai . cos nw, sinmvr. sinn^, cos mdi . cus n^. 

ce sin mar COS nj: = ^ {ain (ro + n) a: + sin (n» — m) <rj, 

, (cos (m +n)x cob (w» - n) ai] 

\ma!cosna> = - i{ (- — } + C; 

''I m + « m-M I 

and J^sinm.^ cos ma' = — cosSmaj + C 

tin mw SID nx = ^ {cos (m —n) w — cos (m + «) a^J > 

ilsin (m - n) a? sin (m + n)x'i 
{ — -^^ _-*-- — ^—\ + C. 
( m-« *» + » J 

, . , fsin (m + n)ar sin {m - n)a!\ 

IVy LcosmxcosniB = *{ + >; 

^ [ m + n m - n } 

and f. sin' jnaf »» X (a; — — sin ^mx), 
■' . * ^ 2)» ' 
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t cos* mw = i (a? 4- — sin ^mx)y 

, - sin (m-n)a? 
because, when m = n = w. 

In the same manner, may the product of any number 
of the sines and cosines of multiples of an angle be in- 
tegrated. 

79. The integrals of expressions like the above may also 
be obtained by a double integration by parts ; and the result 
so obtained appears under a somewhat simpler form. Thus, 
in the gener^ fohnula for integration by parts, make 

U = cos {nx + /3), d^F= cos (mw + a) ; 

. '. f^ cos (mw H- a) cos {nx + /3) =* — sin (mo? + a) cos {nw 4- /8) 

m 

+ — /^ sin (ma? + a) sin (nw + )3) ; 
m 

similarly^ jT sin (m^ + o) sin (n a?H- )3) = cos (mw + a) sin {na-^fi) 

+ — £.cos (mw + a) cos (na? + /3) ; . 
tn 

Hence, substituting and transposing, 

f 1 -] fg cos (mof + a) cos (na? + /3) 

= — sin (mx + a) cos (nw + j3) : cos (wa j? + a) sin (war + p), 

or j!^ cos {mw + a) cos {nw + /3) 

w sin (wa? + a) cos (wa? + /3) - w cos {mw + a) sin (na? + /3) 

m^ — n^ 

and j^ cos (ma? + a) cos (ma? + /3) 

1 a? 

sin (2ma? + a + /3) + - cos (a - j8). 



4m '^^ 2 
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80. To integrate 



a + 6 cos w 
This . 



a(cos^^^ + sin'-|^jr) + b{ca^^x - sin'^^) 

sec'-l^^ gd^(tanj^a?) 

a + 6 + (a - 6) XAvf^x a + 6 + (o — 6) tan* ^ jt * 

••. / — I = / ■ tan"' ( \/f5-H-tani«), if a>6. 

1 , f (6 -h o)i -!-(&- g)^ tan ^ j^| 

1 



81. To integrate 



a + 6 sin (T 



This is reduced to the preceding by changing x into 

1 TT 4- 4? ; or it 

1 



a(cos*^zp +sin*^a?) +26 sin ^.r cos ^ a; 

a sec* ^ d? 2c^,(atan-|^jy4- 6) 

"■ a* + a^ tan* ^w •{- Stab ism ^x a* - 6* + (a tan ^ d? + 6)* ' 

r 1 2 , /atanlar + A\ _ 
.\ / Y-' — = -"7== tan-* 7- , if a>6. 

Butif «<6, r L_-2 r ^-(^^^-^i-^-^ft) 

•/,a + 6 sin «v •/» (a tan ^ a? + 6)* — (6* — a*) 

1 /a tan^ar + 6 - v/6* - af\ 

~ v/6* - a* U tan ^ar + 6 + v/ft* - «*/ ' 

Also r ^ = r ^ 

J, a + 6 cos «v + csinar J»a -{-e cos (a? - a) ' 

( if e = v/6* + c^ and tan a = -) , and therefore falls under the 
preceding form. 



Ill 



82. To integrate •- r-. 

* (a + 6 cos (^y 

If we make a -vh cos a ^ Xy the proposed integral is trans- 

r 1 

formed into - / , a formula of reduction 

for which can be obtained (Art. 58.) by diflFerentiating 
«f-"+' \/b* - (« - ay or sin ^ (a 4- 6 cos ^)""+\ 
Hence, replacing x by JC^ 

d, (sin wX''^^) = Jr- {-T COS «r + (n - 1) 6 (sin wf] 

= — —[^6 COS 07 + (n- 1) {6*-(6cosa?)*}]; 

and eliminating 6cos^ from the quantity within brackets by 
the equation b cos a*^ X ^ a^ we find 

d,(sin j?jr-+') = ^ { Jr(^-. a) + (n - 1)6« - (i* - 1) (jr- a)«} 

6 

= ^{-(n-2)jr'+(2»-3)oJr-(n-l)(a«-6*)}; 

therefore, integrating and transposing, 

Jr \ - 6 sin ^ 

,^» " (n - 1) (a^ - b') ^"^ 
(2n -3) a rl n-2 /•! 

■*" (n-l)(o*-6*)XA^^' ■"(n-l)(a»-fc*)X5^'' 

When n is a positive integer, by means of this formula of 
reduction, the integral may be made to depend upon the 

known form 



Jxa -{-h cos OB 



Ex. 



( \ 

^* (a + 6 cos coy 



Here the quantity to be differentiated is -— - ; and we find 

r \ 1 (— fesin^p 2a /^ /a -b <r\ 1 

/ = — --) + ■ tan"* I V -tan- >. 

J^JC^ a'-6*\a + 6cos/» \/a^-W \ a-^b 2/J 
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This result might have been obtained by diflTerentiating 
with respect to a, the value of f^{a + b cos x)'^ in Art. 80; 
and it is obvious that 



(-1) 



»-i 



jT (a + ftcosa?)"" = \^_y^ ^a"' \fx{a-hb cos, v)-'\, 



a + /3cosa? (-1)""' 



Ja((l ■\' O cos OP) W — 1 



83. Hence also we can find 
Oi + by cos a 



a^ + 6i sin X 



Jr ai + Oi cos X , /• Oi + Oi sin <*• 

» (a + 6 cos ^)* ' J^(a + b cos a?)" 



&ia 6} 



For 



. . Tai --—- + -- (a + 6 cos 0?) 

/• «! + 6^ cos ^ / 6 6 

J*{a -¥ b cos ^)" (a + 6 cos a?)" 

/• ' + ^ f ' ; 

Jx(a -¥ b cos 0?)" 6 ^, (a + 6 cos a?)"" ^ 



bai — afej 



6i sin Of 



_ /• «! + 6i sm 0? /• ©i sin a? /• 1 

and / ss / j^ ai I ■ — r 

J*{a + b cos opy Jg{a + b cos w)* J»{a + b cos a?) 



6i 1 r ^ 

(»* — 1) 6 (a + 6 cos a?)"~ ^ * ^, (a + 6 cos <r)" 

84. To integrate e"* sin wa?, e"' cos wo?, a?*e"*sin (mw + a). 
This is easily e£Pected by a double integration by parts ; 



thus 



te*** sin mw = - c"* sin fw,r Le^* cos mw 

a a 



= -c'^^sin mw 
a 



••• {' ^ ^) ^' 



m /I m . . \ 
-e"*cosma? + — Lc^'siniwa? I ; 



MX 



e sm w.r = e 



— ^ax 



a sm m<27 — m cos mzt* 



«' 
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- «, . ^, a sa^n mof -m cos mw 
or Le svamw - e ^ • 

a cos mx + m sin mo? 



Similarly, ^c*" cos ma? « c"f 



m* + a* 



Hence j^c^sin {mx + a) = e~o"*cos08in {mx + a - 0), 



where tan d = — ; 

a 



•'• j»' «*" sin (mo? + a) = c" a"^ cos' sin {mx + a - rd) ; 

J:,x*e^ sin (wo? + a) - (X,- f/dg + f/^»- &c.)^*c"'sin(ma? + a) 

„ J ,cosd . 

« c } J? ' sin (mzr + a - ©) 

* a 

/cos0\^ 
- nof "^ ( J sin {mx + a - 20) + &c.} to n + 1 terms. 

Hence also we can integrate 
e" sin mx cos na? a 6*' . ^ {sin (m + n) ^ + sin (m -- n)x\. 

85. To integrate c"' (sin j?)% e"' (cos a?)*. 
The integrals of these may be made to depend upon 

jCe"*(sind7)*"*, and jj^c"* (cos tv)""*, 

by integration by parts; thus, 

f^e^ (sin xy = - c"* (sin x)* f^e^ (sin x)*'^ cos ^ ; 

but f^e'" (sin ^)*"^ cos a? « — (sin x)*'^ cos a? 

- - ii«" K^ - 1) (si^ «»)*"* (cos a;)« - (sin x)*} , 

e"" 1 
= — (sin xy^ cos a? jic*" |(n - 1) (sin a?)*"* - « (sin xy] ; 

1 fh 

.". t «"* (sin 0?)" « - c"* (sin ^)* e" (sin a?)""* cos x 

+ ^^f^ /. e- (sin *)-« - "V* «" (rin *)% 
a a 

15 
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^. r^"r«n>«\- ^0* z^:-, ^xn ,1 (g sin ^ - n COS a>>) 

or .Jf,€ (sin w) Bs e (sm cP} — 

n(n - 1) ^ , . ^„ „ 

la cos J7 + fi sin «i7) 
Similarly, /. c" (cos o^)" = e" (cos ^)-* ^ , , ^ 

» (n — 1) . - «\«-2 

86. The two integrals of the preceding article may also 
be obtained, by substituting for (cos a?)* and (sin^)*, their 
developments in sines and cosines of multiple angles, according 
to the formulae of Art. 77. 

Hence the general term of J^e"* (cos a?)*, is 

1 n(w-l)... (w-r + 1) 
-^j^i Jx^ cos (n - 2r)a?, 

1 n(w - 1) ... (w -r + 1) 
which = -j^j — ^^ ^^ X 

I • 

a cos (n - 2r) d? + (t* - 2r) sin (n - 2r) a? 



^a» 



and to obtain all the terms, r must be taken from to -^n, 
when n is even, and to ^ (n — 1), when n is odd. 

87. It may be observed that all functions of sin w and 
cos J7, may be converted into exponential functions, by putting 
for those quantities their exponential values, viz. 

— -=^ (e»V^ - C V~) and 4 (c'^^^ + e-'>^>)- 

By this transformation, some expressions may be readily 
integrated. 

Ex. jCe"* sin mx = — ■y^= j» (c(«+"»v^^)' - ei'^-myf^)*) 
2 \/- 1 Wh- w \/- 1 o-m\/-l/ 



lis 



e*" (a sin 9n«v — m cos mat) 



— _- (o. m. I 



a'* + in* 



__ . _ /asmm^p - mcosm^i7\ 
Hence, since cT ( r I 

2\/-l " Va+ii»\/-T. a -my/ - \l 

( — 1) 7* ^ >» Wl 

= -i=a*"''cos'+*0.8in{iiii»-(r+l)6{, where tan0= — , 

a""*"* a 

/. „« . «. ^ , , /o sin m 07 - m cos t»d?\ 
. •. j; «" e" sin m» = e- (* + dj" (^ -^,-j-^^ j 



e" 



=» { (awy cos 6 sin {ma - 0) - n (a a?)*"^ cos' 9 sin («»a? - 2 ©) 

+ n(» - 1) (aj?)""*cos*0sin (m^-30) - &c. to(» + l) terms}. 

/ocosmij? + msinWcVN (-l)*"!!" 

Similarly, since a' I ; 1 ) = !=^ 

^ ^ \ m* + a* ) (asecOy^^ 

xcos {ma? + (r + 1)6}, we may find f^af'e'** cos mw; and also 
jgW^t^* (coso?)", by differentiating with respect to a the general 
term of j^e"' (cos a?)" in Art. 86. These results agree with 
Art. 84. 

88. To obtain the integral of c"' (sin ct)* (cos a?)*, we 
must endeavour to express (sin a?)" (cos a?)", by simple dimen- 
sions of cosines or sines of multiples of a. 

Ex. jie* (sin aif (cos wY ; 

let 2COS<!P as % + «"S 

.-. (2 \/^ sin aif (2 cos xf = (» - x'^f {z + z'^ 

= (« - «-')' («" - »"')' = (»' - »"'') - 3 («* - «-') 
+ (^ « ^-3) + 5 (« - z'% 

.-. 2* (sin a?y (cos aif = sin 7a? - 3 sin 5a? + sin Sa? + 5 sin a? ; 
and the proposed expression is transformed into 
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— Csin 7a? - 3 sin 5a? 4- sin 3a? + 5 sin a?), 

each term of which is integrable by Art. 84. 

89. All such expressions as J^t^sin'^w, jt^wtan^^t?, &c. 
where u and « represent functions of a?, must be integrated by 
parts. 

Ex. 1. /lwsin"^« = sin"^t? Lt^ - / / — » 
r sin'^a? a?sin~^v , 

and /^a?" sin"* a? = sin" a? - -— — / / ■ ^ • 



a?sin 



Ex 



fgU.dgV 



. 2. X«*taii-^ tj =: tan"* v Lu - —^ 

= tan"* x(w- tan"* a?) - / -k {p - tan"* a?) 

= tan"* 30 {x- tan"* a?) - log V'n- a?* + ^ (tan"* a?)* 
= tan"* a? (a? - ^ tan"* a?) - log \/l+^. 

Also jCtan"* \/- = (a? + a) tan"^ \/ \/aw. 

ct 

Ex. 3. ji versin"* - t:^ - f^d^^a ^ w) versin"* - 

a? r o — a? 



- (a - a?) versm"*- + / —7 



^ ^(a^x) versin"*- + a/^qx - a;*. 



2aa? ~ 
a? 
a 
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90. In like manner the expressions u cos (m^ + a), 
u sin {ma + a), must be integrated by parts, u being a ra- 
tional function of w. 

Thus, by formula of Art. 62, 

fgU cos (miff 4- a) = — (1 - ji d# + ii* djt - &c-) ^ ^^ (^^ + «) 

fn 

'^ — \usin(mi€+a)+—cos(maf-^a)dgU ;sin(iiM?+a)c^w-&c.}; 

m m mr 

the last term being — — - cos (mx -k-a^ ^fiw) ^F^u^ provided u 

be an integral function of n dimensions. If we change a into 
a — ^TT, we get a formula for f,u sin (mw + a). 

Ex. 1. f,a^ cos X » a?* sin a? — 2 j^ j? sin or 
= 07^ sin^ - 2 (— ^co8 47 + sin J?) a a?' sin^ + 2arcos^ — 2sin j;. 

And generally 

+ cos w {na?*"* - w (n - 1) (n - 2) ^"•' + n. . . (n - 4) ^"* - &c. } . 
Ex. 2. f^a^sinof^ — /d^cos.v + S^sina?+ 6a?cosar — 6sina?. 

And generally 
j!i J?" sina? = -cosflr{a?^ -n(n*- 1)^"* + ?i...(» - 3)a?*"* - &c.} 

+ sin 0? {»a?""* - n(» - 1) (n - 2) of + w...(n - 4) ^"* - &c.}/ 

the last terms of the series within the brackets being 

(- 1)* [w, and - (- 1)' [n . 0?, 7i even ; 

and (-1) * .\nafj and (- 1) * . [«» « odd. 

If u be fractional) we have 
jiwcos(ma^ + a) = (l - fxd^ + f»^dl^ &c.)cos(«id? + a) jTt^ 

a cos(ma7+ o)j[iw + wsin(ma?+ a)^^w - m*cos(fiia7 4- a)j!^^w - &c. 



Ex. 3. jT 07"* sin 07= - 
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a?^*"*"^ sin^p w "■'^^ cos 07 



w - 1 (n - 1) (^ - 2) 

^-11+3 gjjj ^ 
+ 7 r-7 ;-; r + &C. 

{n - 1) (n - 2) (n - 3) 

the last term involving / , or / , which can be 

integrated only in infinite series by expanding sin x and cos w. 

91. The following integrals may be reduced to those in 
the preceding article. 

1. j!i (sin"*o?)% by making sin"^07=j8f; for it becomes 

jC (sin"^ xY dgOf = ^ »" cos z. 

2. 'j^07*(cos.r)", and jT of (sin o?)", by substituting for 
(coso?)"* and (sino?)*" their developments in siniple dimensions 
of the sines and cosines of multiples of of ; for then each term 
will be of the form, ao?" cos ro?, or aaf* sin rof. 

Ex. j^ 07* (cos ^)'^ = J X ^ C^^'* ^'^ ■*" ^ ^^* ^) 
jT (Saiy cos 3o?(i, (3o?) + ^ jT ot* cos o? 



108 
1 



{ (3o7)* sin 3o7 + 2 . 3o7 . cos 3o7 - 2 sin 3o7} 



3. 
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+ ^ (oT* sin Of + 2or cos 07 — 2 sin ai). 

Jr 07" sin"' 07 , -.11 

f —-,==, by makmg sin"* 07 = ar; for it then be- 
* V 1 - 07* 

comes X 07* sin"* 07d, (sin"* ^) '^ if (M^ *)* • ^> *^°^ ^o is reduced 
to the preceding case. 

92. The following integrals, involving circular functions, 
deserve notice, as several of them occur in the application of 
Mathematics to Natural Philosophy. 



1. 



f 1 

J J, a (cos 0?)* H 



cos 0?)* + b (sin 07)* 



r c7,tano7 1 , / ^ /b\ 

= / T-? ;:^ = —r=^ tan-' tan 0? V -1 • 

J^a-i-b (tan wy y/ab \ «/ 
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— a sin a? + ^ cos x 



r 1 1 , -osinar + o cos x . 

Jxa-\-htaxiw a^ + b^'^" * a cos a? + A sin a? 

= |61og(acosa? + 6 sin J?) + aw]. 

3 f I 

J, a + 6 (sin a?)' 

•/* o + 6 + a (cot wy y/c? ^ab \ va + b / 

r sin Of (cos xy 1^ r sin a? {l + c^(cos^)» -l} 
^' ^. 1+ ^ (cos J?)* " ? i, 1 + c* (cos .r)'^ 

1 /•( . d,cosaf ) cos^ 1 X -1/ \ 

-1 nsin^ + ^- r.>= -— T- + 3^^ ^(ccosa;). 

c«^,\ 1 + c* (cos a?)«J c* <f 

5. j;;cosa?\/l -c*sin*a? = -jid,(csina?)-\/l - (csina?)' 



1 .;.-! 



4 sin J7 \/l - c* sin'* ^ + — sin"^ (c sin ai). 

» 9 /• 



2c 



6. Jisin^\/l-c*sin»^ = - - /,d,(ccosa?) \/l - c^ + (ccos^)^ 

^_ 1 - c^ / 

. icosa?'\/l-c*sin'*a? log(ccosa? + \/l -c^sin*^). 

* 2c 

7. /,sina? (1- c» sin*a?)* = - - j;d,(ccos.r)(l -0^+ 1?* cos*a?)t 
- ;J cosa? (1 - c* sin^o?)* + l.sinaf\/l -c'^sin^a?. 

A .1 'COS tX> , « • A V s 

8. f, sin'w (1 - c» 8in*a!)i = (i - c» sm* j?)» 



30*+ 1 r . 



+ j^sin.rvl -c'^sm^o?. 
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(cos a?)' 1 rcos ^ { 1 - 1 + c* (cos ofY} 



Jl* \^cos J?;" 1 rcos ^|i-i+<r^c 

* 1 - c^ (cos4?)^ c^ Js I -€? (cosa?) 

_^ 1 rj rf,sina? 1 

" ^ X il-c« + e»(8ina?)« " ''''' ""/ 
^ 1 _j / csin^ \ sin a? 

r tBXHJD r sino? 

10. / — = / 

•'' V « + 6 (tan a?)^ •^* \/a (cos xf + 6 (sin xf 

y/h -a ^' y/h - {h - a) (cos a?)« 
1 J /%/& — a cos ai\ 

Jr 1 . /• a + 6 (sin «i?)* 
' -. — y/a + 6 (sin wY = / -: / — ,-7-r==z 

r( adgCotx bd^Qosx \ 

'^' y \/a + 6 + a (cot wy s/a -k-h -h (cos a?)- J 

. rfci cos X 1 

== - ai log {o^ cot X + V a (cosec xy + 6} + 6^ cos"* < ^^ TCif • 



2c 



*a+26cos^+ccos2a? •/r2ac+46ccos^-f2c*(2cos*ti?— 1) 

•/*(2ccosa?+fe)^-e* c tj*2ccos^p+6-« ^»2ccosj?+ft+ej 

where c* = 6* - 2c (a - c). 

93. The following are miscellaneous Examples of the 
processes of integration described in this Section. 

1 . Jg xe' cos ^ « ^ «''?«* (cos a? + sin «r) — ^ e* sin x. 

r sin (n cot"^ a?) sin (n — l)% sin""* ;if, 

2. / ^^ zr-^ = ^^ , where 



' (1 + 070* ^ ' ^ 



-1 



« =5 cot" X, 
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putting % a tan"^ w. 

4. ltCOswcos2wcoBSjif =^ — 8in6a?+ — sin4a;+-siii2^+-/r. 

24 16 8 4 



5. 



26d,Vo+6sin/ir 2bd,u 



cosa? v/o + 6sind7 6*- (a + 6 sin^ - a)* 6* - (w* - o)« 



cl«t^ c{,t^ 



w* + 6-a a + 6--tt* 



''^ %/a + 6 tan' J? J' \/a - (a - 6) sin* ^ 



7. y/a + frtan'j; = 



bsec^of + a — 6 
V a + 6 tan* a? 



^ 6d, tan a? (a — 6) d, sin i? 

\/a + 6tan*<r \/a - (a - b) sin* a? 

8. 8ec*a? v/a + bsec^w ^d^tanof. y/ a + 6 + & tan* ,r. 

r ^ 1 ,/cosa?\ . ,/cota?\ 

9. / \/cot*a-cot*a? « - — cos-M +8in-M — — . 

•'* sino \cosa/ \cxAa] 

Jr 1 r seifw 
' r- = / 5- 
, a + 6 cos* tV J»a -¥ b -\- a tan* w 



tan 



-1 /v <*tan^ 



\/a (a + 6) \y/ 



I tan ^\ 
a -i-b / 



tan j?-\/c*— 1 






16 
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SECTION VII. 



INTBGtlATION BETWEEN LIMITS, AND BY INFINITE SERIES. 



Art. 94. When a proposed function cannot be integrated 
by any of the preceding methods, it must be developed in an 
infinite series, and each term separately integrated. Integration 
by series is of great importance, because the integrals which 
arise in the application of mathematics to the different branches 
of Natural Philosophy can frequently be obtained only by this 
process. Moreover they are usually required not in the state 
in which we have hitherto obtained them, where the variable 
and constant remain undetermined, but between limits: that 
is, the value of f^u is required when x ts h, under the condition 
"that its value, corresponding to w ^ a, shall be 0, or a given 
quantity; in other words it is the difference of the values 
assumed by the integral, when for the variable two particular 
values are successively substituted, that is generally wanted ; 
in taking this difference the arbitrary constant disappears, and 
a result is obtained in which no part is undetermined. 

95. Hence, it will first be necessary to explain the method 
of correcting integrals, and of finding the values of definite 
integrals or integrals taken between given limits. 

It has already been stated that an arbitrary constant must 
be added to every integral to make it complete; and it is 
often convenient to give the constant the same form, as the 
expression to which it is annexed, by which means the result is 
simplified ; thus 

X- *= w logo? - w logc = n log- = log ( - ) ' 



Jx 



s= tan~'a? + tan"^ c = tan"^ 



»l •\- a^ I — wc 
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It WAS also shewn how the value of the annexed constant 
might be determined, when corresponding values of the integral, 
and of the variable a?, were known. This may be made clearer 
by the following illustration. 

If A represent the area of a curve, contained by the arc, 
the ordinates at its extremities, and the intercepted portion of 
the axis of <v, it is proved in the Differential Calculus that 

.-. A = Xy- 

Now let y =^fi^) be the equation to the curve jBQ, Fig. 1. 
where AM = a?, MQ = y, 

.% the area =» f,f(pp) « <p (a») + C, suppose. 

But if the area PNMQ be required, commencing with the 
fixed ordinate PN for which AN = a, then when x = AN » a, 
QM coincides with PJV, and the area vanishes, 

.-. « ^ (o) + C, or C = - (o) ; 

.-. area PNMQ = (^) - ^ (a) ; 

and if AS = 6, area PNSR = ^ (6) - (a). 

The expression for the area PNMQ is a corrected integral, 
that for the area PNSR a definite integral, and the expression 
0^ + C an indefinite or general integral. 

96. The quantity we have expressed by 0(a) may other- 
wise be expressed by X=fl/(^)> ^"^ '^^® ^® ^^^ notation we shall 
employ. 

Hence X^^^ denotes what the integral of u with respect 
to <r becomes, when in it a is substituted for x ; and 

(as we shall in future write it) denotes the value /(a, b) 
assumed by f,Uj when in it b is substituted for ^, the condition 
that it vanishes when a? = a, having been previously introduced 
in determining the constant; it is called the definite integral 
of u between the limits «r = a, »i? = 6 ; and a and b are called 
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respectively the inferior and superior limits. Since every 
function of se may be supposed to represent the ordinate of a 
curve, the problem of finding ^^u between the limits w^ a^ 
J7 s 6, amounts to nothing more, than to find the area of such a 
curve included between the ordinates corresponding to /p » a, 

07= 6. 

The sign of definite integration employed by Fourier 
and other writers is / ^ , the superior limit being placed 
uppermost. 

97* On account of its great importance, we shall illustrate 
this matter still more particularly, by supposing the curve 
in Art. ^^ to be a circle, and the origin of the co-ordinates in 
its center ; 

CN^w, PN^y, CB^ay Fig. 2.; .-. y = x/^T:^; 

.•• area = L s/c? - <r^ = - \/o*-a7* + — sin-^- + C. 

Now if the area of the portion BCNP be required, that is, if 
the integral vanishes when a; = 0, since the quantity 

^ /"i li . ^' • -1^ 

-va*— or + — sm - 

2 2 a 

also vanishes in that case, the above equation becomes 

= 0+ C, .-.0 = 0; 

.'. area BCNP = - v/a* - a^ + -sin~^ - . 

2 2 a 

Hence, making w^ a^ the area of the quadrant BCA 

€? . , a* w wa^ 



= — sin"^ 1 = = 



2 2 2 4 

that is, the definite integral of \/a* - of between the limits 

/i? = 0, cr = a, or ° jf" y/^^^^ = — . 
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Hence we see the difference between a definite, and a cor^ 
rected integral ; for from the expression , it is impossible 

4 

to discover fully how a entered into the function from which 
it was deduced; and, as we shall see, it might have arisen 
from integrating several other functions; whereas the inde- 
finite, but corrected integral, 

w / ^ ^ 

- V o* — <»*+— sin"* - , 
2 2 a 

by differentiation re-produces the differential coefiicient 

v/a'* — ■ ^, and by its form merely implies that ^ aa o is its 
orign, and is still available to find the expression for any area 
contained between parallel ordinates of which BC is one ; thus, 

if we suppose a; = - , 

aa\/s a^ w c? (S\/s 



area = - 



4 2 






98. When the general value of an integral can be ob- 
tained, its value between any required limits can of course be 
deduced. But there are many integrals whose values between 
particular limits can be obtained in finite terms, although not 
their general values by any known method. We shall first 
give some instances of deducing the value of the definite in- 
tegral from the indefinite one, and afterwards exemplify the 
other case. 

We may here mention that, in definite integrals, the sign 
of the result is changed by changing the order of the limits; 
for if 

L^j^u - f^^^u ^ <p{a,b), then X=««* - jC=:6«*= ^ ^(«.6). 

Ex. 1. To find the value of f^af^^^ between the limits 
tT = 0, a? = 1. 

The general integral is Jt^"*"* = — + C; 
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therefore, making successively ^=1, /psO, and subtracting 
the results, 

m 
Ex. 2. To find the value of J^c"'*'sinma? from tV — to 

The general integral is 

a sin mx + m cos m^r 



jf^e""* sin wia? = C — c 



— ojr 



m* + a* 



therefore, making j? s oo , a? s 0, and subtracting the results, 



Hence, making a = 0, ®ji" sin ma? = — . 

— Ill 

ft r ® 

Similarly, Jf c~"* cos ma? 



m* + a' 

^^ m sin ma — a cos ma . n-a 

+ c"""* ; and L cosma? = 0. 

m^ + or '^ 

Also by Art. 78, ^f/' cos ma; cos na?, "Ji'^sin ma? sin na?, vanish 
for all integral values of m and n, except when m ^n and 
then each = -^ tt. 

Ex. 3. To find the value of f, (sin a?)" between the limits 
or « 0, Of ^^Wj n being a positive integer. 

The formula of reduction for ^ (sin a?)* is 

1 , n — 1 . 
J(^ (sin a?)* = cos a? (sin a?)""* + j[i (sin a?)"~', 

in which, if we make successively a? «^7r, a? = 0, and subtract 
the results, since the integrated part vanishes by both sub- 
stitutions, we find 

•j;!:(sin.T)- = ^Y.^(sin^)"-'; 
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change n into n - 2, « - i, &c. successively, 

.-. 7.** (sin *)-» = ^^^ "Jt** (sin»)-*, &c., 

till, if n be even, we come to 

V.i'Csin^y-i-j;*'!-^.!; 

therefore, multiplying all these equations together and striking 
out the factors common to both sides, we have, n being even, 

7.^-(sinar)-^^^^;>^^:"^-''^ !!:. 

If n be odd, the last integral will be 
•jC^tsin^y-^jti'sin^-?; 

•" ^ ^ n(n-2).,.5.8 

These results ought to be retained in the memory, as 

°jC (sin a?)" is a definite integral which is often met with, 
and one to which several others may be conveniently reduced. 

Thus ji (cos ^)" = - ^ (sin «f)", making J7 = ^tt - « ; 

.-. \iy (cos wY - - *V/ (sin «)• = 7.*^ (sin x)\ 
since when a? s o, jir = ^x, and when a? a ^ tt, jst « ; 

that is, the value of ^^ (cos a;)* between the limits a? = 0, ^ =s — , 

2 

is the same as that of j^ (sin o^)" between the same limits. 

' . between the limits 

* V a* - a?' 

^ B 0, or » a, n being a positive integer. 

This definite integral might be obtained by means of its 
formula of reduction, as in Ex. 3. ; but it may be reduced at 
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once to that integral by putting ~ « gin x^ when it becomes 

a 

a»7,^'(8inir)% 

since j? = when » « 0, and x ^ a when z = ^ir. Hence 
changing n into 2r + 1, and 2r, according as it is odd or even, 

o.a ^r + i 2r(2r-2)...4.2 



•/. v/a8 - -p« (2r + 



l)(2r-l)...5.3* 
X y/a^ - a;* "^ ^ 2r(2r- 2)...4.2 2* 

Ex. 5. To find the value of / — -^ -— between the limits 

•/* (a^ + ^)« 

o^aO, ^Boo, n being a positive integer 

X 1 1 

Putting — = cot «f, this becomes -^^ ^''fj^(sin ar)*"""*, 

since x ^ Oy x = ^ir, x ^ qq ^ % ss o are corresponding values ; 

Y* J^ _ ^ (2n - 3)(2» - 5)...l TT 
" •/» (a* + 0?*)" ~" a**"-' (2n - 2) (2n - 4). ..2 ' 2 ' 

Similarly, by putting - « versar, we find 

•V ^1 , ^« (2n + 1) (2w - l).,.l TT 

■" ^ ^ (2» + 2)(2«) ...22 

Ex. 6. To find the value of J^Csin x)* (cos a?)" between the 
limits X fs Of X ^ ^w; m and n being even integers. 

By the formula of reduction Ex. 2. Art. 75, we have 

'jC*''(sin j?r (cosa?)« = ^^ 7.*''(8in a?)« (cosa^)-*, 

&c. = &c., changing successively n into » - 2, n - 4, &c. ; till 
at last we come to 

7^' (sin xy (cos a?)2 = -^ 7*^'' (sin a?)"» ; 
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therefore, multiplying all these equations together^ 

ori'^ / - \m/ X. (n - 1) (n - 3)...S.l or^/ - m 
Y (sluwY (cos wY ^ -—^ — —r^ ^ — ; -.°V (sma^V 

(»- l)(n-S)...S.l (m- l)(w-S)...S.l TT 



(*n+n)(m + n-2)...(m + 2) m(m- 2)...4.2 2 

(» - l)(n-3)...S. 1 X (w- 1) (i» -3). ..3.1 TT 
*" (m + n)(fii + n-2)...4.2 2* 

Ex 7. To find the value of <^J^^^" ( log- j , m and n being 
any positive quantities. 

Integrating by parts, the formula of reduction is 

/,.- (log!)' -. ^^ (logl)" + ^ /,-- (log!)""'; 
now the integrated part, which depends upon 

(1\* 1 (m+ 1 )*"•■* / IN""*"' 

log-) ^{i+(m+l)log-+... + — -^^log-) +&C.}, 



manifestly vanishes at both limits, 

■■•"*''^("«;)"-ST;"i''-K)'"' 

By this formula when t^ is a fraction, the proposed integral 
can be made to depend upon 

^fgOD^ [log- 1 (where r is >0<1), 
the value of which we shall hereafter shew how to find. 

17 
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But when n is an integer, 

•i'*- K) - (^Tir^ • 

Hence also, multiplying both sides by (- l)", 

•p«-aog*)--(-i)-^i-^. 

Also, since 

similarly, 'f,'w" = -+- + - + &c. 
If in the above two formulae m a 0, we have 

Taog^r=(-i)"|n, j['(iog^)"-i!^- 

Ex. 8. To find the value of ^JJ^aTe'"^ n being a positive 
integer. 

Integrating by parts 

&c. = &c. Va?e- = 7*c- = 1, 
therefore, multiplying these equations together. 

The integral °ji*e"'a^"S n being any symbol of quantity, 
is known as Euler^s Second Integral, and has been denoted by 
r, so that 

r(n) = «jf e-'a^'K 
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Hence when n is an integer, r(n) as in — 1, or expresses the 

continued product of all whole numbers less than n. 

By putting e'" &= ir, so that a; « 0, jv » 1, and a? = oo , » = o, 
are corresponding values, we get the integral in the form under 
which it was originally treated by Euler, viz. 

fi-i 



''jt'(iogy"~ =r(n). 



1 

Also by putting ^* « y, another form is r(f») ■ - ®jL* e'^. 

n 



.-. «j;*^+'e-«^ 



2a 



n+l 



99* The following properties of definite integrals, where 
the values of the quantity under the %ign of definite integra- 
tion are periodical, it will be useful tp notice. 

If /(a?) do not become infinite between ^ = and w ^ a^ 
and be such that/(ti?) = —/(a — a;), its integral between the 
limits 07 « 0, (T a a, will vanish. 

For if /(a?) be considered as the ordinate of a curve, 
this curve will intersect the axis when o^a^a; because, making 
w = ^o, we have 2/(^a) « 0, or/(^a) = 0. Also between the 
ordinates corresponding to 07 = 0, 07 = a, the curve will consist 
of two equal and similar portions, one above, and the other 
below the axis ; since, making w ^ ^a -^ z, we have 

or the ordinates equal, at equal distances from the point of 
intersection, but of different signs. But the area corre- 
sponding to a negative' ordinate is negative; therefore the 
sum of the areas of the two portions, that is, the value of 
the required integral, is zero. 

Hence zero is the value of the definite integral 

^jf cos x .R { (cos a?)*, sin o?^ , 
which occurs in the investigation of the attraction of spheroids. 

Similarly, * •//•o^+' ^-«''' = 0. 
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Again, if /(^) be such that f{w) ^f{a - a?), and conse- 
quently /(^a + ») =/(-|^o -^)5 the area between the ordi- 
nates corresponding to » = 0, a? = -Ja, will be equal to that 
between the ordinates corresponding to a? = -^a, a? = a, and will 
have the same sign, 

Hence --ji+*»*"e-''''*-2''j!;"a*«-«'< 
Generally, making « = o + /3 — a?, we have 
"///C^) = -"///(« + /3 - ») = "///(« + /3 - ^), 

a formula including the above results, and sometimes leading 
directly to the value of a definite integral ; for instance 

0/-T <rsin<r ^r"" (tt — ^p) sino? ^ ^ p' sin a? tt* 

y, l+cos*a? ^, l.+ cos^j? ^ Jg l+cos^a? 4* 

Also t^ = «j;*'log (sin 0?) = ^ji*'log (cos w) ; 
/. 9,u = ^jC*'log (^ sin 2cr) = ^Trlog (J) + o/,*'^log(sin2<r) 

100. If /(it) be such that /(^) =/(a + ^), then since 
for every addition of a to the abscissa the same area will recur, 

Also it is evident that, instead of taking an integral 
between the limits a and 6, we may take it between the limits 
a and c and between the limits c and 6, (c being any inter- 
mediate value of w) and add the results together, and we shall 
obtain the same value for the definite integral in either case ; 
for considering the expression to be integrated as representing 
the ordinate of a curve, the first area will be equal to the sum 
of the two others. In the same manner we may resolve an 
integral which is to be taken between given limits, into any 
number of others, the limits of which are intermediate to those 
of the former, the termination of one integral being the origin 
of the next, it being understood that the expression to be inte- 
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grated does not become infinite for any value of w between the 
extreme limits. 

101. We next come to the clise of those integrals whose 
values between particular limits can be obtained in finite terms, 
although not their general values by any known method. The 
following are the principal methods of finding the values of this 
sort of definite integrals. 

1. By transforming or combining the values of other 

definite integrals. - 

2. By expanding the expression into a converging series, 

integrating each term separately, and summing the 
resulting series. 

3. By using imaginary quantities, so as to convert the 

given expression into another capable of integration. 

4. By difierentiating or integrating under the sign of 

definite integration, with respect to some quantity 
not afiected by that sign. 

We shall give a few of the most remarkable results that 
have been obtained by each of these methods. 

102. To shew that ^jl*^-^ « ^\/w^. 



Since, Ex. 5, Art 



• 1 



let w = — ;= , then 



(2w-S)(2n-5)...l'7r 
s^f^ (2»-2)(2»-4)...2i' 
or* 1 

'^n"""l Ply 

.- (2w-3)(2n-5)... 1 ^ 
^ '^^ • (2n - 2) (2 w - 4) ... 2 * 2 * 

1 + — j = e"* ; and by 
Wallis''s Theorem (Theory of Equations, p. 30), we have 
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£2 ^2 /gii _ g\S 

(n= 00 ) ; consequently the 



2 1 .3'3.5"' (2n- 3)(2n- 1) 

second member Jbecomes y/n . . = — = i v w ; 

Vtt (n - ^) 2 

103. This result will enable us to find the values of some 
other definite integrals. Thus 



a 
and differentiating n times with respect to a, we get 

nr«^ ««« 1 ^ A" 1.3.5 ...(2w -1) 
•'* * ^ o (2o)" 

Again, let e"** « a?, or / = (log — J ; .*. e'^dgt = — - ; 

.-. ^e-'' = /,e-^d,« = - i X 0°S ^) ' 
also when ^ « x , ^ = 0, and when / = 0, o^ — 1 ; 

Hence, Art. 98, Ex. 7, n being a positive integer, 
rf^^^\ V7ln„*^"■'* (a» + l)(2n-l)...3.l .- 



0-00 ^-1 

104. To prove that / = — 



fnw 
n sm 



m and n being positive quantities, and m < n. 

When f7} and n are integers, this result may be obtained 
from the general integral of — already found. Art. 42 ; 

1 '{' iST 
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but we shall employ the following independent process, which 
consists in expressing the value of the integral in a series, and 
summing the series. 

Instead of integrating between the limits ^ » 0, w ^ oo , 
we shall separately integrate between the limits o^ ^ o, or s ], 
and ^ B 1, or B 00 , and add the results. 

Now r « Jt^"* (l-a?" + j?»'-a^ + &c.) 

•/, 1 + 4/ 

= + &c, + C ; 

V^ ^'' 111 1 
.-. / » + + &c. 

Again, 

^-« a7*-«» ^-3« 

+ &c. + C, 



fn-n m — 2n m — 3n 

i-i 



V^" 1 1 1 

.-. / —« +. &c. 

J, 1+/P" »-m 2n-m 3n-i» 

(since n is greater than m) ; therefore by addition 

Va^"' /I 1 1 1 « \ 

/ 3:- --;; +- :; + &c. 

J, 1 + af \m 2n — m 2» + w 49i — m / 

+ (^ + z + &H (l)» 

and it remains to sum these series. 

Now cos»«|l - ( — J f|l - (— ) l&c.; make— ==0, 



ir0 
*•. cos 

2 



-<'-«{-(l)}{'-(f)]- 

= (i-e)(i+.0)(i-5) (i+|).&c. 
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take the differential coefficient with respect to of the logarithm 
of each side^ 

TT ^0 I 1 1 1 1 „ 

.-. — tan — = + + - &c. 

divide this equation by n, and then make n0 » m, 

TT wtt 111 1 
— tan = 1- + &c. 



• • 



Again, since 
sin» = »|l — I— j [{l-( — ) }&c. ; making x = »r0, 

we have sin ^-d = x^ (I - ^) jl - (-] [{l - (-] }• &c. 

= «-d(l-0)(l+e)(l-|)(l+|).&c. 

take the differential coefficient with respect to of the logarithm 
of each side, 

^11 1 1 1 

.-. TT COtTT© = ;: + ;: ;: + - &C. ; 

1-0 1+0 2-0 2+0 
divide this equation by 2n, and then make 2n0 = m, 
TT fn*ir 11 11 1 

^•^ —— cot — — = ■" — " + ■" + ■" &C« 

* 2w 9,71 m 2n—m 2n-i-m 4n— m ^n-¥m 
Hence, substituting in equation (l), 



I =* — <cot + tan > 

J, 1 +0?" 2w[ 2w 2nJ 



nsm 



n 



Among the various results to which this integral will lead, 
we may notice the case of 7^ = 1 



^--^ar-^ TT 



^ r SB 

Jg 1 + «r sii 



or . - . -, 

smntTT 



which becomes ®ji i*^ (tan ssy^-'^ 



w 



2 sin mir 
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putting of^tan^Xy where m>0<l. This may be veriiSed 
by substituting for tan x its exponential value ; for we get 

cos (2m- 1) V — 1 sin (2m - 1) — > 

= «j;*'(l + Ae^'"^' + 5c*«^» + &c.) 
by expanding the 2nd member; therefore equating possible parts, 

u.sinmw = ®jl[*'(l + A cosSiir + Bco»4f% + &c.) = — . 

Again, let 1 + a?"" = «""•, so that zp=:0, «s=0; zrsoo, 
)^ s 1 ; are corresponding values ; then 



/•! «*~^ w 



-x 






(1 - «*)• nsin 

n 



r^ «*~ IT 1 1 + C 

Hence / , — « -: ; and making - + c « , 

Jg (1 - «)* sm mw X V 



/- 1 t?**-' TT 

^ •( (1 + c«) (1 - 1>)« * (1 + c)« sii 



105. Similarly, by expanding and integrating, we find 
Jx 1 — aT 



^ ^ 1 1 • 

Z + ;; + &c- 

m n — m n -^ m 2n — m 



-( 

2w \ 



mTT wttN tt m-TT 

cot tan I = — cot ; 

2w 2n/ n n 



18 
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and differentiating with respect to m, 

/ log- = -^eosec* 

J» 1-0^ OS nr n 



Also 



/ -. ^cosec 

•/x 1 + a^ n n 



and integrating with respect to m, 



Y ^ a?"*-" - a?*-"-" _ /m7r\ 

X (1 + a?") log ar " ^^ ^" V2^/ ' 

106. We shall further apply this method to find the 
value of the following Integrals. 



« - •c"' + e~"* 



/ — . sin mo?, a beinir not > ir. 

Since = c"'* + c~*" + e"®** + &c., 



gir, _^-ir* 



the proposed integral becomes 

*^ji* {«-<'-*>• +c-(*'-*>' + &c. + e-^'+*^' + e-<''+*>'+ &c.}.sin mw, 

which (Ex. 2. Art. 98) = r^-— - + — — , + &c. 

(tt — a) + mr (Stt — a) + wi" 

m m 

+ &c. 



(tt + a)* + w* (Stt + aY + »»* 

But, (Theory of Equations, p. 32) e~ + 2cosa + e"*" = 

A {(tt - ay + fn*} {(tt + af + m«} {(Stt - af + w«} x 

{(S7r + a)' + m«} &c. (l), 

A being independent of a and m ; therefore, taking the diffe- 
rential coefficient relative to m of the logarithm of each 
member, 

e«-e-» 2m 2m 2m 

+ 7 rs s + Ti r^ n + &c. 



e"*+2cosa+e-"' (7r-o)^+m* ' (^+a)*+m* ' (37r-a)*+m' 

/ -;; nr • sin m/p = 4 . (2). 

Jx e'^-er'" ^e*" +2cosa + c"** 
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2. Let a = TT, then (Ex. 2. Art. 98) the first member be- 
comes 

^r^( 9, \ . ®r*sinma? 1 
/ I -^ + 1 ) . sin mw = 2 / -r- + — , 



V* sin mar , e" + 1 _1_ 

2fn 



^/•*sinm«» e" + 1 
* ' Jm e*"- 1 ~*c" - 1 * 



3, Integrating (2) with respect to a^ we get 

V'e"* - c— ' sin war , /e" - 1 o\ 
/ as tan"^ I tan - 1 ; 

also differentiating this result with respect to m, 

^* c" — e~" «"• + 2cos a -\- e' 

4. Similarly, f -^ ;^ cos ma? 

= *^j^* {e-<'"*>'-c-<*'-*>' + &c. + c-^'+*^'-c-<''+»>'+ &c.} cosmor 

w — a Sir — a „ 

+ &c. 



o^«>g«*«g-«* sin a 

cos mo? 



(tt - a)* + m* (Stt - a)' + m* 

IT + a Stt + a 

(tt + a)* + m? (Sir + a)* + m* 



+ &c. 



But, changing a into ^(7r-a) and m into ^m in equation 
(1), we get 

m 

^ + 2sin - 4- c"? « ^' {(tt + o)* + m*} {(Stt - o)* + m^} 

X {(57r + a)* + m*} &c. 

therefore, differentiating relative to a and then changing the 
sign of a, we have 

, cos 4a TT + a Sir — a 

^ e*" + 2sin ^ a + «"*• (tp + o)* +m* (Stp - of + m* 

- cos4a TT — a 37r + a 
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e" + 2cosa 



cos<^a = / cosiw^. 



5. iDtegrating this result with respect to a, and dif- 
ferentiating relative to m, as before 

c*"+ 2sin^a + c"** _ Y'e"'-^— • cosm^ 
* °^e*"-2sin|a+e-*" '^ J» e" + 6"" ^^ ' 



and 



J** - e"** , <>/••«"' - «~ 



e* + 2cosa 



sin^a >B / sinma?. 



6. If a = 0, we have j 



® - * cos ma? 



« 

and multiplying both sides by e^^, and integrating relative to 
m from m = to m « oo , we get 

• 1 1 OD g-om J 1 ^-i 

X (a* H- a^ (c" + C-") "^ ia J« e** + c"*- "^ 2^ 7, 1 +af* 

putting e'" « JiT, the value of which is log 2 when a = ^, and 

1 - ^TT when a = 1. 

107. The following is another class of Integrals whose 
exact values may be obtained by expanding the expressions to 
be integrated in converging series. 

1. Let m be less than I, and 2 cos j? s isr + x'^ ; then 

log (1 + 2m cos X + m*) = log (l + mx) (l + m«f"*) 

^m{z + z-') - |m« («* + «-«) + ^m' («^ + af^) - &c. 

= 2 (m cos X - ^m* cos 2a? + 1^»»* cos 3.r - &c.) (l). 

But if m be > 1, then m"* is < I, and the converging series for 
log(l + 2m coso? + m*) = log m' + log(l + 2m~* cos a? + m"*) is 

2 log m + 2 (m"^ cos w - \fn~^ cos 2a? + |^m~^ cos 3a? - &c.) ; 

.*. ^ji" log (1 + 2m cos a? + m^) = 0, m < 1 ; 
and "^^ log (1 + 2m cos a? + m?) a27r log m, m being > 1. 
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2. If we assume n = ^ , then nis <l whatever be 

1 + m* 

the value of m, and m = , taking the upper or 

n 

lower sign according as m < or > 1 ; and we get from either of 

y i 

the above results, ^f/ log (1 + w cos a) ^w log ( ) . 

It is obvious that by these substitutions we can always 
pass from an expression involving 1 + 2fi»coSir + m* to the 
corresponding expression involving 1 + fi cos w. The new 
formula will be less symmetrical but will combine two cases. 

3. Integrating by parts 

fg log (l + 2»i cos w + w*) 

Jr w sin w 
f . , 
, 1 + 2ffi cos 07-4- nr 



^ir 



W Sin W -TT - 1 



/*r sin 07 -TT - 1 
= — log , w < 1 ; 
, 1 + 2mcos<v + ''I wi 1 - f» 



— log ; , m>l ; 

m m - 1 



which are both included in / =-loff ( — z ;— ) • 

% l+7icos<r n ° \ 2(l-w) / 

4. Multiplying both sides of equation (1) by cosr^ and 
integrating, since (Ex. 2. Art. 98) every term vanishes at 
both limits except that involving cos' tx^ we get 

®£'cosra?log(l + 2mcos<r + w^) = (- w)% or ( ) , 

according as nt < or > l ; and integrating this by parts, we get 

<*/•' sin J? sin rj? tt , ^, , wf-lV'*'^ 

^x 1 + 2mcos,r + i»* 2 2\m/ 

according as m< or > 1 . 
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0/.' sin Of , / asm«v .\ 

6. Hence / rtan"* 

J, I -^ 2m cos Of + mr \1 -a cos wj 

Y ' sino? (a sin^ + ^o* sin 2af + &c.) . 
"^ ^, 1 +2mcos<r +m' ^ "^' ^' *^ 



— log (1 + am). 

2m ^^ ^ 



^ ' 1 +2w»cosa? + m* l-iii*Vl + w»« l+miT-V 
(1 - 2f7t cos or + 2f»' cos 207 — 2m^ cos 3x + &c.), 



1 -m« 

n 



cosT/v IT {-my 



— ^- ^ = — ^ — r-(w»<i). 

, l+2wcosa'+m* 1-w* 



V' cosrj? TT fx/l-n^-iy 

Hence / = — , \ } , 

J, 1 + n cos 07 y/\ _ ti* \ n I 

y, (a + 6cosar)^ ^ &*• [;? -1 " ( \/a*-^* J 

8. Also (Trig. p. 87.) cos ro? (2 cos 0^)' 

as 1 + cos2ro7 + r |cos(2r -2)o? + cos207^ 

r (r - 1) , , ^ 1 „ 

+ }cos (2r - 4) 07 + cos 4o?f + &c. 

Y*^ cos ro? (2 cos o?)*" 



Y^ CO 

therefore, putting 2o? = », y — 



2mcos2o; + fi»' 



° /"^ 1 + cos r» + r {cos (r - 1) » + cos «f} + &c. 
^ *^» 1 + 2ii» cos iif + w' 



TT 



TT (1 - W)' 

■" 2(l-m*) ' 
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Let m = 0, ^f^ cos tw (2 cos a?)' = — . 

Also, expanding both sides and equating coefficients of mPy 

nrhr , V, TT r(r- l)...(r- j)+ 1) 
®jr^ cos rx (2 cos (By cos 2pa? « ^^ ^-r-^ . 

4 \2 

Also differentiating with respect to r and then putting 
r = 0, 

® ri* log (2 cos no) ^ IT log (1 - w) 

•'^ 1 +2mcos2d7 + m' 2(l-m') 
and consequently, equating coefficients of m^, we find 

^jT*' cos 2p.T log (cos w) = (-1)''"' — . 

4p 

■'# 1 + 2 m COS a? + m 

„ ^ 1 + a COS Of + a* cos 2 j? + &c. 

° ^"^ 1.2 



-X 



1 + 2fllCOS^ + «l' 



= (1 - am + &c.) 5 ; 

1 - m« ^ 1.2 1 - m* 

and / r— = — 1 1 - c ;, 

Jg 1 +2fi»cosa? + m 2m 

which give when differentiated r times relative to a, 






.— om 



2m cos a? + w>* 1 - m^ 



/ ^^ . = - (- mY'^ e-°^. 

J a l+2mcosa?-fm 2^ 

If we expand both sides and equate coefficients of m", 
we get 

Or""" nrtMx r • \ TT tt 

r gOCOBx^jQg /^^ gjn y\ cosn/P = — r— , 

•^ ^ ^ 2 [n 
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TT O" 



°X^ ^^^' sin (a sin 0?) sin n«3? = — ;— . 

Most of the above are particular cases of the following 
general integrals. 

10. Since, putting x = e*'^"S /(a + «) + / (a + «f"0 * 

= 2 {/(a) +/'(a) cos a? + /"(«) cos 2a? + &c. J 

JL • ^ 

and /(a + %) -/(a -i- «"0 
= 2\/^ \f {a) sina? + /"(a)sin2a? + &c.}. 

A 1 1 - m^ - 

Also 1 •= 1 + 2wcosa? + 2m" cos 207 + &c., 

1 — 2mcos<r + m* 

sincT 

and 1 = sin a? + w sin 2a? + m* sin So? + &c., 

1 — 2m cos 07 + w 

as appears by differentiating equation (l) relative to x ; there- 
fore, multiplying these equations together and integrating, 
we find (taking account of Ex. 2. Art. 98) 



7. 



1 — 2m cos J? + m 



/(a + m), 



1 - m' 

sin <r 



and/ ^ 



2m cos<a7 + m- 
m 



= TT v/^1 {/ (a) + — r (a) + &c.f 



m 



{/(« + »!)-/(«)}. 



w 
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. . 1 — fW COS W mm 

Again, « 1 + HI cos AT + mrcosZof + &c. 

1 — 2mcos^+ nr 

V 1-mcosa? . _, . 

•• -. 7. ; {/(« + «f) +/(« + » )} 

•/» 1 - 2f»cos^ + m* ^ -^ ^ V /3 

{2/(a)+/(a).m+r(a)^ + &c.J 

«7r{/(o + in)+/(a)}. 

Ex. Let a « 0, and f(x) = (l + «'^)" . e'^', 

then/(») +/(«-!) = (2cosXa?)"c"~"".2cos(\njr + asinc^), 

and/(«)-/(is-^) = (2cosXa?)"c"*^~''.2\/~l8in(Xna;+a8inca?); 

V (2cosXj ?)»g"^°'^.co8(Xnd?4-«sinc.r) tt , g. . ,„. 

•'• / ; — ; «= -(l+m ) e 

J» l-2mcos^ + m^ 1-m^ 

0^ir/aA^«\ -.Nil >««"aMC» 



i 



2 



' (2co8Xar)" e^^"* sin (Xnar + a sinc^) . 

:; :;; .SmOT 

a 1 — 2mcosa7 + m 



{(l+m*^)«c''"^- 1} 



2fl» 
®/-'(2cosX.i?)*c"*^®"**cos(Xw<ir + asinc^) (1 - mco8<r) 



X 



1 -2mcoscr + m^ 



IT 



= -{(l + w'^)-6"~ +1}, 
2 



X and c being supposed both different from zero, so that 
/(O) s» 1 ; which three results include several of the preceding 
as particular cases. 

In using the general formulae m must < 1, and none of 
the differential coefficients of /(a) must be made infinite by 
the particular value assigned to a ; also, the series in which 
the sum and difference of /(a + «) and/(a + »~^) are expanded 
must be converging series, and the expression under the sign 
of integration must not become infinite for any value of x 
between and tt. 
19 
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108. We shall next consider a definite integral, known 
as Euler^s First Integral; viz. 

being thus denoted by him, because its value is supposed to 
change only in consequence of variations in p and 9, n remain- 
ing unaltered. It may be put under a more convenient form 
by making s^ ^ Wy when it becomes 



0-* ?-i i-i p q 

of* (1 - w)* ; or, making - = /, - =s wi, 






^J» ^'~* (1 - ^)""* = f'ih *»)i as we shall denote it. 
Hence when m = 1, F{ly !)■=-; and when m + / « 1» 

V 

F{1, 1-0 = f j^^i - ^. (Art 104.) 

Also, (Art. 99) "^'o;'-* (l - a?)""' = •p (l - wy-Kaj^'\ 

or J^(/, m) = jP(iw, /) (l), 
which shews that / and m are convertible. 

Again, integrating by parts, we get 

I + m — 1 l-^m — 1 
.'. F(l, IB) - [~J F(l - 1, m), (2). 

^ + HI — 1 

It is evident that by means of (1) and (2), every case of jF(/, m) 
can be reduced to that in which I and m are both less than 
unity. In the next article we shall shew how this integral 
may be connected with the second of Euler^s Integrals. 

109. We come next to the consideration of the second of 
Euler''8 Integrals, 

T{n) = Y/«"'^"^ or = ''j^ (log i)*"\ 



1 
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When n is an integer we have seen (Ex. 7. Art. pS.), that 
T(n) denotes the product of all whole numbers < n : when n is 
a fraction, the indefinite product (n — 1) (n — 2)... is repre- 
sented by the transcendent °ji*e''^"S so that r(n) furnishes 
the means of generalizing formulae involving In — 1 when n is 

an integer, so as to hold for all values of n ; this makes the 
investigation of its properties to be of importance ; the follow- 
ing are the principal ones. 

In the first place, since for all values of n 

we have, r(n + 1) = nr(n), 

which is the fundamental property of the function F, and shews 
that if its values corresponding to all values of n included 
between two consecutive integers were computed, then all 
other values could be deduced. 

Next, let n be a whole number, kad m any positive quan- 
tity, then (Art. 55. Ex. 7), 

r m. ir X. 1 ^(l-a?)*"' n-1 /. « , , V. , 

.-. »/;' or-' (1 - wY'^ « — ^-ili—on oT'^ (1 - ^)-», 

w + n-1 

(n- l)(n-2)...2.1 1 



(m + n- l)(m + n -2)...(m + 1) m 

Now suppose n to be fractional, then the numerator be- 
comes the indefinite product (n - l) (n — 2)...« r(n) ; and the 
denominator, by the fundamental formula, becomes 

r V • V • V T(m + n) 

(m + n- 1) (f» + n -2)...(m-f l)m » — ^-— ^, 

r(m) 

... F(m, «) - «jC- ^- (1 - *)- - ^^^, (1). 

1 (m + n) 

Hence F(/, «» + n) - ^^^ l]^'!'"} ? 
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r,. . r/, ^ r(Q r(m) r(n) 

•• n>».n)./'(^.m^«)- r(^ + m + n) ' 

which shews that in jP(iw, n) . F(^ m + n) the letters /, m, n, 
may be interchanged. 

Let m + w-1 or n=l-m; then r(»» + w) = r(l) » 1, 
and the first member of (l) becomes 

Y' ^"' = ^JL_ (Art. 108) ; 
J^ (1 - a?)"* sm mir 



TT 



smm^r 



= r(m) . r(l - m) (m being > < 1), (2). 



Hence it is sufficient to know Tifn) from m = to m = ^ , in 
order to deduce all the other values. 

Let w = i, then v/^= r(^), as found in Art. 103. 

110. Hence if in (2) we successively change m into 

- , _ - - , &c. as far as when r is an odd integer, and as 

r r r 2r 

far as ^ when r is even, and multiply all the resulting 
2r 

equations together, in the first case we get 



mm-<-i')--. 



w 



r-l 

8 



^ . 27r . (r- 1) TT 

sin — sm — ... sm 

r T 2r 

r-i 

= (2 7r) * r"i, (Theory of Equations, p. SO) ; 
and in the second case we get the same result, the equation 

r(i) = ttJ, 

being multiplied in with the ^ (r - 2) equations above 
mentioned. 
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In general, since r(«) ^ (at - 1) Qg - i) (a ~'8),.. 

suppose 

1 1 . 1 o 

+ , + , + &c. + 7 — r:5+ &c. 

.*. d/logr(na?) 

= d."{iogr(a^) + log tL + ^) +...+ logr (^ + ^^^) p 
.-. r(na?) . je— ' =: r(^) t(w + -) r[^ + -") ..• rf ^ +^^) • 

To determine the constants A and a, make j? «= and 
nw s 1 successively ; then 

r(a?)-r r(w4?) = nr(^ + l)-f-r(wa7 + l) = n when a? « 0, 

•■•'•-»''(s)''(s)-r(^') -'(«') 

^ a? 
By making « , we get the more general form 

^, {oD + a)-+» a" (1 H- a)" -^ ^ ^ 

1 r(m) r(n) 

"^ a» (1 H- a)" r (m + n) ' 



8 
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111. As an instance of the employment of imaginary 
quantities in finding definite integrals, we shall take 

p being a positive integer, and q, r, any positive quantities. 
Putting for the cosine its exponential value, 

/, a?^ e""«' cos r^ « ^ Ji; a?P e-<«-'^^>' + ^ ji J?Pc-^«+'''^^ 

Let (q — ry/^ 1) ^ = /, so that when w^O, ^ = 0, and 
when J? B 00 , ^ = oo ; then the first of the above integrals 
becomes 



*(,-,V^)...-^^*"'' 



\p 
which (between the limits ^ = 0, ^soo)s= ■— 



2(9-^\/-lK+*' 



similarly, changing the sign of r, the 2nd = '— 



2(q + r\/^iy+^ 
The sum of these, or ^fj^ w^ e'^ cos rw «= 

Similarly, we may shew that 



inUp + 1) tan-^-l 
j^* 0^ e~^ sin rof ^\p ^ ^' 



sm 

r« 



and «'/."e-«»»»'"' Bin (n^ + a) » sin (« + /3) \/^ ''° ^^ 



4n 



112. The method of differentiating or integrating with 
respect to constants under the sign of definite integration, is 
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one of great utility ; it is founded upon the truth of the 
equation 

or d:c/-'«)- •//(<«:«), 

c being any constant found in u. 

That we here, the same as at Art. 29, differentiate with 
regard to a constant, ought to create no difficulty ; for the 
series of operations by which we obtain the differential co- 
efficient of a function with respect to any quantity entering 
into it, can be performed equally well whether that quantity 
be essentially variable, or we only suppose a variation where 
none really exists: we have indeed only to regard t^ as a 
function of two independent quantities x and e. Proceeding 
as in Art. 29, we have 

Now as X and c are independent of one another, this 
equation is true for all values of ^, and therefore when 
^ = ft, ^ a a ; 

.-. by subtraction, dr^(L=iU - f^u) = f^^^idT^u) -/,=,« (d», 

ord:(7/t.)-Y,V». 
Similarly, it may be shewn that f^CfJ'u) - ''fj'{f;u) ; 

which is included in the above by making n negative, d^"^ 
being regarded as equivalent to f,. 

113. Our first application of this principle shall be, 
starting from known results, to deduce the values of certain 
definite integrals ; as has been already done in a few instances. 

o/»«> 1 
Ex. 1. / -g = i^rc-i, 



•••'/'"'^(^) = *-<("-*>• 
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0/-^ 1 _2»+i 1 .S.5...(2n- 1) IT 

^^ Js (a^ H- c)»+* " ^ * 2,4. 6.. .2n 2 ' 

which, putting a* instead of c, agrees with Ex. 5. Art. 98. 



Ex.2 



^i<«asiniii<v + /3cosfii^r am + /3a 



c"- «• + m' 



\a + m \/ - 1 a-f»v/-l^' 
differentiating n times with respect to a, we get 

/ -s (a sin mo? + p cos mo?) 

" 2 l(a + my/^y^' "*" (o - m v/"^)***/ 
. I^V^^+g cos [(« + 1) tan-* ^- tan- ^1 ; 

which agrees with the results of Art. 111. 

Ex. S. op j?"~' — — ; integrating with respect to m, 

m 

To eliminate C, let m = 1, .*. / fi + C ] - 0, 

^# \lOg07 / 

.-. / — =logm; 

Jg logo? 

which can be verified by expanding w^" ^ ; for 
-iog-^- =m.l^^-^-^logo?+-^^Gog^y-f&c.; 

therefore, since ^fj^ (logo?)" = (- 1)" [w, 
f = m - 1 - ^(m - !)• + |^(m - 1)3 - &c. = logm. 
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Hence / '" " — = log P] . 

Jjf log W \9lJ 

Ex. 4. ^fj^ e'^'cosrw = ; integrating with respect 

^ + ^ 

to r, we get / = tan"' I - 1 ; which may be ve- 
rified by expanding sin ra^, 

^ c"*'sinra? r* . r* 

for s re'^' - t— ^C' + i- a?* c"«* - &c. ; 

Of L^ ^ 



OD I ^ 

therefore, since ®ji ^c"*'=s_k^_, 



«/-•«""«' sin r a? r , /r\^ , fr\^ „ , /r\ 



Hence if g = 0, / - s — , and 

/•* sin iT cos ra? i ^T* ^^^ (* + r) .r + sin (I - r) a? tt 



^ 2 ' 

when r lies between — 1 and + 1> but vanishes in all other 
cases. 

Integrals such as these, and in Ex. 2. Art. 98^ that is, of 
periodic quantities, have determined values, only when they 
are regarded as the limits of other integrals, of which some of 
the elements have vanished. 

114. Secondly, we may apply the principle of differen- 
tiation under the sign of definite integration to discover new 
results. 

Ex. 1. To find the value of ^j^e~^^ cosc^. 

Let it be denoted by 0(c), 

then d^<p(c) - ^f^^- xe"^ fAncaf). 
20 
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But, integrating by parts, 

/!(- we"^ sinew) = sin c«v Le'^ coscx; 

therefore, taking these integrals between the limits 07=0, a? b « , 
since the integrated part vanishes at each limit, 

c c 

dc<l>{c) = - — 0(c), or d,{log0(c)} - - — ; 

.'. log 0(c) - log C = , or 0(c) = Cc~*«. 

To determine C, let c = 0, .-. 0(0) = 7/ c-«* = ^ V^ ; 

^ a 

•'• 7* «""* cos czp = :J y !r e'^ ; 

a 

which may be verified, as before, by expanding cosco?, and 
integi'ating each term by Art. 103. 

This integral will furnish the means of obtaining the values 
of several others. Thus let a = m \/ - 1, 

... 7/ e-^V^ cos c^ = i y^ (y/ZTi) - J e^^^ 

m 



m 

or* 



= |yie-i('-^)^ 



or 7 (cosmoT* - v/ - 1 sinmo?^) cosc^ 

= i V^ jcosi (. - ^) - V^ sini (. - ^)}; 
therefore, equating possible and impossible parts, 

7* cos m Of* cos CO? « 4 /y/!Lcosi I 't | , 

^ m * \ til/ 

7* sin ma'* cos c«r = i\/ — sin^ (tt ) . 

^ ^ m ^ \ ml 
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Again, changing c into m v^ - l, we get 

a 
Ex. 2. To determine 0(c) = ^jfc" ^^ ; 

rfc0(c) - 2* (^ ^"''"^) - - 2"r^"""^ making ^ - ^, 

= -20(c), .-. 0(c) « Cc-'^ 

and 0(0) = Y,*c-" = ^\/^, .-. 0(c) = ^y/^e'K 

From this, by putting zp = «ei*^^S and c = ac«'^^, we may 
deduce 

j^ COS 

= iV^e-*"""* gin [2a sin a + ^o]. 

Ex. 3. To determine 

0(c) » ^fj^ e" "v*^ or t^ a ^j(i*« suppose. 

••'^""X 1 ^ •'' + -^'')' 

, /• -n(n-l)c*~* nc*~* rwc*"* / , wc*\ 

a differential equation of the second order for finding u, 

<>>•» sin**a? 0/»'sin*'^ 



Ex 



r sin 07 "/• 

.4. tt = / 7 — - = / 

Jm (1 — 2c COS 07 + (TY *^' 



(fy Jm p* * 
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° /•' sin^ d? (cos«r — c) 

2w + 1 Js P'^^ J» P"+^ 



» 



because 



° -' cosa? sin*"^ w + 1 ^ r' ^c sin^"''"*^? 



r cosor sin «r n -t i r 



>n+2 



^-'sin^'a? V'sin^+2<r 



i2 ^ . /• Sin <J7 /• 



»n+2 ' 



2n+ 1 ^ 



t^ = -<< + Sc*. 



Hence, if o be < 1, as the expression under the sign of in- 
tegration can be expanded in a converging series ordered 
according to powers of c, u cannot be infinite when c = 0, and 
therefore 5 = 0; 

»•. w ■= -4 = ^f/sin^^w. 

1 "/•' sin^"a? 

If c be > 1 and «= —. , then u = c"*" / -t-t- — 



c J* (c'^-2c'cos<i? + iy 



= c'^^f/ sin^*w. 



^-*cosc^ 



r cos Co? 
Ex. 5. To determine ^(c) = / r; 

•'ap 1 -f- «* 

,2 , V V* - ^' COS COP V* 1 - (1 + •JpO 
ci;0(c) = / -— = / — cosc<i? 

= 0(c) - "pcosco? = 9(c) ; .-. ^(c) = Ce' + Ce''; 

now if c be positive, since 0(c) cannot increase indefinitely 
with c,/C must = 0, and 0(c) = Ce"^, To determine C\ we 
must make c = 0, then 
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Hence differentiating and integrating with respect to c. 



®-*a7sinca? , ^r* sinc<p 



' r a; sin CO! , /• sin car , . -. 

J» 1 + w^ * J, ^ (1 + a?') ^ 

the constant in the latter being determined so as to make the 
integral vanish with c. 

If we replace ^ by a<r> and c by -, the above three in- 
tegrals become 

^z** cos^cv TT _* Y*a?8in6a? tt _* 

^/•* sin 607 IT / --X 

It is to be observed that the formula (l) is discontinuous, 
^9r6"* being the value of the integral when c is positive, and 
^TTc* when c is negative; the value of the integral has accord- 
ingly been expressed by the formula 

°/*cosco? ttJ e*' e"*' 1 

115. We shall now give a few of the most remarkable 

results that may be deduced from the integrals of Ex. 5 ; 

0-00 f(ai) 
the ordinary case is / - — ^ whenever yi[a?) can be developed 

in a converging series of the form 

Uq + Gi COS COP + Og COS 2caf + &c. 

1. log (l + 2m cos c<» + m^) 

= 2 (m cos CO? - ^m^cos2c«r + ^m^cosSco? - &c.) (l). 

^/•* log (l + 2fn cos CO? + m^) , , „ o 

.-. / ^^ ^ ^ = 7r(me-^-^w^e-2' + &c.) 

•/^ 1+0? 

= 7rlog(l + we"''). 
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Making m^ —ly m^ + 1, successively, and subtracting the 
results, we get 

Y« log(sin^cay) ^ w n - e'' \ 

y* log (tan I cd^) _ W-, / e*^ - 1 \ 

Also di£Perentiating (l) relative to a?, dividing by , 

and integrating, 

Y* w&ucw 

J, (l + 0?*) (l + 2m cos CO? + m*) 

(mc"*' - m*c"'*^ + m^e'^ - &c.) = — . 



c » 



2m ' 2 c'^ + m 

and making successively m b i, m » - 1, 

® /•• w tan ^co? IT /•• a cot Jc o? tt 

X 1 + ^p» "^ c'^ + r y^ 1 + a;* "" e^ - 1 ' 

2. / 

Jg (1 + or*) (l + 2m cos co? + m*) 

^r* 1 — 2m cos CO? + 2m*cos2ca? — &c. 



1 - m^ ^ 



1+0? 



2 



TT 1 TT 1 — «*^ '^ 

(1 - 2me-*' + 2m»e"«*' - &c.) = — --. ^ . 

2 1 - m* ^ 2 (1 - m*) 1 + me-'' 

"/•* m + cosc<r 

Also / ^. . ^ 

•/, (1 + 0?^) (1 + 2m cos CO? + m') 

® /•* cos cor -m cos 2co? + &c. tt , _^ „. , .3. . . 

2 €* + m ' 
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3. T -^ tan- ( """'^^ ] 

*= / ;; i (a sin cw + ia* sin 2cx + &c.) 

- ix(ae-« + ^a'e-^ + ^o»e-'« + &c.) - |log (^^7^) • 

A1 •!• ^ ii asinciT 

Also u tan y = , and r* = 1 + 2a cos co? + a^ 

1 + a cos CO? 

*i. ^ /I w (« - 1) „ 

then r* cos »^ « 1 + na cos cjr + — ^ a* cos ^cx + &c. : 

1.2 

Vr"cos«e IT, »(»-l) o . 

• • / -mir " 7 (1 + ^««~' + \ ^ «'e-'^ + &c.) 

^*l + ^2 1.2 '^ 

« - (1 + ae-% 
2 ^ ^ 

Similarly, / — = - (i + a^-)" - - . 

Jx 1 + or 2 ^ 2 

sin ear 
4- . . = — cos (ft + c) 0? + sin (b + c),v . cot bx 

= -cos(6 + c)a? + 2sin(6 + c).r{sin26<» + sin4fe<r+sin6fea?+&c.| 
= -cos (6 + c) a? + cos (6 - c)af - cos (3b + c) a? + cos (Sb -c)x 

- cos (56 + c) a? + &c. 
Now let c be less than 6, then 



00 * 

sm CO) 



f —^ . 

J» (l + 0^) sin 6^17 
= - iTre-^c-* + c-^ + e-** + &c.) + |7r^(e-*+ e-^ + &c.) 



IT ^ - e''' 
2 6* - e~^ * 
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Again, let a = 2 w6 + c, where c<b; then 

sin a^ — sin cw 



sin 5 07 



= 2 {cos (ft + c) it? + cos (3ft + c) <r + ...cos (2n - l6 + e)w} 

0/»* sin aof — sin ca? r ^ -^ 

J* (J + arjsmfto? ^ * 



_ ^ ^ ^ _ ^ 



— c >,— a 



e ^ - e 



0-* sinao? tt e*' + e"*' - 2 c"" 



•/* (1 + 



a^) sin ftcT 2 * 6* - c"* 

1 -e"" 



If c = 0, the value of the integral is w . 



e' - e-' " 



/ 



« gfocoacx 



cos (a sin c^a?) 



1 +a?* 

^« / _ ^2 



= / 1 + - cos cw + cos 2C<2? + &c. 

•/, \ 1 1 .2 / 1 +0?' 

TT f Of ^ c. \ TT 

= - l + -e-«+ — e-^*^ + &c. =- 
2 V 1 1.2 / 2 



TT -<^ 






Similarly, / 



0^« „ / _2 



s= / -(asinca?+ sin2ctP+&c. I 

J» \-\-c^\ 1.2 / 



TT 



Also r 



— c-^'^+fecJ = ~(c^ -1) 
.2 / 2 ^ ^ 



2 V 1.2 



«2 



1 +d?'* 2 



= -e-".e^ *" 



* gacosc* ^ gjjj ^^ gjjj ^^ ^ ^^j 
" Jx 1 +a?2 ^ 



obtained by differentiating r times relative to a. 
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Hence from the above, by changing a into a \/- l, we get 

/ . (a cos cof) = w . (ae *)• 

^* 1 + J?* cos ^ ^ cos ^ ^ 

V* a?c«»*''"^ - ^c— ^'^sin . ^ . / .x> 

/ z (o COS ca) as TT i 1 - COS (ac""0 { 

J, I + ^ cos "^ ^ ^ y n 

or xsin (ac"*'). 

° /•* cos rX* (2 cos Xay 
Jm 1 + or* 

0/-* 1 

= / --[l+cos2rXj7 + r{co82(r-l)Xd? + cos2Xa?| +&C.] 

-= - {l + e'^'^ + r (e-«<'-»>^ + e''^) + &c. J = - (l + e-«^)^ 

g I X ^ * 2 ' 

7. Using the notation of Ex. 10, Art. 107, we have. 
If being e*^"*, 

= ^ {/(a) + / («) ^-^ + f^/" («) ^"' + &c j = T/(a + ^-0. 



i 



1 + .r^ 



= TT n/- 1 1/' (a) ^-^ + ^r (a) ^-' + &c.| 

Ex. Let a = 0, and f{x) = (l + ii^^)«e«^ ; 

... Y* (^^«^^)" ^acosc, cos (Xn.r + a sin c^) « -(l + e''y^'\ 
J* 1 + ^ 2 

and f ' ^ gflcosc* ^ gii^ (Xna? + a sin co?) 



= -(1 + c ^Yef^ , 

2 ^ ' 2 



21 
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c and \ being supposed different from zero so that /(O) ^ 1 ; 
which results include several of the preceding as particular cases. 

116. We shall now give certain formulae for approxi- 
mating to the values of integrals by infinite series, which was 
the second object of this Section. The fundamental formula 
is Bernouilli^s series, which may be either obtained by in- 
tegrating by parts, or deduced from Taylor^s series in the 
following manner. 

h h^ 

We have f^x-^-h) =/(^) + - dgf{ai) + d/f(w) + &c. 

1 1.2 

Let f(w) = ^w, .-. f(w + A) = Ji=,+AW, 

fg^+j^u denoting, as usual, the value of f^u when in it <k + A 
is written for w; also d^f(ai) = u, d/f{w) = d,M, &c. ; 

.-. ji=.+AW = j;^ + Aw + — - d^u + d^u + &c. (1). 

1 • Z 1 . Z . o 

Now let A « -«r, .*. jx^^^fA = jC=o^ = C a constant ; 
hence, substituting and transposing, 

Lu ^ C -\- iVu dgU + d/u - &c. 

•' 1.2 1.2.3 

If w = a;", we have d,u = maf^'^^ d^u = m{m - l),!r"-*, &c. 

.-. Laf^ = C + ^+* 0?*"+' + — ^^ ^ j;«+^ - &c. 

•' 1 .2 1.2.3 

^ 1.2 1.2.3 * w» + 1 

smce (1 - l)"*^ « I - (w + 1) + ^^ &c. = 0, 

1.2 

, 1 m f»(m-l) 

and .-. =1 + — ^ ^ - &c. 

wi + 1 1.2 1.2.3 

117. Since f{o(i) =f(a -+•«»-«) 

i 1.2 
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let fix) = f,u, .-. f{x) ^f(a) = «/x'«» 
and /' (a) = u^^ay f (a) = rf*=aW» &c. 

a formula expressing the value of any integral whose origin 
is a. 

Let u be a function of a that does not become infinite 
between the limits w ^ a^ w = a + b^ and in the preceding 
formula let <v = a + 6, 

This is the value of the definite integral of u between 
the limits w^a^ w^a-^b^ but will not be sufficiently accurate, 
unless 6 be very small. 

If we regard u as the ordinate of a curve, fg=,a+bU - jLa«* 
represents its area between the ordinates corresponding to ^r = a 
^r=a+6; and m + 1 terms of the above series expresses the area 
(terminated by the same ordinates) of the parabola, which 
has a contact of the m^ order with the curve at the extremity 
of the first ordinate; for the equation to such a parabola 
(taking the foot of the first ordinate as origin and h as 
abscissa) is 

y « U^a + 7 d^aU + -— d'^aU + &C. + <f^s^U, 

since, as we perceive, the value of y and its m differential 
coefficients corresponding to A » 0, that is a ^ a, would be 
respectively equal to u and its m differential coefficients 
corresponding to w>^a; and this, integrated with respect to 
h between the limits A = 0, A = 6, gives the above series. 

118. To obtain greater accuracy, let the difference be- 
tween the limits be divided into n equal intervals, that is, let 
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the limits be a, and 6 » a+ »A ; hence in equation (1) Art. 116, 
changing w into a, a + h, a + ih, &c., successively, 

'f,"-*u - A«^ + — d^u + ^-^-^ d^^u + 8tc., 

h* h* 

•+*jC»+»*« = A«^+4 + — d^+jtt + — — d«,^^ja + &c. 

&C. s &c. 

»-*jC»« = A»^_» + -— d.=j.*w + — — - d*^_»« + &c., 
.-. by addition, -jC^t* = A (w,^ + w^^^ + &c. + «^_*) 

"^ 7-T-^(*'*=««*+*«+*^+8^c+^*=*-*^)+*^c» where A« . 

This series may be made convergent by taking h suiSciently 
small. 

119. In the preceding Art. we may write the first line 

denoting by r (which usually will s ]) a positive quantity, 
in order to embrace every case, and by R^ a function of 
a and h\ then the result may be written 

+ *»+•• (J?o + i?i + &C. + /?..,)• 

Let M be the greatest value (not considering the sign) 
which can be assumed by any one of the quantities i2o, R^ &c. 
not one of which can become infinite because u is finite from 
w^ a to j7sa + nA; 
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But when n is infinite, A s 0, 

Y/w - limit of (Aw,^ + *«*,=«+» + &c. + Aw^.*) ; 

which shews that provided u do not become infinite while a 
increases from a to 6, the definite integral ^fj^u is equal to 
the sum of all the values of hu taken betw,een these limiting 
values of <r, h being the infinitesimal difierence of two suc- 
cessive values of w. 

120. Again, making h negative in equation (1) Art. Il6, 
and changing <r into 6, 6 - A, &c., successively, 

A* A' 

' %'u = hu,^ - _ d^^t* + ___ cP^^^ti - &c. 

A* A' 

6-2* fft-A^ = Aw . A d, . jZ* + fP^ jM - &c. 

&c. « &c. 

A* 

A'* 



121. If we suppose all the quantities w,^, ^s=a^9 8cc- 
*^#=o+A> ^*=a+A*^> ^^* ^° remain positive from a = a to a? = 6, 
the above series gives a value too large when we stop at a 
term preceded by a positive sign, and the former series gives 
a value too small ; consequently by adding these values of 
f^f/u — f^^u together, and taking half the sum, we shall obtain 
a still nearer approximation ; this gives 
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A' 

The term involving A' will, by Art. 119, be nearly ex- 
pressed by 

^A»{7;(d.«)-^Ad*,,,«-|A<f^,=j«}, or by iA'(d,,j«-d,^„«) 

neglecting h^ ; and therefore the complete term of the second 
order is - ^h^d^^^u - d^^^w). 

122. The preceding results may be obtained with great 
ease, by employing the artifice of separating the symbols of 
operation from those of quantity. We have 

and if we develope the operation denoted by 

(e**rf. - 1) ^ (e*^' - 1) 

first, by division, and secondly in terms of Bernouilli^s num- 
bers (Finite DiflFl Art. 64), we get 

<^"--^>(A-k-*"^^*'^'-t*''^''^H' 

therefore, applying these equivalent operations to dgf(w) or 
/'(<r), multiplying by A, and transposing, we get 

f{a> + nh) - f{w) 

= A {^/'(«) + ^/'(a? + «*) +/*(« + A)+ ...+/(j? + n-lA)} 

- &c., which agrees with Art. 121. since fij = -J-. 

Similarly for the result of Art. 118., applying io f{x) the 
equivalent operations denoted by 

^*rf, _ 1 ^ ^ 
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(1 + e*''- + c'"- + ... + e^"-!'".) (Ad, + — + &c.), 



we get 



f(ai + nh) -fix) = *{/(«) +/(.t' + A) + ... +/(^+«- lA) 



+ . A« {f"(a)) +/"(.r + A) + ... +f"{x + n - 1 A)} 

+ &c. 

123. If we regard the proposed function u as the ordi- 
nate of a curve, t*,^^, «,^o+;i, &c., u^^^ will represent (« + 1) 
equidistant ordinates of the curve, and X=jW - f^^gU the area 
contained between the extreme ordinates; and by the first 
series (Art. 118) this area will be given in terms of the first, 
second^ n^ ordinates and their difierential coefficients, and by 
the second (Art. 120), in terms of the second, third, (w + 1)* 
ordinates and their difi*erential coefficients; hence the first 
terms of these series are respectively the sums of the in- 
scribed, and circumscribed parallelograms; and the first term 
of the third series (Art. 121) is the sum of the inscribed 
trapezia. Also by Art. 117. it appears that the first and 
second series are the expressions for the areas of the polygon 
formed by the arcs of the osculating parabolas comprised be- 
tween each pair of consecutive ordinates. 

124. There are several expansions which may be readily 
obtained from integration by series. 

Ex. 1. = 1 - a? + a?*^ - .IT + &c., 

1+07 

f = C + a? + &c. ; 

,1 + ^ 2 3 

but when ic = 0, log (l + a?) = log 1 = 0, .-.0 = 0; 

.:• iog(i + o?) = A* — + — &c. 
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Ex. 2. r = 1 - 0?* + 0?* - c1?^ + &C., 

1 + H^ 

.*. tan 






♦ 
1 



. . TT 1 1 I , 

.-. tan"* a? = + — z + &c., 

2 cT Stir bir 

determining the constant by making a? = « ; the latter series 
is an approximation to the value of tan"^a? when w is very 
large. 

Ex. 3. , = 1 +4a?^ + ^* + -a?^ + &c., 

y/i -or^ ^ 2.4 2.4.6 



• -1 r ^ 

.*. sm a? = / , 



N/1 

= ^ + 4— + + r — + &c. (C = 0). 

^3 2.4 5 2.4.6 7 

125. In this, and the succeeding Articles, we shall obtain 
the general integrals of several expressions in infinite series, that 
being the only mode in which they can be expressed. 



1. When the expression (a + 6a?")« a?*"* is integrable 

only by development, expand ( 1 + — j by the binomial 

theorem, and integrate each term ; the result is 

t 
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this being an ascending series, enables us to approximate to 
the value of the integral when x is small. If a descending 

series be required, write the expression (6 + a^~")«fj; ^", 
expand, and integrate as before. 

2. Since (Art. 107*) we have 

log(l + 9ICOSJ7) es log I r) + 2 (f» C08/V --l^m^cos^o^ + &c.); 

\1 +111 / 

therefore 

iilog(l+ncos^) s<rlog| jj +2(msin«- — m*sin2a? + 8EC.), 



where m 



1 - \/l -w* 



n 



3. To find j[6~*' in a series, between the limits ^ = 0, 
t = t^. 

Integrating by parts, we have 

.-. jf^e-'=0+C, and -jfte-**- -^(l-^^- + ^C* -&«•). 
But ^j^e'^ = ^ \/w- ; therefore by addition, 



126. To integrate , the origin of the in- 

V 1 — c*sin w 

tegral being ^ ■« 0, and c < 1. 

22 
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Expanding by the binomial theorem, we find 

= 1 + ic^(sin a?)* +--^*(8in a?)* + -^—^(sin a?)* + &c. 



v/l-c«(sina?)* * ^2.4 ^2.4.6 

But (Art. 75) we have the formula of reduction 

1 w — 1 
ji (sin .r)" = cos ^ (sin a?)*"^ -i- f, (sin a;)*"* ; 

.'. fg (sin a?)* = - ^ cos a? sin a? + - , 

^ (sin d?)* = - ^ cos ar (sin ^)* + f ^ (sin wY 

« - 4:Cosa7(sin wY cosa7sma7 + w ; 

* ^ ^ 2.4 2.4 

&C. s &c. 

^*v/l-c^(sinj?r 2V ^ 2/ 

19 19 19 

+ — ^ cM - icos a? (sin j?V ^ cos x sin ar + — ^a?| + &c. 

2.4 * * ^ ^ 2.4 2.4 ^ 

If the value of the definite integral between the limits 
a? = 0, w^\v^ be required, 

oriir/- N«. (2n-l)(2n-S)...l gr 

smce ® L^ (sm a?)"" = -/-^ ; — ; 

^ ^ ' 2n(2«-.2)...2 2 

•/r v/l -c''(sina?)* "" 2 "*■ 2 '22 
1 .3 1 .3 TT 1 .3.5 . 1 .3.5 7c 

+ — c*. + — — -e. + &c. 

2.4 2.42 2.4.6 2.4.62 

127. To integrate \/\ - c*(sina?)*, c being <1. 
Proceeding as above, \/l -c*(sina?)' = 1 - ^c^ (sin .r)* 

'— & (sin 0?)* '- — —^ (f (sin a?)* - &c., 

2.4 ^ ^ 2.4.6 "^ ^ 
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/. fg \/l - c* (sin wY ^ w f - ^ cos a; sin 4? + - 1 

1.1 IS IS 

'— cM - 4- cos OD (sin wY '— cos <r sin a? + — ^ w\ - &c. ; 

2.4 * * ^ ^ 2.4 2.4 ^ 

and 'ji*' n/i - C (sin a^)» 

" 2 *^ " U/ 1 " l27i/ i" "" U . 4 . 6/ 5 " ^^* 

128. These series always converge since c < 1 ; but the 
convergence is slow if c be considerable, and a more converging 
series may be found thus. 

1 - Vl - c* 1 -n 



Let n = . , .*. = \/l - c*, 

1 + Vl - c?2 1 + » 

/l-ny^ 4n , 

Vl + ny (1+ w)^ ' 



.-. >/l - c* (sina?)^ = \/l - *^ 



(1 + ny 



(sin tp)' 



\/{l +w)*- 2»(l -cos 2d?) = \/l+2nco82^+»* 

1 + » 1 + » 

s/l + w (sf + «"') + w* (making 2 cos So; = )ir + »"') 

1 + » 

= — y/l + w«r, v/l + n«f"^ 
1 + » 

C a a ii O >4. /? •' 



1 + n ^ 2 2.4 2,4.6 

^2 2.4 2.4.6 * 

+ J (» + «-0 + 5 (»» + «-*) + &c.} 
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+ 2jco82a? + 2J?co84j?+ &c.}; 

2(l + n) * W V2.4/ Vs. 4. 6/ 

which converges more rapidly than the former series, because 

is less than 1, or n<c. 



c (1 + v/l - c*y 

1 29. SimUarly, 

1 
\/l - c* (sin a;)* 



= (1 + «) (1 + fi»)-^ (1 + w«-*)"^ 



^ ^ « 2 2.4 2.4.6 ^ 

* 2 2.4 2.4.6 ' 

+ 2 A COS 2^ + 2£cos4^ + &c.} ; 



\/l - c* (sino?)* 



7r(l+n), /1\* , /l.S\* , /1. 3. 5/ . ^ , 



130. The integrals treated of in the four preceding Ar- 
ticles are very important, being the elementary integrals of 
Elliptic Functions. On these depends the rectification of the 
ellipse and hyperbola as we shall shew ; there are likewise many 
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integrals that occur in philosophical problems which may be 
conveniently reduced to them. 

Ex. 1. / . - g 7^ / . , making 

Jm >/i - ^* v/2 •'« >/l - ^ (sin %y 

w a COS X ; 

* * -^^ \/\ -a?* ~ v/i-^r v/l - ^ (sin i!f)* 



•TT 



2\/2 



=J'•^(*>'•*•^(^^?+^'=•^ 



Ex. 2. f—== = A / . , where a? = tan - 

J*\/\ + or* ^ ^.v/'l - i (sin ;r)« 2 

Ex. 3. U^ f y = / y 

•'rV (2oa? -/»*)(6 - ^p) ^'s V 6 - a 



versin z 



X 

making — = versin z ; 
a 



if, therefore 



2o 1 r 1 

, -T- < 1, tt = -7= / 7======= . 



2a 6 , . «r . 

But if — - > 1, let — = c^ and sin - s esind), 
6 2a 2 ^ 

2c r 1 



\/bJ^\/\-c' (sin 0)^ 



:.4. r ^ '" / ' 

''* V (a-a?)(d?-fe)(«r+c) \/a+c J» . / a-b . , 

y/ 1 (sii 



Ex. 

^v\/ (a^x^ia^—bM/r-i-n^ \/aA-nJx / a—b 

sin zy 
a-f-c 

making sin « = \/ r ; it being supposed that a > 6, and 

— 6 

therefore a is the greatest, and b the least of the admissible 
values of a. 
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131. To integrate (l + ccos a?)*. 

This expression, which is another form of 

(o* + 2aa'cosa? + a'*)*, 

often occurs in the applications of the Integral Calculus; 
when n is a fraction, in order to be integrated, it must be 
developed in a series. 

Let (1 + e coswy s ^ Oq + Oi cos^ + Og cosS <v + a^ cos 3^ + &C.9 
therefore, taking the differential coefficient of the logarithm 
of each side, 

nesinw o,sin^+&c+(r — l)a,._isin(r-l)a?+ra,sinra?+&cc. 
1+ecos^ ^Oo+«iCos^+&c. + Or-iCos(r-l)d? + OrCosra?+&c.' 

Multiply crosswise, and retain only the products which 
when resolved wiU contain sinr/r, 

.-. nesina?{a,_iCos(r — l)zr + a,+,cos(r+l)^J + &c = ra^sinrjff 

+ ecosa?{(r-l)a^_, sin(r-l)a?+(r+ l)a,+isin(r + l)j?} + &c.; 

therefore, equating coefficients of sinro?, 

— («r_i - Or+i) = '•^r + - {(r-l) a,_i + (r + l) ar+i\ ; 

af_i (» - r + 1) e - 2ra, 
'+^ («+r+l)c 

which holds when r » 1 , as may be easily shewn. 

Hence, flg, 03, a^, &c. can be deduced from the preceding 
coefficients. 

When n is a positive integer, all the coefficients after a, 
vanish; for cosn<r involves (cos a?)", and this is the highest 
power of cosd? that can enter. 

It only remains therefore to determine the two first coeffi- 
cients ^ao> and ai. But (l + e cos ai)* = 1 + «e cos^ 

n(n-l) ^^ ^, n(n-l)(»-2) 

+ — ^^ ^ e^ (coswY + — ^ — ^ (cos wf + &c. 

1.2 ^ ^ 1.2.3 
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n (» - 1) c* . 

= 1 + nc cosa? + — (1 + cos 2a?) 

1.2 2^ ' 

»(n-l)(n-2)c' , 

+ — ^^ -^— ^ ^ — (cos So? + Scoso?) 

1.2.3 4 ' 

w (n - 1) (n - 2) (n - 3) c* ^ „ 

^^ '^ — (co8 4a; + 4cos2a? + 3) + &c., 



1.2.3.4 8 

n (n - 1) c* n (n - 1) (n - 2) (n - 3) 3«* 
1.2 2 1.2.3.4 T 



• $«o = 1 + — , ^ — + :; — ^ ^ , ::- + &c.. 



, n (n - 1) (n - 2) 3c* 

a, =c}«+— ^^ — — + feci. 

* 1.2.3 4 ^ 

Of course these series for ^Oq, a^, terminate, when n is a 
positive integer. 

Hence, all the coefficients being known, we have 
j()(l + e coso;)" » ^ Oo^ + O] sin a? + -^^ a, sin 2^ + &c. 

2 
It may be observed that a, = - ®j(i*(l + e cos a?)" cos ro?. 

For the general term of ®jC'(l + e cos a?)* cos r a? would be 
^«*^j[r'cosm<»cosrj?, which vanishes in every case except when 
m =s r, when it would « a^^w. (Art. 98. Ex. 2.) 

132. From the coefficients of the expansion of (1 +e coso?) ~", 
those of the expansion. of (l+ecosa?)"*"' are immediately found 
by differentiation. 

For (l + CCOS^)""'^ = (l +€COSa7)"" - CCOScV(l +CCOS/P)"""' 

= (1 + ccosa?)"* + - d^(l + ccos-a?)"" = (a© + - d^a^ 

fi n 

+ («!+— rf««i) cosa? + (og + — dg(h) co82a? + &c. 
n n 

Or, without differentiation, if 

{l + e cos ^)""" » ^ ao + ^1 cos a? + &c. + o, cos ra? -f- &c. 

(1 + e cos^)"""' = ^6o + ^i cos a? + &c. + fe^cosrtr + &c. 
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it may be easily proved that 

w (1 - e*) 6, « (» - r) o^ - (n + r - 1) eo,..i. 

Hence since by Art. 107 we have (l + e cosa?)"^ 

1 f 2(1-^/13^) 2(1-^1^)2 ^ 1 

= / z {l-— ^cosa?+-^ ^ ^cos2^-&c.> 

we can, by successive differentiations, determine the coefficients 
of (l + e coso?)"*, &c. 

133. The following are miscellaneous examples of De- 
finite Integrals, several of them being particular cases of 
those treated of in the preceding pages. 

Jr 1 w 1 

» (1 + ^) (a' + 6* 





2 



(1 + ^) (a* + 6*^;^ 2 a{a+b)' 



• / 7 TT = (W - i) IT + 2. 



-1 ^+1 
5 



J (l — 2raaa7 + n''a*)i (l — 2an~*/p + a*»"*)i 



-00 -+00 y 2. 

Jm (Ji -- wy \m *sinj)7r 

^f^'^ ^ /I + wcosa?\ I . - 

8. / log = '7rsin"^w. 

J» Vl — n cos Off J cosof 
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J. ^ ^ ^ (2«+l)2n...(n+l)^ ^"^^ ^' 

12. / s - . ^ 

Js or sin* a? + b^ cos'j? 2 6 (a + 6)» 

14. If w = °p vi - a^ . cosc^, then cP^u + 3c"^ d^u + w = 0. 

15. If c"iw = ^f/cosn(af - c sin ^), 

then d*w = (n* - i) "a - w'. 

16. "J." cos ca? log ( J^^) - 7 («"~ - ^-'O- 

17. "ji" ir"~* cos {ex + o) = c-» [n- l cos {^n-ir + a). 

•^ - a? 1 — a? o 



z 



l^^gl 



20. Y,^sin^^j?d%,,,/(cosa?) 

= 1 . 3 . 5 ... (2r - 1) ''ji'' cos ra?/(cos a?). 

21. -i-^jT+i^ 6^*^^/(20 cos a?e'^-^) 

= sinW9r°jf'(l-0""'/(cO* 

22. ^^jil'' sin" - ^ ,r e^" + ^^'^^/(c cos a?c*'^ 

®/'i^(cosa?)'"-* . ^ 1 ^ , 

23. / ^ sm (mo? + - tan a?) = iir. 

J_ sin .u /» * 



smo? c 

IT 



24. ^O*^ 0? (2 coscr)""* sin (m + 1) ^ - 

•^ ^ ^ ^ ^ 4m 

23 
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SECTION VIII. 



AREAS AND LENGTHS OF CURVES, AND VOLUMES AND AREAS 
OF THE SURFACES OF FIGURES GENERATED BY THEIR 
REVOLUTION. 



Art. 134. We now come to one of the applications of 
the Integral Calculus which usually forms a portion of trea- 
tises on the subject, both on account of the interesting illus- 
tration it furnishes of many of the methods already explained, 
and of the utility of the results to which it leads. 

136. If 8 represent the length of the arc of a plane 
curve, A the area contained by the arc, the ordinates at its 
extremities, and the intercepted portion of the axis of Xy and 
V and S the volume and area of the curved surface of the 
figure generated by the revolution of the curve about the axis 
of ^p, it is proved in the Difierential Calculus, that 

d,8 = \/i+(d,y)% d^J = y, d^r = TpyS d^S = 2iry\/i+(<f,y)*; 
therefore, inverting the formulae. 

When the curve is given, y and d^y are known functions 
of a?, and therefore all the above integrals are of the form 
fgU (u being a function of <r) ; the integrals must of course 
be taken between the limits corresponding to the boundary of 
the figure whose area or volume is required. 

If the area be bounded by another curve, whose ordinate 
is y^, in place of the axis of ^, 

then ^ = jiy - ^yi « jC(y - yi), V = 7r^(y' - yi^. 



179 

Also, if the axes of the co-ordinates, instead of being 
rectangular, be inclined to one another at an angle 0y then 
d,A = y sin 0, and consequently A = sin 0^y. 

If the co-ordinates be given each in terms of a third quan- 
tity By then d^A « y d^cV, and therefore A «= j^yd^x. 

136. There is another mode of expressing the length of 
a curve which deserves notice. 

Let CN ^x, PN^ y, AP^s, L ACY = 0, fl being 
measured in the positive direction ; 

CY (perpendicular to the tangent at P)=*p, PY^u^ 

(Fig. S and 4), u being considered positive when measured 
from P in the direction of revolution ; then in all cases 

p ss Of cos + y sin d, 

tt = wsinO^y cos 0, 

dj,y s= — cot 0, d,8 = — cosec 0, 

/. d^p = - wsmO -^ y cos + cos 6 d^w + sin 9 d^y = - w, 

d^^p = - J? cos — y sin d - sin d^w + cosQd^y 

= — jp — cosec Q d^x s= - p + d^«, 

.-. s^d^p+f^py 

also « -f- t« ss ^j). 

If the curve cut the axis at right angles at A^ no con- 
stant is necessary after integration. 

This general property of curves is chiefly of use in find- 
ing the lengths of elliptic and hyperbolic arcs ; it may be 
also used, 

(1) To determine the length of any curve whose equation 
is given ; for from that equation, together with d^y = — cot 0, 
we can find <r, y, and therefore p — x cos d + y sin d, in terms 
of ; and then s ^ d^p + f^p. 

(2) To find a curve whose arc shall represent a proposed 
integral ; for if it be put under the form ^p, where p is a 
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function of d, the equation to the required curve is found by 
eliminating between the equations 

Of = p cos 9 - d^p sin d, 5^ » p sin + d^p cos 9, 

1{ p be such that f^p is algebraic, we obtain a curve the 
length of whose arc is expressed by an algebraic quantity. 

137. We shall now apply the above formulae to curves 
of the second order, the areas and volumes of which are ne- 
cessary to be known, and to certain others of the more common 
curves. 

Ex. 1. To find the area of a circle. 

We have already seen (Art. 97.) > that the area of a quad- 
rant = ^ Tra*, therefore the area of a circle whose radius = o, 
is wa^. 

Hence the area of a sector of a circle, the circular measure 
of whose angle is a, will = ^a*a; for it will be the same 
part of the area of the circle, that its angle is of four right 
angles. 

In addition to the expressions already found for fg\/a^-af% 
and fg\/2aaf — 01^ (Art. 25.), we may notice the following; 
fg^/a^ - ^ = circular area (radius = o, abscissa from center 
= a?) + C ; and j/s/^aw - j?^ = circular area (radius = a, ab- 
scissa from extremity of diameter = a?) + C 

Ex. 2. Let AB (Fig. 5.) be an elliptic quadrant whose 
semiaxes are JC = a, BC = h ; AD the quadrant of a concen- 
tric circle whose diameter is the major axis, AN = cT, PN = y ; 

Jrh . b ._ 

= - (circular area ANQ) ; 

hence also area AMR = - (circular area AMS)j 

a 

.-. area MRPN = - (circular area SMNQ); 

a 
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that is, any elliptic area between two parallel ordinates, bears 
an invariable ratio to the corresponding portion of the circular 

area. Also since triangle PNC = - (triangle QNC)y 

Cb 
h 

.*. elliptic sector ACP - - (circular sector ACQ) ; 

the same is true if the vertex of the sectors be at any other 
point in the axis, instead of C the center. 

Hence the area of the whole ellipse = - ttc^ = Trafr, or is 

a 

equal to the area of a circle whose radius » \/ab, a mean pro- 
portional between the semi-axes. Since the whole area is 
divided into four equal sectors by any pair of conjugate 
diameters, if a\ b\ denote the lengths of two ^ conjugate 
diameters inclined at an angle 7, the sector included by them 

8= ^irab^^irab' sin 'y. 

Ex. 3, To find the length of a circular arc. 
AN = Wy PN = y, AC the radius :=a, AP = s, (Fig. 6.) ; 

. a — a? 

\/2a/v - or 
a* « 

1 + (d^yY = 3 : .-. d.«= /- — =3 ; 

m 
,\ 8 ^ a versin"' - -h C, and « = when a? = 0, .-. C = ; 

a 

therefore arc AP = a versin"^- , and making ^ = a, ^ =« 2a, 

a 

length of quadrant AD = — , length of semi-circular arc = Tra. 

Ex. 4. To find the area of the surface of a sphere. 

Let S be the area of the surface generated by the arc AP 
revolving about ABy (Fig. 6.), 

a 

d,S=^^iryy/\ + (d,y)' = 27ry-7— -— -i = 27ra; 
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.-. S « ^irax + C = a^ra • JN9 since C = ; 

and the area of the whole surface = Qwa . 2a = 47ra* = area of 
four great circles. Hence the area of the surface generated 
by PQ = 2 Tra (AN - AM) = 2 tto . mn ; that is, if two parallel 
planes cut a sphere, the area of the intercepted portion of its 
surface is invariable whatever be their position, provided their 
distance from one another continue the same; and is equal 
to the intercepted portion of the surface of the circumscribing 
cylinder, whose axis is perpendicular to them. 

Ex. 5. To find the volume of a sphere. 
Let Fbe the volume generated by the area ANP, (Fig. 6)> 

.-. d.FssTry'^* 7r(2aa? -a?*) ; .'. V ^ v laaf^ J, (C = 0), 

or volume of segment, whose height AN » /r, is tt {aa^ •* ^^0* 

2 *ir€^ 

Hence volume of -^ sphere = , making tr = a ; and 

47ra^ 
volume of sphere =» « |^ (27ra^) « |^ of circumscribing 

cylinder. 

Hence we can express the volume of a frustum by its 
height MN = A, and the radii of its ends QM = &, FN = c. 

acf axf + — I 

o (^ + a?,) ^ > 

TT (a? - a?,) f ^ . a 2 (^ - ^\i^\ 

= ^ ^ J2 « (^ + ^0 - 0?' - ^,« + g J 



-T>^-4)- 



Ex. 6. To find the volume of a spheroid. 

If an ellipse revolve about its minor axis, the figure gene- 
rated is called an oblate spheroid ; if about its major axis, a 
prolate spheroid. 



r 
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Hence, in Fig. 3, making CM = x, 

and.-. (JlfP)» = y* = ^(6»-^), 

o 

volume of any segment of an oblate spheroid 

and whole volume = , taking the integral between the 

limits d? s 0, w ^bj and doubling the result. 

Also volume of prolate spheroid, making CN—a in Fig. 3, 






Ex. 7. To find the length of the arc of a common para- 
bola. 






d,« « V 1 + — B 2d, (\/a?) %/a? + w, 

.•. 8 = v/a?* + mx + m log (\Ar + vw -i- m) + C. 
But for the arc JP, (Fig. 7.)> when a? = 0, « « ; 
.*. = wlog \/ln + C, or C = - wi log v m, 

.". arc AP « \/a;^ + iiia; + i»log [sj — + \ — -t l]- 

\^ m m I 

This also admits of the following expression. Let z. ASY 
= PSY=^ 69 -4 F being a tangent at the vertex, and SY conse- 
quently perpendicular to the tangent PYy and bisecting the 
angle ASP; .-. SY^ m sec 0, 

hence. Art. 136, arc AP «= w sec tan + w I 

•^ * cos a 



184 



= PY + m log tan ( - + -j + C, and C ^0; 
therefore, arc AP = PY + AS . log tan I— 1 . 

Ex. 8. To find the area of a parabolic segment cut off by 
any ordinate. 

Bisect the given ordinate Qg in V (Fig. 8.), and draw PF 
parallel to the axis AD ; draw NM parallel to Q F, and let 

(sm dy 

PT being a tangent at P, and, therefore parallel to Qq ; then 
y^ » ifpofy and since the axes of the co-ordinates are inclined 
to one another at an angle d, 

dgA = y sin = 2 sin ^/pa; ; .\ A = - sin \/px^ + C; 

3 

and taking the integral between the limits <v = 0, w ^ PV^ and 
doubling the result, 

Q Q 

area QPq = - sin 0\/p (PF)* « - PV . Qq . sin 

3 3 

s= - (circumscribing parallelogram qt). 

Ex. 9. To find the volume of a parabolic frustum, in 
terms of its height and the radii of its ends. 

Let these be PN ^h,QM = c, NM = h, (Fig. 7.) ; it will 
be found that 

volume of frustum generated by PNMQ = — (6* + c*). 



Ex. 10. To find the area of the surface of a paraboloid. 

— A / ♦^ 

X ,y/ 1 + 



dgS = 27ryd,s « 2^.2\/i»a7.\/ 1 + — « 49r -y/w-. v^^ + »» ; 
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.'. 8 ^ -IT \/m {w + m)i + C, 



and since S vanishes when a; = 0, 

= — v/m . mt + C ; 

•'. area of surface generated by AP = { (^ + ^)* "" ^*} • 

Ex. 11. To find the length of an elliptic arc. 

* 

Let JPB be the quadrant of an ellipse, AQD a quadrant 
of the circumscribed circle, z BCQ = 0, QN being an ordinate 
to the axis, arc BP = 8 ; (Fig. 5.), 

.'. w = CJV = a sin 0, and y « PJV = - . QN = 6 cos0 ; 

••• (d**)' - {d^^y + Ky)* -= (acos0)* + (6sm0)« 
= a»{l-.c»(sin0y},ifc' = ^, 

or d^8 = a \/l -c*(sin^)* ; 

therefore arc BP (the abscissa of whose extremity = a sin 0) 
= a jj^ v/l - c*(sin0)*, the origin of the integral being (p — Oy 
which is the fundamental expression for elliptic arcs. 

This integral can be obtained only in a series, and by 
Art. 127, 

««{0-2 (-^co80sin<^+|)-^c*{-icos^(sin0y 

1.3 . ^ 1-3 ^, „ 1 
COS sin + (p\ — &c.> . 

If we take the integral between the limits » 0, « - , 

quadrant ^5 =-{1- (J).-- y - - ( j^) --&c.}. 

24 
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or = '^ *' • ^'^2^8 . f 1 



, 1 - v/l - C* J 2o 

where n = ; , and 1 + » 



1 + v/l -c* « + * 

Of these series for the length of the quadrant, the first 
is to be used when the eccentricity c is very small; and the 
second converges rapidly as long as c^ < ^ ; in the next Section 
we shall give theorems for finding the length of any arc to any 
degree of accuracy. 

Ex. 12. To determine two arcs of an ellipse the difference 
of whose lengths can be expressed by an algebraic quantity. 

Let SZf and CY = p, be perpendiculars from the focus 
and center on the tangent at P, z NPZ - 0, (Fig. 3.), 

.-. CF'=C2;»-ZF*=C^*-C5^.(sin0)«,orjp = a\/l-c«(sine)«; 
since the locus of Z is a circle, center Cy radius CA. 

Therefore, Art. 136, arc AP+PY^ ajT^i .c*(sine)% the 
origin of the integral being 6 « ; but if dsT = a sin 0, by 

the preceding: example arc BP* ^ aL v/l - c* (sin Qy\ the 
origin of the integrd being = 0; 

.-. arc AP-^PY^ arc BP, 

The points P and P being so related that if JVP' were 
produced to meet the circle on the major axis in Q', and Ctf 
joined, L NPT = BC(i. 

Let CN = a sin 0, .-. PN s 6 cos ; 

^ _ 6 sin 6 y 

.-. cote = - d^y = ^ -- ten 0, or cotdcot(/> « v/i - c*: 

acos0 a ^ 7- V » 

ac'sindcosd 
also PF = - d^p = -"7===== = oc'sin 0sin0. Hence 

arc PP'- arc AP « oc^sindsin^ = - Clf . CN, 

the abscissae of the points P, P', viz. a sin 0, a sin 0, being 
connected by the equation cot cot = \/i - c?«. 
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This is Fagnanfs theorem. 

Since ^ and 9 are similarly involved in the value of PY, 
we have PY ^ P^Y\ or the two points P, P', are such, that 
the intercepts of the tangents are equal to one another. 

Ex. 13. To determine a point which shall divide an 
elliptic quadrant into two parts, the difference of whose lengths 
shall be equal to the difference of the semi-axes. 

Let = 05 .*. (cot 6)* « - ; then P, P', coincide in a fixed 
point K whose co-ordinates are 



asind 



a s/ , h COS0 = 6 'V " 



a +b a + 6 

and BK^AK'^ oc*(sin0y = o - 6. 
Also CK « \/a*-a6+6*, and the ^l-conjugate diameter = \/ah, 

Ex. 14. To find the length of a hyperbolic arc. 

Let iSZ, and CY ^ p^ be perpendiculars from the center 
and focus on the tangent at P.; CS = a, CA = ac, z NPT = ©> 
(Fig. 4.), 

••. Cr«=CZ*-ZI^ = CJ*-C5'^(sin0)S orp = av/c^-.(sin0)«; 

.-. PY " arc AP= af^y/c^ - (sin 0)% 

the origin of the integral being 0^0. 

Now Z PTN has its least value when the tangent coincides 
with the asymptote, in which case its cosine = CA -^ CS = c ; 

.'. sin0, which = cosPTJV, cannot exceed c; let .•. sin^scsin^, 

r (f (cos (by 

,. /,v/c»-(8in0)« = j,ccos<pd,e = l^,_^^^^^y 

= jitv/l-c'(8iP«J>)*-(l-c')/' / ^,. ,,, » 

a sin cos . 

and PY^- d,p = ^^_(3i„g). - « tan 0v/l - c» (sin 0)», 



9 



,8' 
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.*. arcAP^ atan(f)\/l -c^(sin0)*-ajf^\/i -c^(sin^) 

the origin of both integrals being = 0; and if we substitute 
for them, their values derived from Art. 126, we shall have 
an expression for the arc AP in a series ascending by powers 
of c which is always < 1. 

Ex. 15. To find the difference between the lengths of the 
asymptote and infinite hyperbolic arc. 

When =: -^TT, p B 0, that is, the tangent passes through 
the centre and coincides with the asymptote. Hence the dif- 
ference between the lengths of the asymptote and the infinite 
hyperbolic arc 

•V v/l-c»(8in0)* 2 * * 1 \2.4/ S ' 

vaCl -c*) , ,,^, , /l-3\* , , 
V-^{l + (i)'o«+(~)c« + &c.}. 

In the next Section we shall obtain more convenient ex- 
pressions both for this difierence, and for the length of any arc 
of an hyperbola. 

Ex. 16. To find the area of the surface of a prolate 
spheroid. 

In this case the arc BP revolves about AC; Fig. S. 
.-. d^S^^wPNd^BP^^^irbcostp.ax/l" c" (sin0)% (by Ex. 11.) 

= d^ (c sin 0) vl - (c sin 0)*, 

c 

.-. S^ {|c sin v/l - (c sin 0)« + ^ sin*^ (c sin 0)} + C, 

and C ^ Oy because S and vanish together, 
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.*. area of surface generated by arc BP 

. = [cmapy/l - c* (sin 0)* + sin"* (csin0)} ; 

c 

and making ^ » — , and multiplying by 2, 

area of whole surface «= (cv/l - c* + sin "^ c). 

c 

If c be very small, the area of the surface 

- 4xa« (1 - lc») (1 - ic») = 4,ra« (l- |c«). 

Ex. 17. To find the area of the surface of an oblate 
spheroid. 

In this case the arc AP revolves about BC ; Fig. 3. 
.*. d^S ^^irCNd^AP ^ -2^a sin0.av/l - (csin0)«; 

.". S^ { ccos 0\/ 1 - c* sin* 



.-.0 = 



+ (1 - c*) log (ccos + v/l -c*sin*0)} + C 
and «S « 0, when = ^tt. 



I logv 1 - c^) ^C\ .". eliminating C, 

TTO* f y : 

area of surface generated by arc AP^ 1 c cos v 1 - (c sin (py 

and area of whole surface « \c + (1 - c*) log^/ 1 • 
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If c be very small, area of whole surface 

■^{-('-'')("j)}-'«-(-i)- 

Ex. 18. To find the area of a cycloid. 

Let JB the axis = 2o, JN = a?, PN^y^ (Fig. 9.)> then 
PQ = circular arc AQ, by property of the cycloid, 

.*. y = AQ + QiV = o versin"*-+ v 2oa? - a^^ 



d^y 






.-. area ANP = ^y » ya? - jgwd^y ^yx - f,\/2ax - a^ 
= yaf — circular area ANQ, (const. = 0). 



.'. area ABD = AB . BD - semicircle AQB = Stto* - 



-wa* 



2 



2 



ss 3 times area of semicircle AQB. 



If the ordinate bisect the radius AC, it may be easily 
shewn from the above expression, that area ANP = A NBQ ; 
also if the ordinate pass through C, that segment APH = ^ a\ 

Ex. 19. To find the length of the arc of a cycloid. 

d^8 = \/l + (d^yy = Vl +— -1 = V — , 

^ a? 

.•. 8 = 2\/ia^, (const. = 0) 
or arc AP = 2 chord -4Q, and arc AD = 2 ^J? = 4a. 

Ex. 20. To find the volume generated by the revolution 
of a cycloid about its axis. (Fig. 9.) 

Let z ACQ = 0, .*. a? = a (1 - cos 0), y = a (6 + sin 0), 

.-. r = ^7ry*d^<r = w-o^jj(0 + sin0)*sin0 

= 'TTfl'^ /« { 02 sin + 2 (sin 9ye + (sin 0)^} ; 
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but/,0'sin0 = - e*co80 + 2 Jjdcose - - e* COS0 + 2 (0sine+ COS0), 

ffL 

Jj2 (sind^d- jl(l - cos20)0 = - - i (2esin20 + co82d), 

2 

j5(8iney « - ji { 1 - {co^ey} deCosO « - COS0 + J (cosd)', 
.-. r=:7ra»{-e^co80 + 2(0siiie + cos0) +^0* 
-;J(20sin20 + co820)-.cose + J(cosey} + C, 
• ]S 

therefore, making d = tt, whole volume 

If the cycloid revolve about it8 ba8e, it may be shewn that 
the volume generated « 57r*a*. 

Ex. 21. To find the area of the surface of the figure 
generated by the revolution of a cycloid about its axis. (Fig. 9.) 

S' = 27r /,yd,« = 27r (ys - f^ad^y) 



= 27r 



\y8 - J,2\/2aaf V — — ^1 



4 y 

«29r{y« + -v2o (2a-a?)J| + C, 
3 

= 27r f- . 4oM + C, 

therefore area of surface generated by AP 

= 2w {ys + -\/2o(2o -^)t a^\ ; 

9 o 

and making a — JJB « 2a, and therefore y ^ wa^ s ^ 4ia, 

l6 [ 4\ 
area of whole surface = 27r(47ro' a^) «= 87ra* f tt J . 

If the cycloid revolve round its base, it may be shewn 
that the area of the surface of the figure generated = . 
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Ex. 22. To find the length of the Epitrochoid, which 
is generated by a fixed point in the plane of a circle whose 
circumference rolls along the outside of the circumference 
of another circle. 

Let the radius of the fixed circle CA « a, the radius of 

generating circle Ba — 6, (Eig. 14), and the distance of the 

describing point from the center of the generating circle BP=c. 

A, a, points in contact at first, CN^w^ PN^y^ arc Pp = 8j 

JL ACB^Q. Draw Pq parallel to CA^ 

.-. z BPq = PBQ + PQB^^ + e; 

b 

.•. X « CBcosACB - BPcosBPq = (a + 6) cosO - ccos ( t + 1 ) ^> 
y='CBsinACB''BPsinBPq^{a'^b)sine^CBm(- + l\0; 

.-. (desY = {d,a;y + (d,yy = (a + 6)« + c» (^ + i^ 
-2-(a + 6)*cos— ; .•.d^« = (a + 6) I ^ +j5~2rC°S"I~) 
-(a + 6)(l+-j{z-^-^^,(cos-)}; 

or d^« = - 2 U + -] (b + c) >/ 1 - n« (sin 0)*, 

makmg = , and n' == . 

^^ 2 26' (6 + c)* 

Hence « can be expressed by an elliptic arc. 

To get the length of the arc traced out by half a revolu- 
tion of the generating circle, we must integrate between the 

limits = 0, — =7r, or0 = -, = 0; 
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If c e 6, or the describing point be in the circumference, 
the curve is the Epicycloid, and d^8 = 2 (a + 6) sin — , 

/. 8 « COS—- + C, and « « when 0-0. 

a 2b 

„ 46 (a + 6) / a9\ 46 (a + 6) . PBQ 

.'. arcpP — 1 1 - COS—- I « — ^ ^ versin ; 

a \ 2bJ a 2 

therefore arc described by one revolution of the generating 
86 (a + 6) 



circle 



a 



Of course the above formulse are adapted to the Hypo- 
trochoid and Hypocycloid (for which the circle rolls along 
the inside of the circumference of the fixed circle) by making 
b negative. 

Ex. 23. To find the area of a Catenary. 
Let B be the origin, JB - a, BN « ^, PN « y, (Fig, 10.), 

••• - = i («^ + «"^ ) ; 

a 



.*. area 



ABPN-f.y^l^{i^.y') 



a* ' 



- (6'* - « " ), (const. = 0). 

£x. 1^4. To find the area of the Cissoid of Diodes* 

This curve is the locus of the intersection of an ordinate 
of a circle, with a line joining the extremity of another equal 
ordinate and the extremity of the diameter to which both are 
perpendicular. 

Let QJV, Q^N'y be the equal ordinates, and P a point in 
the curve. 

AB « 2fl, AN*- w^ PN « y, (Fig. 11.), 
25 
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PJNT* Q'AT'* X . w" 



, ••!/* = 



.*. area 



= - 2w\/2atV -x^ '\- S (circular area ANQ) ; (const. = 0) ; 
therefore, making /r = 2 a, whole area contained between the 

curve and its asymptote = «■ 3 times semicircle AQB. 

Also the volume of the figure generated by the revolution 
of the area ANP about the axis AB 

= / e TT I oa;* - 4a'a? + 8a^ loff ), 

J, Qa-w \ 3 ^ ^a-xl 

by dividing and integrating. 

If the figure revolve about the asymptote, 

(2 a — xp 
=7r(3a— /r)\/2oo?— zp*«7r{2a\/2oa?-.T* + (a — a?)\/ 2ao?-07*}, 
.'. r=7r {2a (circular area -iJVQ)+^(2ao?-o?*)*}, (const. = 0); 

.•. whole volume = tt (2a . j = 7r*a'. 

The curve has another branch similar to APD situated below ^^. 

Ex. 25. To find the volume of the figure generated by 
the revolution of a Conchoid about its asymptote. 

This curve is described by taking PD always of the same 
length, AN being a line given in position, and C a fixed point 
about which CP revolves. Draw CB perpendicular to AN^ 
and let 

AN =w, PN^y.AC'-a, AB^DP^b; (Fig. 12.), 

. PN' CM' f (a + y)« 

tnen _ ^-- « - ,,. or 7- « 

DN* PM"" 6» - y» 



I 
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a + y . «6 












and F = when y = fc, .*. C = 0, . 
therefore, making y = 0, whole volume 

The inferior Conchoid is traced out by taking in DC, 
DP' as DP = h ; the volume generated by it will result from 
the above expression by making 6 negative, provided h<a. 

138. We shall next exemplify the use of polar co-ordi- 
nates in finding the areas and lengths of curves. 

If « be the length of the arc of a curve referred to polar 
co-ordinates, intercepted between the radius vector p and a 
fixed line, and A the sectorial area bounded by these and the 
arc, also Q the angle made by p with the initial line, then 

d^s^x/p' + id^pY, d^A^^p\ .\8^j^y/p^ + (d^pY, J^^f^pK 

These formulae are to be used when p is given in terms of 
; if be given in terms of p, the formulae become 

y 
Since tan fl « - , 

.-. d,A = \p^d,e = \p^ d, [tan-' |) = i {^d,y - y) ; 

.-. ^ = i ^ {ocd^y - y). 
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This expression, in which x is independent variable, is 
sometimes convenient for finding a sectorial area. 

In some cases it is advantageous to use expressions involving 
j), the perpendicular dropped from the pole upon the tangent; 

P PP 
in such cases, since d^s = 7y=f^=i> ^p^ = i~/ ~^ i ' 

r P r PP 

Ex. 1. To find the area of the Conchoid. 
Let CP = p, z BCP = 0, (Fig. 12.), 
then CP ^ CD + DP = CD -^ JB, or p = asec0 + fe; 
therefore, area BCP - ^Ji/9« « ^jj {a^ (sec dY^2ab sec0 + b^] 

^ + _J + 620 J, (const. « 0). 

Ex. 2. To find the area of any sector of a hyperbola 
bounded by straight lines passing through the center. 

Let C be the center of the hyperbola, a, b the semi-axes, 
CN ^x,PN^ y, CP = p, ACP^ 6, (Fig. 4). 

If the hyperbola be rectangular or a = 6, 
01^ ^ y^ m a*, or p^ (cos BY - p* (sin 0)* = a*, ••. p* « ; 

.-. area ACP « ^ o* ^ ^ = i^^log tan (0 + ^ j , (const. « 0). 

If the hyperbola be no^ rectangular, 

d, (area ACP) = ^ (^d,y - y) 

/6 a?^ ft y :N _ ab 1 

,^ oft 

.*. area 



JCP.'^log[l.i^^r^') 



ab 



'"^ (i * I) • 
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Hence if we put the sectorial area ACP = — 0, we may 
express the co-ordinates of P in terms of 9; 

for then - + - « c% - - r=«" % smce -; - ^ = 1; 
a b ah or Ir 

Ex. 8. To find the area of a hyperbolic sector bounded 
by straight lines passing through the focus. 

Let CA ^a, CS'^ae, CN^ so, PN=^y, (Fig. 4.), 

also because w cannot be less than a, let of ^ a sec d, and there- 
fore y ^b tan 6 ; 

now area ASP -■ area ANP + area of ASNPj 

.-. d,(area JaSP) = y + Jd, {(ae - ^) . y} « ^ {y+(ae-^) d,y\ ; 

.-. d, (area ASP) = ^ {yd,^ + (ae - a?) d^y} 

« ^ {a6 (tan 0f sec + a& (^ - sec 6) (sec 0)^} 

«— {«(8ecfl)*-8ecfl}; 

.". area ASP = — |c tan0 - log tan ('"+")[» (const. = 0) ; 

for the area s o, when x ^ a, and therefore = 0. 
It may easily be shewn that if 

« 

t? /e + 1 
I ASP » <?, tan- = V tan--. 

Ex. 4. To find the area and length of the Lemniscata, 
which is the locus of the intersection of the tangent to a rect- 
angular hyperbola and the perpendicular upon it from the 
center. 

Let C and S be the center and focus of a rectangular hy- 
perbola, (Fig. 13.) therefore CS=CA\/2; CP, SZ, perpendi- 
culars upon a tangent, CP « p^ ACP = 0, AC =» a ; 
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then CP" = CP-^ZP" = CA^^-CS^iAney = o«{l -2(sine)»}, 

or p* = a^ cos 2d, 

the equation to the curve, which is manifestly of the form 
represented, symmetrical with respect to the line AA' \ 

.•. area ACP = — Jjcos20 = — sin 20, (const. = 0). 

Make = J x, then /o = 0, and area APBC = J a', 
therefore whole area s a^. 

' :^X v/l-i(sin^)^> (making v/^^^> cos 0), 
which may be integrated in a series by Art. 126. 

Ex. 5. To find the area of the curve traced out by the 
intersection of normals to an ellipse which are at right angles 
to one another. (Conic Sections, Art. 240. Ex. 11). 

T . . 1 - (n tan 0)* i . i i 

Its equation is p = c z ;:r:> and the whole area 

^ ^ H-(ntan0)' 



2 _ J»2 



l+w'* . ,vn , d^-h 



a 



= ^c* J- -^ = TT (a - 6)*, where c = y , and » = - , 

a and 6 being the semi-axes of the ellipse. Again, to shew 
that ^ X (a* + 6^ + c*) is the area inclosed by the locus of the 
foot of the perpendicular dropped upon the tangent to an 
ellipse from a point at a distance c from the center. 

Since the equations to the tangent, and to a perpendicular 
upon it from a point (a, )3), are respectively 

{y — mxy = 6* + m^c^y 

y-/3=-.-(j7-a); 
fn 

•*• {y(y-/3)+^(«-a)}» = a»(a»-«)« + 6»(y-/3)» 
is the equation to the locus of their intersection. 
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Let 07 B a + /o cos 0, y « /3 + p sin fl, 

.-. (p + aco60 + fi sin 9y = a* cos^fl + 6' sin*fl. 
Let p\ 9 Pi 9 he the values of p in this equation, 
••• pi* + P2* -= 2(aco80 + jSsiney + 2(a*cos«e + &«sin«fl) 
= (a* + a') (1 + cos 2fl) + (jS* + 6») (1 - cos 2^) + 2a/3 sin 20, 

.viU'(/>i* + P8') = i^ («* + 6* + a» + /30, 
or area required == ^ tt (a* + fc^ + c^. 

Ex. 6. To find the length and area of a Hypocjcloid. 

CFf the radius of the fixed circle, = o, (Fig. 15.) GF the 
diameter of the rolling circle ^ ^h^ P the generating point at 
first in contact with B, BPE the curve traced out in half a 
revolution ; CP ■» /o, CF, a perpendicular upon the tangent 
at P, = p. It is evident that when the rolling circle is turning 
upon Fy the motion of P is perpendicular to FP, and, there- 
fore, the tangent at P passes through G ; let CG = a -^b^Cy 
then by similar triangles 

\CFl 



" \cg] 


p' 

P 




v.- 


• t 

> • 








. . a^JijJr =a 


1 


•P^ 


Vp'- 


• c*' 





for £P «■ when /o = c, and .'j const. — 0. 

Hence making /> » a, and doubling the result, 

2(a*-c-) / b\ 

DEBy the arc traced out in one revolution, c= =86(1 — ) ; 

a \ al 

this becomes » 8 6, when a is infinite, as it ought, for the curve 

is then the common cycloid. 

T t^ M ,^ ^ ^r. 4fe(o-6) . FOP 
It may be easily shewn that arc BP ■» versin . 
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Again, ., (.reaECP) = i^^, = ^, V^ 
= —d^\/f? -t^.y/a* - c* - (^ - c«), .-. area j;CP 



(const. >• 0, for area « 0, when ^ = c) ; therefore, making p ~ a, 
and multiplying by 2, area BCDE = — . (a* - c') tt, 

and aresLBJDE «= (a^ - c*) tt + 7ro6 = irfeM S . 

4a^ ^ \ a) 

Ex. 7. To find the length and area of the involute of 
a circle. 

Let JP (Fig. l6.) be described by unwinding the string 
PT kept constantly stretched from the arc AT; then PT is 
manifestly perpendicular to the curve, and therefore if PY be 
a tangent, and CY & perpendicular upon it from the center, 

TY is a rectangle, and consequently p « \/^p' - a*, making 
CP^p, CY^p, CJ^a. Let JP^ 8, 

2a 2a * a 
if, therefore, the string be unwound from n circumferences, 
the length of Ps path ^^ v ^^«; =2n*^a. 

Also areaJCP = i^^|L=.±/^,v/7r^ 

6a 6a* 
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It is manifest that the circular sector JCT equals the 
triangular area PCT ; therefore, taking each of these sepa- 
rately from the area PTCA^ we have area PAT = area PAC i 
that is, the area between the curve and its evolute, is equal 
to the area swept out by the radius vector. 

139. The area of the Nodus of a curve may be found by 
polar co-ordinates, as we have seen in some of the preceding 
Examples. It is sometimes, however, convenient to make t 
the tangent of the spiral angle the independent variable; in 
that case, since 

Hence since y = wt^ if we express <r in terms of t from 
the equation to the curve, and integrate between proper limits,, 
we shall have the area of the corresponding nodus. 

Ex. 1. y*- Saa?y + ^^ = 0, Fig. 17. 

If the curve, of which this is the equation, be traced, there 
will be found a nodus to which the axes of x and y are tangents. 

* Sat Sat 

Let y « at^ /. r + 1^0, ox x ^ ; 

w 1 + r 

therefore x ^0 when ^ «s 0, and also when ^ = x ; 

.'. A = — / r-;:= C z\ make / s 0, 

.'. s= C ; make ^ « « , and area ABD = C = — . 

2 2 

Ex. 2. (^ + ifY = {axY - {hy)\ (^ig. 18.) ; 

a 
whole area s a& + (a* - V) tan" * - . 

Ex. 3. y* « aaf^'^ (a - my) ; 
area of nodus = 



^2^8«-l 



(2»- l)(2n -^)(?n-3) 
26 
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Ex. 4. To find the area of the evolute of an ellipse. 

The equation is ( ^1 + ( ^1 = 1 ; where a = , p » —r- 

a and 6 being the semi-axes of the ellipse. 

Make /r e a cos^ d, .\y « /3sin'0; 
.'. d^A = — 3a/3cos^0sin*0; 



.-. J=3aj3 /Hsin*0-8in«0)=3ai3- =— ^a/3; 

'^•'tf ^ ^ '^2V4.2 6.4.2/ 32 '^ 

Sir (a« - 6*)* 

therefore the whole area = — . ^^ ; . 

8 ab 

Also the length of a quadrant of the evolute = difference 
of the radii of curvature of the ellipse at its extremities, 

6 a ah ^ 

4 
therefore whole length of evolute =» — - (a^ - 6*). 



140. In the following examples, the revolving area i^ 
bounded by two curves, instead of a curve and the axis. 

Ex. 1. To find the volume of the figure generated by 
the revolution of the curve whose equation is 

about the axis of <r. 

The equation, solved with respect to y*, is 

and its form is seen (Fig. 18.), the lower sign producing the 
portion DjBD', and the upper sign the portion DAUf* 

When (s is negative, the lower sign only is admissible, and 
gives the oval AE ; where AE ^ AB = a \/3, and AF = 2 o. 
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Hence volume generated by ACB 

a IT I (aw + w V 4a* - a/^) = — ^— ; 

J, 6 

volume generated by CDB 

= -TT / (2a? v4o*' -d?*) = , 

since 2a?v^4a* — ^' = diflference of squares of ordinates of CD, 
and BD ; also volume generated by AE 

Oy-^v^ / 5wa^ 

= 7r/ (-aj? + a? v 4a* - ^) «= 



therefore whole volume ^ irc? 



/23 2 5^ 



6 



Ex. 2. If a circle whose radius « a, revolve about an axis 
in its plane, and c = length of the perpendicular dropped from 
its center on the axis, the volume and surface of the figure 
generated are respectively 29r*a*c, 47r*ac. 

141. We shall now give a few instances of finding the 
volumes of figures generated by the motion of a plane surface 
parallel to itself, and increasing or decreasing in magnitude 
after a given law ; it is clear a figure of revolution is only 
a particular case of this, the generating plane surface being 
a circle whose radius varies so as always to be equal to the 
ordinate of the curve or directrix. In other cases, if u repre- 
sent the area of the generating plane surface in terms of <r, 
and a the angle which it makes with the axis of zr, we shall 
have dgV ^ u sin a, and .*. r« sin aJgU, 

Ex. 1. To find the volume of a pyramid. 

Let abc (Fig. 19.) be a section of the pyramid made by 
a plane parallel to the base ABC ; then the pyramid may be 
supposed to be generated by the motion of the triangle ahc 
parallel to itself, and increasing in magnitude so as always 
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to have its angular points in the lines VA^ VB^ VC. The 
triangles a&c, ABC are manifestly equiangular, 

areaaftc (bey _ {Vcf _ {Vnf 
■'* area J5C * {BCf " (VCf " {VNf ' 

FJV being a perpendicular from the vertex on the plane of 
the base; 

Aa^ 
or t^ = -7^> if f JV = A, r««a?, areaJjBC = ^; 

therefore volume of pyramid 
^ r^ Acf Ah 



- . 



^2 g 3 



~ \ (prism of same base and altitude). 



This result is true of any pyramid ; or of an oblique cone 
upon any base. 

Ex. 2. To find the volume of any segment of a para- 
boloid. 

Let Q,Aq (Fig* $•) be a segment of a paraboloid whose 
axis is AD^ then the bounding plane surface QGg is an ellipse ; 
suppose it perpendicular to the plane of the paper and to meet 
a section of the paraboloid through its axis made by that 
plane in Qg. Bisect Qg in F, and draw PF parallel to AD^ 
and let PYG be a section of the paraboloid made by a plane 
through Py perpendicular to the plane of the paper; then PgG 
is a parabola similar to the generating one, and QY and YG 
(which is perpendicular to QY) are the semi-axes of Q,Gq\ and 
any parallel section Mgm is an ellipse with semi-axes MNy 
Ng9 by the motion of which parallel to itself the paraboloid 
may be supposed to be generated. 

LetPiV" = <r, SP^p\ thenMN^2\/ pwyNg = ^x/mx^ 

.-. area Mgm = 47r^vmp ; and the inclination of PN to the 
plane of the moveable area is z PNm = 0, 

.'. d,F= iiTr\/mp sind.v, 

F« 9,ir\/mp sinfl^^ (const. = 0) ; 
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r.Yo\umeQPq^2w\/n^sm0.(Pr)^:=j^4>'jr\/m^.PV.PVsm0 

= ^ (circumscribing cylinder tq). 

Ex. 3. If about a circle which generates by its motion 
a solid of revolution, a regular polygon be circumscribed in 
every position, so that the points of contact may be always 
in the same planes, to find the volume, and area of the surface, 
of the figure generated. 

Since the area and perimeter of the polygon will be always 
proportional to the square, and the simple power of the ordi- 
nate, if V and aS' be the volume, and area of the surface 
generated, we shall have 

dgV ^my^j dgS = nyd^s. 

Suppose the directrix a circle, and the polygon a square, 
the figure generated is called a groin ; 

and since «» = 4, n = 8, y* = 2oa? — a^, d,8 « - , 

8«' 
F ■= 4 Ji (2aa? — d?^) « between the limits ^ = 0, a? = o, 

S ^ S j^a — 8 a*, between the same limits. 

142. We can always approximate to the area of a curve 
by the method of equidistant ordinates. 

Let it be required to find the area PNKU (Fig. 20.) 
included between the ordinates PN^ KU\ divide their distance 
NK into an even number (n — 1) of parts, each = A, and call 
the ordinates drawn through the points of division Os, a3,...a„_i, 
and the extreme ordinates a,, a„. Through the extremities 
of the three first describe a parabola PQR having its axis 
parallel to the ordinates of the curve ; this is possible, because 
a parabola can be made to satisfy four conditions ; draw, the 
chord PR which will be bisected in V by the intermediate 
ordinate, and will be parallel to the tangent of the parabola 
at Q ; therefore (Ex. 8. Art. 137.) area of parabolic segment 
PQRV s ^ circumscribing parallelogram 
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2 4A 

- - QF. JVZ, -= — {a, - i(a, + a,)}, 

and area of trapezium PRLN = 2A . , 

therefore whole area 

4 2 A 

PQRLN = A {a, + a, +-03 --(«! + «3)} = - (^i +4«2 + ^s); 

S3 3 

similarly, describing a parabola through the points if, S^ T, 

area RSTML = - («3 + *«4 + Os)* &c. « 85c. 

Hence, by addition, the sum of the parabolic areas, which 
is a near approximation to the curvilinear area PNKU, 

A/ 
= - («i + o« + *«2 + SOs + 4a4 4- 2a5 + &c. + 4a,_j). 

Hence the rule. Add the first and last ordinates to four 
times the sum of the even, and twice the sum of the odd ones, 
and multiply by ^ the common distance of the ordinates. 

143. The following are miscellaneous examples of finding 
areas, lengths, and volumes. 

1. The area of the space inclosed by the curve 

8 ^ 

ay* = a?* \/ a' - zp* is 7 ® • 

2. The length of the curve Sa^y = a?* + Ga'ai^ measured 

At 

from the origin of co-ordinates, is — {a^ + 4 a*)*. 

3. The volume generated by the curve y'(<r — 4 a) 
s= ao? (j? — 3 a) revolving about axis of a?, from a? = to 
a = Say is « •^7ra'(15 - l61og2). 

4. The area of the space inclosed by the spiral 
/,ya«sin«e + 6*cos«d = (a« - 6*) cos0 sin is - (a - by. 
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5. The area between the curve y* (or - a) «: a?* (c - a?) and 
its asymptote is ^ w {a — c) (Sa + c) % the curve being the locus 
of the intersection of the tangent to a parabola and a perpen- 
dicular upon it from a point in the axis at a distance c from 
the vertex (c < a « AS). 

6. If the arc of a cycloid roll along a straight line to 
which its axis is parallel at the beginning and end of the 
motion ; the area between the line, and the curve which is the 
locus of the vertex, = ira^ (l + ^-tt*). 

?• The area of a cycloid is trisected by the generating 
circle on the axis, and the curve whose equations are w «■ 
a versin 6, y '^ aO. 

8. In the spiral jO » asec ^0, the area between the curve, 
its asymptote, and the tangent at the apse, « 4 a'. 

-^ 1 , from ^r = 1 

to 07 ss 2, is log (e + e~*). 

10. The tangents to the interior of two concentric and 
similar curves of the second order whose axes are coincident, 
cut off from the exterior curve equal areas. 

11. If a cone envelope an elliptic paraboloid, its volume 
will be l^rds of that of the enveloped segment of the para- 
boloid. 
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SECTION IX. 



ELLIPTIC FUNCTIONS. 



Aet. 144. The last case of integrating explicit functions 
of the variable which we shall consider, is an extensive class of 
transcendents, of which the elementary forms are 

and n,(n, 0) - f,^, ^ ^^^^gy^ ^fT^ 



(f (sin ey 

These three, denoted by the symbols F^ £, 11, are called 
respectively Elliptic Functions of the first, second, and third 
orders ; they are all comprized in 

a + 6(sine)* 1 



/ 



^1 +w(sin0)*"v/i-c^(sin0)*' 

which is the general form of elliptic functions. The origin of 
each of the integrals is d == 0, and its extent is determined by 
the variable 6 which is called its amplitude; c is always < 1, 

and is called the modulus, and \/l - c*^, denoted by 6, is 
called the complement of the modulus ; the CQnstant n which 
is found in n^(n, 9) is called its parameter, and may be 
positive or negative. The reason why they are called elliptic 
functions is, that aE^\0) is the expression for the length of an 
elliptic arc found in Ex. 11. Art. 137; and F^(6) can be repre- 
sented by the arcs of two ellipses, as we shall shew; the 
appellation is less appropriate as far as regards elliptic func- 
tions of the third order. When the superior limit of the 
integrals is d «= ^ir, they are called complete functions, and are 
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denoted by F^^ E^^ H^C^)) suppressing the amplitude. The 
quantity \/l - c* (sin 6)* is denoted by A^(d), or by A simply 
in investigations in which only one modulus and one amplitude 
enter. 

In the expressions F^{9)y E^(9)j the modulus c answers 
to the base of a system of logarithms ; and Tables to a certain 
extent have been constructed by Legendre, whereby their 
numerical values, corresponding to a given modulus and ampU- 
tude, may be found. Since Il^Cn, 0) involves two constants, 
the formation of tables of elliptic functions of the third order 
is almost impracticable ; but there are many cases where they 
can be expressed by functions of the first and second orders ; 
when they are complete, this can always be effected. 

145. All integrals comprised under the form 



f 



y/a + bw + cx^ + eaP +/a?* 



when R {ai) denotes a rational function of Wy can be made to 

depend upon the elementary integrals described above ; we 

perceive, therefore, the importance of this theory, and the 

extension it gives to the domains of Analysis. The object of 

rR{ai) 
the present Chapter is first, to reduce / —7= to the simplest 

integrals of its class, and to shew that they are identical with 

the three elliptic functions ; and secondly, to give the mode of 

calculating the numerical values of the latter, in order that 

rR{ai) 
Problems dependent upon integrals of the form / —^=z. may 

receive the same complete development, as if they depended 
upon integrals capable of being expressed by logarithms or 
trigonometrical functions. Neither is the method of investi- 
gation here pursued, confined to the case where X is of not 
more than four dimensions; it is applicable to the case of 
X being a polynomial of any number of dimensions ; and the 
integrals are called in that case. Ultra-elliptic Functions. 
^ 27 
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is most 



146. The analysis of f . ^ ^ i 

conveniently effected by three principal steps. 

1. Transformation into an integral of the form 

W(/+ir«0 (* + ***)' 



9. 



.s/\ -c«(8ind)* 
S. Reduction of the above to 

{[ T^-ST. + * + C(8in0)A . ^ . 

JVl + n(sme)* ^/y^l-c*(sine)* 

These will form the subjects of the following Articles. 
147. To transform 

JM\/a + bw -^ca^ + ea^+fa^ Jx \/{f + gsi?) (A + ksi?) 

/I 
. — , from 

which the other can be easily deduced. 

Let X be decomposed into two real quadratic factors, so 
that we may have 

this, we know, is always possible, the determination of the 
coefficients a, /3, &c. depending upon a cubic equation whose 
last term is negative, and which, therefore, has a real positive 

root (Theory of Equations, Art. 9S) ; also let w = - — =— , 

p an 9 being two unknown constants ; 

.-. Jr= {a (1+ xf + 2/3 (1 + «) (p + qx) + 7 (p + qxf} ^ 

{X(l +»)«+2m(1 -^ x){p + qx) -^r v{p •^q«y\.-^i--^,i 



(p + gr=(- 
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and in order that the odd powers of z may vanish, we must 
have 

a + )3 (p + ^r) + ypq « 0, X + /(& (p + 9) + vpq = 0- 

These equations of course give possible values for pq and 
p 4- 9 ; but the values of p and q will not be possible, unless 
ip + qY "^Pq ^ positive; that this is the case, may be 
thus shewn. 

1. Let the roots of X^O be not all real, and let 
a + ^fia + 7^ s have its roots imaginary so that ay>^\ 
now the former of the above equations gives 

'a + ypq\* 

which is positive, whether the roots of the other quadratic 
factor be real or not. In the same manner, if it be the £Eu:tor 
X + 2/i47 + va^ 3= whose roots are imaginary, we may shew 
that the value of (p — qy is positive. 

2. Let the roots of ^ » be real, and represented by 
a, 6, c, d in order of magnitude ; and among the three ways in 
which JC can be resolved into its quadratic factors, let that 
be taken which groups the two greatest, and two least roots 
together, so that 

a + 2 j3» + y^ «s Y (^ - o) (a? - 6), 

X + ^fidf + va^ = r (a? - c) (4? - d) ; 

then the equations for determining p and q are 

06 - 1^ (a + 6) (p + 9) +pg « 0, 

cd - ^ (/? + d) (p + 9) + pg « ; 

from which, by forming the value of (p + 9)*- 4p9, and re- 
ducing, we shall obtain 

(p - qY (a-c)(a-d)(6-c)(fe-cQ 

2 * (o + 6 - c - d)* 

which is positive, *.* a and b are both greater than c and d. 
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Hence X can be reduced to the form 

1 






also i^w a — 



(1 + x) 



4» 



therefore the proposed integral / /"y ^^ "^ transformed into 



A 



L\/(fT 



It is not necessary that X should have all its terms, we may 
have/s Of or e = 0; the only restriction is, that we must not 
have b and e each « and ^afx^, for then the quadratic 
factors of JC are imaginary; a special case which we shall 
consider separately. 

148. By the substitution made in the preceding Art.^ 
R(Pb) becomes a rational function of Zj which, whether it be 
integral or fractional, may be reduced to the form 

Ri (si^) + zRzQt^); hence / y— becomes 

W(f^g^){h + kz')'^ ly/(f + g^{h + kzy 

the latter of which, by making sf^^y^ may be further re- 
duced to 



y 



^-^yy/if+gyXh + kyy 

and is integrable by the common rules, Art. 49, Case in. 

rRM 
Hence / . — : may be made to depend upon 

'''y/(f+g^){h+kz^' 
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149< To transform 

, ^ ^ into / ■ ^ L=,c<l. 

We shall begin with the transformation of 
f 1 orf — 

This is most conveniently done by considering separately 
the different forms which each of the factors of 



may have, and the di£Perent ways in which they may be com- 
bined ; it will be seen that every possible case is comprised in 
the five following. 

1. Let Z = III* (1 + j^ss^) (1 - g««*). 

Since q» cannot exceed 1, let qz « cos d, 



Jny/Z Jt 



— aaO 

q 



V m* (sin 0)* { 1 + ^ (cos 6)* \ 



1 f 1 _c_ / - 1 

V i +S ~ J (^™ ^) 




p 



•v/j)* + g* 



2. Let Z ss m' (1 +;>'«*)(«*-< 9*), and since x is always 
> 9, let JK B f sec 0, 






9 sec tan d 



v/Z '^•m^tan^v/l + (pqsecOy 
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1 /• 1 C^ r 1 

^ ^B v/l + (pqY - (sin ey '^mJ$ v/l -c*(sinfl)* 



where c = 



\/i+pY* 



S. Let Z = m* (1 +p*«*)(l + gV), and suppose p > ^ ; 
let px B tan d, 

. - (sec ey 

. f ^ f ^ _ 

msecO/J 1 + ^(tanS)' 

_-!. f ^ « J_ r ' 

where c «= ^ "" ^ . 



4. Let Z = m*(l -p^«*) (1 - g*«*), and suppose p>q; 
since pj^r cannot exceed 1, let px » sin 0, 



'^' ly/^^jB 



-cosfl 



evi-^Csiney 



m cos ^ ^ - - 

P 



= — I / o ^ . ^vo > where c = - . 
wp^^ V 1 - c' (sm 0y p 

5. Let Z = f»* (»^ - g*) (p* - «^), and suppose p > g ; 
let isr s g sec d, 

- 1 /• g seed tan 

* ' i.V^ "^ ^a»»g tan v^p* - g» (sec^)^ 



S15 



where c » — ^ — ^ . Now let sin » c sin 0, 

P 

/•__!__ 1 r CCOS0 1 r 1 

•/» n/Z^ mpJ^cosO.c cos^ f»p /^ \/l - c* (sin 0)* ' 

This transformation might have been effected immediately, 
by making 

"l-(sine)* 1 - c» (sin 0)« ■ 



150. All the above substitutions are comprehended in 
the form 



^ TO^ + n, (sin g)* 

p, + 9. (sin ^y ' 



if then we make this substitution in 






it will be transformed into 

R (sin* e) 



Xv/ 



,8 ^oir* fl\« ' 



;v/l-c»(sine) 

151. When the quadratic factors of X are imaginary, 
as noticed at the end of Art. 147.9 it will be of the form 

^« X* + SX/x^cosa + M*^*- 

.•.X* + 2Xm«*coso + /«.V=X*|i +2COSO (tan-| + (tAn-j > 

-X»(sec^)*{l-(8in^)\sine)'}, 
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da^ 



f o»» 

* * J, V^ ° •'•X (sec -V Vl - (sin -) '(sin 0)» 
=s — ;=r / > o ^ . ^.« 9 where c = sin -. 
152. To investigate formula of reduction for 

First let R {oF) be an integral function, then each term in 
I — 7=r will be of the form / — 1=9 the formula of reduc- 

tion for which is (Art. 58. Ex. I.) 

J^y/x" (2m-l)c^^ 2m-l' & Xy/^ 



or, restoring the value of ^, and putting A for \/l -c'* (sin 6)^, 

/•(sin d)*" cos g (sin g)^"-' A 2m - 2 1 + c^ /-(sin g)*— * 
•/^ A *^ (2m-l)c« "^ 2m - 1 c- J^ A 



2m -3 1 /-(sinfl)*"-* 
2m-\&J^ A 



By this formula, \ — can be made to depend upon 



(sin 9f 
(sin eif 



•/« A ^« A 

that is, upon an integral of the form 



Jel^-^Bi^ineyi^. 
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153. Secondly, let R (<v^) be a fraction; it may be re- 

N 

solved into partial fractions of the c^eneral form ^r- • 

^ ® (1 + wo?')" 

their number being equal to the dimension in ai^ of its denomi- 

nator, and N and n being constants real or imaginary. Hence 

r ^ (^*) 

every term of / — y= will be of the form 



Nf '- 

^M (1 + nay 



Make 1 + nai' » «f 
1 4- r* r* 



n n* 



= 1 + - -+ -1-* + -T +«^-i 

n n* \ » fir/ nr 

« a + /3» + 7«*, suppose ; also, d^w = y= . ^; 

2 V » V « - 1 

.-. N I 7=^ becomes 

^ (1 + na?«)" \/ jr 

N r 1 JV r 1 

2\/n-'«af"\/(»-l)(a + /3«f + 7i!f^ 2v/»%af"V^' 

putting Z= -a + (a-/3)» + (/3- 7)^?' + 7)^*. 

This integral, by Art. 61, can be made to depend upon 
three similar ones in which the index of z is increased, by 

differentiating ij?"*"*** v/Z, which gives 



»-•" 



-;^{-(«»-l)(-a + (a-i3)«r+03-7K + 7«^) 

+ i«(a - /5 + 2 (i3 - 7)« + 37»0} 
28 
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«— +' 



-(m-2)03-7)«*-(«»-^)7«»}; 
therefore, integrating, 

Hence dividing by 2 \/«j and restoring the value of «, 
in which case \/Z «= \/« sin cos A, and 



{l + n(8ine)*}"-' 

- (2m - 4) 03 - 7) F._, - (2m - 5) 7 F._,. 

• 

Hence F« will at last depend upon Tj, Fq, F.,, that is 
upon an integral of the form 

fl T^-fl-. + ^+S(an &)*] i- ; 

^« (1 + » (sin 6/ j A 



'{^^T)fA->-- 



hence, whether R (sin^ d) be integral or fractional, it is demon- 
strated that every term m / . : can be made to 

depend upon one or more of the elementary forms 

FA9), EAO), n,(n,0). 
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154. We shall now apply the preceding methods to 
obtain certain results, some of which will be required in the 
advanced parts of the subject. 

Ex. 1. To express / . by an elliptic function. 

Assuming x = - — — , we find p « l + v/3> 9 - 1 - v/s ; 

and if ff? = ;= , or m s tan 15**, the transformed inte&ral 

v/TTm^ r 1 u 1 • n 

is zi= — / / — = \ hence, makms: ^ir 3= sec 0. 

V^S ^.v/(^-i)(i+«»V) ^ 

/ / -^ " " ~*^ / / . ^. . /^^6 ~ — 4/= F. (0) + const. 

„ 1 + y/s . y^ f Q^^ 

where c = cos 15" = ;=- , and w = — y/ S tan - +1. 

Ex. 2. To express ^ |i - eu'sine^)'}! ^^ "° '^P'^' 
function. 

The formula of reduction for / -— — -; or 

r \ V is 

Jb\i -c^(sin0)«}'"A 

C^sinflCOSd , V ,0 »r r ^ r itv »r 

- (2m - 5) F„.3* 
making n « - c^, in the general formula, so that a » ; 

, c^sindcosd ,_ „ 

let m = 2, .-. = - 6« F, + F_i, 

A 

1 c^ sin d cos 
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(? sin 9 cos Q l « .... c* sin cos Q 



r I 1 - ^ (T sm t/ COS ey 1 ^ ^/vv ^ 

We may observe that by making cot 0=b tan 0, we find 
r 1 1 i2Li> 



Ex. S. To express / -. — ; — ^^^.^ , by elliptic 

^ J^ {l + n(sin0)*pA "^ ^ 

functions. 

Restoring, in the general formula, the values of a, /3, 7^ 
and making m >= 2, we find 

sindcosdA / 1+c^ c*\ „ 
___ =2 1 + 4. - Fg 

1 + n (sm 0)^ \ w trj 

I n n* j nr 



n* n* J» A nJ,\n J A 

anflcos^A- f 2. ,. Sc'l _ . ^^ 



1 + w (sin 0) 

We shall next give the particular reduction of the follow- 
ing algebraic expression to the elementary forms. 
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/+^''»* g\ 



US. To reduce »= f( , . ^ "^ ^'^ , ^. j -^] 

J* \\/o* + 2a/3 cos aar* + /3'** pi 



to functions of the first and second orders. 



The term — ^ is added, in order that the value of the 

integral may continue finite, when of is indefinitely increased. 
In the first place, in order to make the quadratic factors of the 
quantity under the radical real, 

let 3^^ + a cos a + \/a + 2a/3 cosaw^ + /3^<»* = 2a«*, 

(sin ay 



.'. X = — h?r - cos a 5 — , 

i3 V 4;^?" r 



and vX = 2a«* - (/3j?* + a cos o) = a ( «* + g — ) 5 






(sin a)*'\ ^/X 



{f+g<^ g\'\/X ,^ 2 g /^\ ^ 

- ^ « V-^ a a (sin a)* 
but <p — — - — =s — - cos a s-- « 

/3 13 (i 2s^ ' 

f^i^lcosa + — (smay] 

VajS v/»* - «* cos a - ^ (sin of 
where the quantity under the radical 

-{««-(cosf)].{«*+(sin^)]. 
Now make z = cos - sec 0, .'. di^z = cos - sec 6 tan ft 
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and|«»-(co8|)|.p+ (an^)! 
= (co8 1) ' (tan ey |(cos ^sec9Y + (sin ^] '| 
= (cos I tan sec 0)» . 1 1 - [sin -Y (sin 0)'} ; 

/ - ^ a |<^°^ " + 2 (*'° 2 ) (<^°* ^)*[ 
v/^ V] - (sin -] " (sin d)' 

~ n 7 — ;r" ~/ — "' . — ^ „ ) where c — sin - ; 
i8v/a/3\/l-c*(sind)'' 2 

//3 + ^a Zga 

the origin of the integral being = 0, which corresponds to 
J7 s 0, because 



_, a? = « , 
2 



•» =» ( j^J tan \/i - c* (sin Oy ; hence when d 

and to obtain the value of u between the limits of «= 0^ a? = « , 
we must take complete functions in the above expression. 

Hence,jr''-t^ = w + ^ = tt+|^gj tan^V^l -c*(sin0y. 

156. Having thus shewn the mode of reducing the integral 
/ y — to the simplest form it is susceptible of, without di- 
minishing its generality, we proceed to the particular con- 
sideration of the elementary forms Fci(p) and E^ {(p) ; and first 
to the comparison of functions of the same order relative to 
the same modulus, which will furnish us with formulae for 
their addition and subtraction. Since all the functions in- 
volved have the same modulus, it may be suppressed^ for the 
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sake of simplifying the notation. The formulae for the com- 
parison of functions of the first order, result from the following 
Proposition. 

157. If (b and \f/ are dependent upon one another by the 
transcendental equation 

F i<p) + F (yl.) = F (a), 

they are also dependent upon one another by the algebraic 
equation 

cos (f) cos >// — sin sin \ff \/l — c^ (sin crY = cos o*. 

Consider <f> and yf/ each as a function of another variable t ; 
therefore, di£Perentiating the above equation, since a is a constant, 



v/l - c^ (sin (pf \/l -c^(sin\//) 



. = 0. 



As we are at liberty to assume (p to be any function of t^ 
and then this equation will determine the corresponding func- 
tion which expresses \^, let the function of t which expresses 
<!> be determined by the equation 

dt^ = v/l-c'(sin0f ; .-. d^x/. = - >/ 1 - c' (sin >//)l 

Square these equations, and differentiate, 

.-. cfj*^ = - ^c* sin 2 0, dt^yjf = - lc^sin2>/<, 

.-. dt^{(p ± \|/) = - Jc* (sin 2(f) i sin 2>//) ; 

or, if + >// = p, - ^ = ^^ 

^tP = - c* sinp cos g, d^^q = - c^ cos psinq; 

al8od^p.d^9=(d^0)'»-(d^>|,)2= -c« { sin'^ 0-sin Y} = -c^ sinpsin^; 

. ^«*P ^^^^^^ df(sin^) d/g d^(sinp) 
a^p sing sinq d^q sm p 

.-. ^^p = C sin g, d^g « Ci sin p (1) ; 
and Ci sinpd^p = Csin qd^qy or C, cosp = C cos 9 + Ca- 
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But if \/f « 0, F(<f>) = F(a)y .'. <f> ^ (r^ and p ^q tsQ-^ 

/. Cg = (Ci - C) cos (7 ; 

.'. Ci cos (0 + >^) = C cos (0 - >//) + (Ci - C) cos 0", 

or (Ci - C) cos cos ^ - (Ci + C) sin sin >//^ = (Ci - C) cos a. 

But making x|/ = in equations (l), after having put for 
d^p, d^q^ their values 

x/l-c^sin^y - \/l - c^ (sin >//)«, 

and v/l - c* (sin (py + v 1 - c^ (sin >|^)^, we have 



y/\ - c* (sin o-)^ - 1 = C sin o-, \/l - c'*(sino-)^ + 1 = 01 sin <r, 

.-. 2 \/l - c^ (sin cr)- = (Ci + C) sin cr, 2 = (Ci - C) sin or ; 

hence, by substitution, 

cos cos >|^ — sin sin y\f v 1 — c* (sin ex)* = cos cr, 

which is the fundamental equation, from which all properties 
of elliptic functions, where the modulus remains unchanged, 
can be deduced. 

158. The equation 

cos o* = cos (p cos \|^ — sin sin >^ \/l - c' (sin o*)* 

expresses how the amplitude cr of a function, depends upon 
the amplitudes of two functions of which it is the sum. 

If we clear it of the radical which it involves, we find 
(cos <f>y + (cos ypy + (cos 0")* - 2 cos cos >^ cos o* 
= 1 — c^ (sin sin yp sin o-)^ ; 
add (cos yp cos o*)^ to both members, and transpose, 

.*. (cos (p — cos \^ cos of = 1 — (cos ypY "- (cos o")* 

+ (cos y^ cos of — c* (sin sin >^ sin o*)* 

-s (sin \|^ sin af - c^(sin sin >^ sin a-)* = (sin\^ sino-)* { 1 - c*(sin 0)* } ; 

.•. cos <p = cos y^ cos c + sin >|^ sin o- v 1 — <? (an 0)* ; 
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(taking the positive sign, as we must have yj/ = (r^ when (p^O); 
this equation expresses how the amplitude of a function, 
depends upon the amplitudes of two other functions of which 
it is the difference. 



Similarly, cos yj/ = cos (p cos o- + sin sin a v/l - c* (sin xt)*. 

169. Hence, having given* two functions F {<p)y F (yj/), 
if we wish to determine a function F(a) equal to their sum, 
we must have 



cos 0- = cos <j> cos yfr— sin<f)sin\jf \/l -c^(sino-)*, (l) 

which gives sin . = ^n 0cos>f, A y H.sin>/.cos<^A(0) 
® 1 - c* (sm if) sin \j/y 

if we wish to determine a function F (S) equal to their dif- 
ference, we must have 



cos S = cos (p cos \/f + sin sin \^ V^l - c^ (sin 5)*, 

, . , . . r, sin cos xl^ A Nf) - sin >// cos d> A ((b) 

which gives sin 6 « '- -^ r^ — -r-*- ^ . 

I — cr (sin sin y) 



Hence, sin o- sin 



. (8in0)'-(sin>/.)» 
1 - c^ (sin (p sm y)* 



If c » 0, these values of sin o*, sin £, coincide with sin (0 + >/^)9 
sin (<p - >^), as they ought, for Fc:^o (sp) = 0« 

160. If(r = ^^, F=F(</)) + F (>/.), 
and the equation connecting (p and >|/ becomes 

V^l -c* tan tan \//^ = 1, or 6 tan (p tan x|^ = 1. 

If = ^, <r retaining its general value, F (o*) « 2 F (0), 
and cos o* « (cos 0)* - (sin 0)*\/l - c* (sin <r)* ; 
which may be transformed into 

a- y 1 - cos (T 

tan - ■= tan VI - c* (sin 0)% or (sin 0)* = / a^ - ==^ ♦ 

2 ^^ \ 7-/ \ ir/ i + vi -c^(sin(r)* 

29 
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the first gives the amplitude <r of a function that is double 
of a proposed function, and the second gives the amplitude 
of a function that is half a proposed function. 

161. The amplitudes <r, ^, >/^, may be represented by 
the sides of a spherical triangle, as the form of the funda- 
mental equation would lead us to infer. 

Let the sides AB^ JC, BC of the spherical triangle 
ABC (Fig. 21.) be denoted by c, ^, >|^ ; then the opposite 
angles C, B^ A, will be such that 

^ cos (T - cos cos yf/ / — -i rr 

cosC= . ^ » , = -V 1 -c*(smo-)S 

sm sm y 

cos 5 ss \/l - c* (sin 0)*, cos J = \/ 1 - c* (sin y^Y » 

sin C sin B sin A 



• . 



c = 



sin o- sin sin -^ 



These equations agree with the known properties of sphe- 
rical triangles, and shew that if a spherical triangle be con- 
structed with one obtuse, and two acute angles, such that 
the ratio of the sine of each angle to the sine of the opposite 
side is equal to the modulus c, then its three sides o*, 0, ^ 
satisfy the equation F (a) ^ F (0) + F (>//), a being the side 
opposite to the obtuse angle. 

162. Hence we can verify the results of the preceding 
Articles. Let the angle C and the opposite side a remain 
constant, whilst the other two sides vary; and let a 6 be the 
consecutive position of AB ; from the point of intersection O 
as pole, describe arcs of small circles aa, B(ij therefore 
a/3 s Ba ; and AB = a6, therefore Aa = 6/3, and ultimately 
— ^(pcosA = iyf/cosb ; 

,. . 4. cos 6 ^ylf cosB , 

.-. limit of -. ^5: = ■ ^» ^^ 1 ^^^ = - I ; 

cos^ d(p cos A ^' 

1 1 

cos B cos A 
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or . + — J d^ylf = ; 

y/\-<? (sin (py Vl - c^ (sin y\ff ^ ^ 

since (p ^ a, when \/^ = and consequently Z' (>//) = 0. 

163. Hence also we can abbreviate our operations, bj 
availing ourselves of the known relations among the sides of 
a spherical triangle. Thus, having given two functions to find 
the amplitude of a function that is equal to their sum, instead 
of solving equation (1) Art. 159. to find o*, we may proceed in 
this manner. Let ABC Fig. (22) be a spherical triangle con- 
structed so that its three sides satisfy the equation 

F(a)^F(<f>)+Fif); 

from the obtuse angle draw CD, the arc of a great circle, 
perpendicular to AB; 

.-. tan JDbcos^ tan<^=tan0\/l - c*(sin>/^)' = tan0A(>/^); 

similarly, tan BD » tan \//A (0), 

.-. (T^AD-^BD^t&n'^ {tan<f>A(ylf)\ + tan"^ {tan>/^A(9)}. 

Again, supposing > >//, make CE « >//^, AE^h ; then the 
sides of the triangle AEC will manifestly satisfy the equation 

and S = JD-J91> = tan-»{tan0A(>/^)} -tan-^{tan>//A(0)}. 

X . ^ ^v (sin (by - ^ (si"^ V' sin <by 
Also (sin ADy = / 2/ - , - ^J ' 

1 - c^ (sin y^f sm <py 

(sin 52))« = («i"V^)'-^(^^°0si"^)' . 

1 - c^ (sin sin \^)* 

(sin d)^ — (sin yl/Y 

.-. sin (T sin 5 = (sin ADy - (sin 5Z))« = T! ^ 1 > ,X2 • 

^ "^ 1 - c^ (sm sm y)* 

164. Again, let ^«_i, 0n> ^n+u denote the amplitudes of 
functions that are respectively (n — 1) times, n times, and {n + 1) 
times, a function whose amplitude is 0i , 

.-. F(0,)=nf(0,); 
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••• ^(0,+i) - (» + 1) ^(00 - F(0,) + F(<t>,), 

^(0.-0 - (« - 1) F (<!>,) - Fi<pn) - F (<!>,) ; 
hence, by the preceding Art. 

^,+1 = tan-i {tan0,A(^i)} + tan-> {tan (f>^ A (^n)\ j 
0,_i « tan-* {tan0.A(^,)} - tan"* {tan0iA(0O} ; 
consequently, by addition, 

tan(^0,+i + ^0..i) « tan0„A(0i). 
Let w = 1, 2, &c., .-. tan (^02) =s tan0iA(0i)» 
tan (^03 + ^(pi) « tan 08 A (0^), &c. 

thus by successive substitutions, we can readily compute the 
amplitude of a function which is a given multiple of another 
function. 

165. To find the amplitude of a function which is a given 
part of another, is more difficult ; for it requires the solution 
of the equation between sin0,, and sin0i, which would be 
formed by eliminating 0^, 03, &c. 0,.i between the equations 
in the last article, tan (^02) = tan 0i A(0i), tan (^03 + ^0,) 
= tan 02 A (0,), &c., tan (^0, + ^(pn-i) « tan0„_iA(0,) ; the 
degree of which increases very rapidly with n. We shall shew 
the method in the following example. 

Ex. To trisect a complete function. 
Let 03 = i IT, .-. tan (;J^ TT + ^0,) = tan 0^ A (0i). 
But F(08) + i^(0i) = F, .-. 6 tan 0i tan 08 = l ; 

.-. -^* = -cot 01 A (0i), or 6sin0, « (1 - sinA,) AfcAi), 

COS01 ' ' ■ ' r ' XT- , 

or (^ojf* — 2c*ar^ + 2a? - 1 = 0, making 07 = sin 0,, the equation 
for finding the required amplitude, which has only one real 
positive root. 

166. As an instance of the application of the preceding 
results, we shall take the arc of the Lemniscata whose length 

JP = cF^{(p)^ where c = ^\/2, 



229 

and the Z0 is such that CP^cos^, supposing JC « 1, 
(Fig. 13.) see Example 4, Art. 138. 

Let AQi AB be two other arcs whose amplitudes are 
y^ and o*; then if 

cos a = cos cos >|/ - sin sin y\f y/\ — ^ (sin <r)*, 

we have AB = JP + AQ, ; 

from which fundamental equation, the following results may 
be deduced. 

1. Let a ^\it^ then the radius vector CB s 0, and AB 
becomes the whole arc AQ,C ; .•. AP = AC - -4Q = CQ, ; the 
amplitudes of AT^ AQ^ being connected by the equation 

y— 1 — (cos >//)* 
tan d> tan >if « v 2, or (cos 0)* « 1-— ; 

^ ^ ^ ^^ 1 + (c08>/r)* 

and consequently the radii vectores CP ^ p, CQ ^ pa by the 

1 — D * 
equation p* = ^ . If P and Q coincide, \|r = 0, 

.-. (tan 0)* = v/i, and cos a v/^i - 1 ; 

hence the whole arc is bisected in a point whose distance from 
C is v/24 - 1. 

2. Suppose P and Q to coincide, when CB is not = 0; 
.\ AB =^2AP\ and the corresponding amplitudes are con. 
nected by the equation 

J. ^ 1 — cos a 

tan- = tan0v/l-i(8in^)'.or(«in0r=^-^^_^^^.^^^, 

by means of which we can determine an arc that is double, 
or half, of a given arc. For instance, if be the amplitude 
of a quarter of the whole arc ACy 

. 2* - \/2-2i 

(«^n0)« — irrr-' 



'.• cos <r « \/2i - 1, where <r is the amplitude of half -4 C*. 
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3. Let the whole arc be trisected in P and Q, and 0, y^fy 
denote the amplitudes of AP^ AQ ; then, because AQ is bisected 

in P, (cos (filf - (sin 0)* \/l - ^ (sin >|^)* = cos y\f ; and because 

CQ =8 -4P, tan tan \^ s -^/s ; let cos = ^, 



o 1 - ^ . ,12 0?* 
.'. (cos ylfV = :_- , (sin >!/)* « 5 , 

hence, substituting and reducing, 
v/l + 0^ - s/l-a^ = v/l -0?* ; .-. a? = cos = (2 V^ - 3)*, 

and the chord CP, subtending two-thirds of the whole arc, 
t= (2 v/i - 3)i. 

We proceed next to investigate formulae for the comparison 
of elliptic functions of the second order ; they all result from 
the following proposition. 

167- The same relation among the amplitudes, 
cos cr 8= cos cos >^ - sin sin y^f \/\ - c* (sin <r)% 

which gives F (0) + F (^) - F (a) = 0, 
gives E {<p) + E (y\r) - jE (<7) ■= c* sin sin >|f sin a. 

Since >|/^ is a function of by virtue of the equation of 
condition, we may assume 

JE (^) + £ (,/,) - E ((t) =/(0) ; 

• • «^«/(^) = A (0) + A (>/.) d^>/. 

COS (b — COS \1/- COS (T COS >// — cosd> COS a 

= ^. , / + . , / d. ylf (Art. 158.) 

sm yj/ sm (7 sm sm o- i* r y 

= — . ^ . — r"T — d^ { (sin 0)* + (sin ylfV + 2 cos cos \^ cos o- \ . 
2sm0sin\//^sm(r '^ ^ ^ ^ ^ * 

But (sin 0)* + (sin yf/Y + 2 cos cos >^ cos (j- = 1 + (cos o*)* 

+ c* (sin sin yjf sin a)^ 
*'• ^^(0) = ?*^^ (sin sin yf/ sin o-) ; 
•*• /(0) ■■ c* sin sin >^ sin cr, 
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no constant being added '-'/((p) vanishes when ^ = 0. Hence, 

E (<f>) + E (\|^) - J5 (<r) = c* sin (p sin yff sin cr, 

which is the general equation for the comparison of elliptic 
functions of the second order. 

168. The different forms which the fundamental relation 
among the amplitudes, 

cos a = cos <p cos >^ — sin sin \^ \/l — c* (sin <r)^ 

was made to assume in Art. 159, in reference to the equation 

F(<p)+Fif)-F{<r) = 0, 

are all of course applicable when ^, \^, a are considered as 
satisfying the equation 

E (([>) + E (>/f) - jB (<7) = c* sin (p sin \^ sin <7, 
or, more generally, 

G ((p) + G {\ff) - G(<r) -c^ sin sin yj/ sin o-, 

denoting by G (0), E ((p) +kF (0), k being any constant 
coefficient. 

169. Make o- » ^ir in the equation 

jE(^) + E(\p) — E{(j)^(? sin <p sin >|/- sin <r, 

.". £(0) + E{y\f) - E ^€^sin<p sin >/f, 

and the equation connecting (p and \/^, becomes 6tan0tan>^=l^ 
cos \/^ 

« . . V ^ ^ . V « c* sin \^ cos >!/■ c^ sin d> cos </> 

... E«l»^EW-E ^^, or '^-^^, 

because d> and \^ are similarly involved. 

If = x^=fl, 2£ (d) -£ = <;» (sin 0)*-c''-=-{l + (cot 0)«} 

and its complement E - E(d) =^E -^(l -b). 
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170. Again, in the general equation, let a \^, 
.-. 2E{^) -E{a)'- c* (sin ^)« sin cr, 
the relation between (p and o* being 

cos <7 «= (cos (py - (sin (py \/l - c* (sin af ; 
which, as in Art. 16O, may be replaced by 

tan — = tan d) A (d)), or (sin d>Y = 7-r ; 

2 r vT-^ ^ ^^ 1 H- A (cr) 

the first gives the amplitude of a function that differs from 
twice a given function by an assignable algebraic quantity ; 
and the second, one that differs from half a given function 
by an assignable algebraic quantity. 

171* Lastly, if 029 039 &c* be the amplitudes that satisfy 
the equations 2 F(0,) = -F(02)9 SF(0i) = F(^), &c. the values 
of which may be obtained, Art. l64 ; and if in the equation 

JE(0i) + E{yff) - E((r) = c* sin 0i sin yjr sin cr, 

we change yj/ into 0i, 029 &c., 0x.i successively; and, conse- 
quently, a into 02, 03, &c., 0., by reason of the equation 

by adding all the equations so formed together, we find 
n£(0i) - E(j^n) =: c^ sin 0^ (sin 0i sin 02 + sin 08 sin 03 + &c. 

+ sin0,_isin0,). 

172. We shall now illustrate the above properties of 
elliptic functions of the second order, by certain problems on 
elliptic arcs. 

Let the ^ axes of the ellipse be 1 and 6, and let 

c - \/l — 6* ; (if it be desired that the ^ axes should be a 

h 
and 6, it will only be necessary, by substituting - instead of 

5, to make the results homogeneous) ; also let w « sin 0, and 
y ^ b cos 0, be the co-ordinates, parallel to the axes, of a point 
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P in the ellipse, fig. 5 ; then, reckoning from the extremity 
of the axis minor, BP = E^((p), by Ex; 11, Art. 137. 

Let 5P, jBJT, BR be three arcs whose amplitudes 0, >^, cr, 
or the abscissae of whose extremities, sin 0, sin \|/^, sin a*, are 
such, that 

cos a = cos (p cos >^ — sin <^ sin yj/ v/l — c* (sin o-)*; 

then BP+BK - BR ^ c^ sin sin >/. sin o- = c^ CJNT. CL . Cilf, 
which is the general equation for the comparison of elliptic 
arcs. The following are the principal results which may be 
deduced from it. 

1. We can assign, in an infinite number of ways, two 
arcs whose difierence is equal to an assignable straight line. 
For 

BP ^ KR ^ BP + BK " BR ^ c" sin (p sin >// sin cr ; 

.'. jBP, KR have the required property ; the angles (j) and y}/ 
may be assumed at pleasure, and then a must be determined 
from the expression, 

<r = tan"^ {tan0A(>/^)} + tan"^ {t&n yj/ A((p)} . 

2. Let or = — , then R coincides with A* and BR becomes 

2 

' the whole quadrant BA ; 

.-. JBP - JT J = c^ sin sin >// = c* . CAT . CZ, 
under the condition b tan tan yf/ ^ 1 ; 

« « ^ J c^ sin cos <6 _,, 

or BP- KA^ ^ ^ = PY. 

A((p) ' 

CY being perpendicular to the tangent at P ; 
jfor CP" = (sin 0)^^ + b^ (cos ^y, CF* :. 6^ ^ (i + 6« - CP"), 
,« f «,. .v«^ **,, c^cosd)sin</)l 

this is Fagnaiii^s theorem, and agrees with Ex. 12, Art. 137. 
30 
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3. Let P and K coincide in the point 0, R being at A ; 
•*• >^ B ^ a suppose ; 

then &(tan0)^ « 1, 
.-. BO- J0 = c^(8ine)*=-^ = 1-6, 

1 + o 

1 

the co-ordinates of beinir, sin 9 = y , 

** V^l + 6 

and 6 cos 9 « — . , as found in Section viii. 

V^l - b 

4. Let K coincide with 0, or >|/^ = ; then 

and jBP + BO - -BiZ ■= c* sin (p sin sin<r ; 
.'. BR - 5P = ^ ABy provided sin sin <r = ^ sin 9* 
Also COS0 = cos^coso- + sin0sincr\/l — c* sin'0 
gives cos (p cos o* « -^ cos ; 

from which sin (b, sin 0-9 may be found, the abscissae of the ex- 
tremities of an arc = ^ the quadrant. 

5. Let d> ^ yf/ in the general equation, then K coincides 
with P, 

and ^BP-BR = c^ (sin (f>y sin cr, 
the equation of condition being 

cos a = (cos ipy - (sin 0)* \/l - c*(sincr)*. 

■ 

Hence if Z SCQ = (f>, and we take 

tan ^BCS = tan ^ « tan <j> A (0), 

.,. .vo . «« 2c*(sin0ycosd)A(d)) 
then B2Z«2BP-cH8in^ysin(7-2SP iJ^c\sin^y '' 

which are the formula for doubling dliptic arcs. 
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6. Bat if BR be given, and the abscissa of P be taken 

. , . / 1 - cos <r 
= sm (z> » A/ 7— 5 

then BP^^BR+ ^{l -A(<r)}tan-; 
the formulae for bisecting elliptic arcs. 

Thus, let R coincide with the point determined above, 
or <r = fl ; 

••. (sino-y = ; — -, A(a) « v/6, tan^ = v/l + 6 -\/b; 

1 -j- o 2 

/. BP = ^BO + i (1 - \/b) (\/lT6 - \/b) 

= ^JB + ^(1 - 6) + ^(1 - v/6) (v/rTft - v/6) 

The arc thus determined in general diflFers from the double or 
the half of a proposed arc by an algebraic quantity ; except in 
certain cases when the difference may be made to disappear, as 
in No. 4. 

173. We shall next exhibit the corresponding properties 
of hyperbolic arcs. 

We have seen, (Ex. 14., Art. 137.) that if C be the center, 

and S the foc us of the hyperbok AP, Fig. 4, and CaS = 1, 

CA = c^h ^ \/l -c^ ; and (p be such, that the ordinate 

PN « 6^ tan <f), and consequently CN « c sec ^ A (0), 

Cr=ccos0, CP = \/c^ + y (tan 0)«, PY ^ tan0A(0); 

then the length of the arc JP = tan0A(^) -£(0) + 6'P(0) 

« tan A (0) - G(0), {if G(0) denote £(0) - b^F (0)}, 

or PY^JP^ G(0). 

Let 0, >/r, cr be the amplitudes of three arcs, JP, JJT, Ji?, 
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(and therefore 6* tan ^, 6' tan >/r, 6* tan cr the ordinates of 
their extremities), connected by the equation 

cos a = cos cos >^ - sin sin ^ \/l — c^(sin(7)% 

then G (0) + G {y\f) — G{g) ^(? sin sin \^ sin c, 

which is the general equation for the comparison of hyper- 
bolic arcs. The following are the principal results which 
may be deduced from it. 

IT 

1. Let tr = — 9 and .*. b tan <p tan ^ s l ; 

•'• G {(p) + G (yj/) - £r » c^ sin sin >/^, 
or G + JP + -4Jr s tan A (0) + tan>/f A (>//) - c* sin sin >|f 






sind) smxl/' « • . • , 
= ^— ^ + -r^ - <r sm sm >^, 
sin>|/^ sm0 ' 

. cos\/^ cosri)\ 



or G + uiP + ^iT 



sin sin \^ 
•.• (1 - c*) (sin 0)«(sin >/,)«= 1 1 - (sin 0)'} { 1 - (sin >/^)«} ; 

.-. G + ^P+^Jr = -,£'iNr.CL, (1), 

c 

A (0) sec = - CJV, -T—T = - C£. 



sin \^ ^ ^ c sin 

The complete function G represents the diflTerence between 
the lengths of the asymptote and infinite hyperbolic arc (be- 
cause when the amplitude = ^ tt, the corresponding perpen- 
dicular upon the tangent vanishes), and is here expressed by 
means of two related arcs and the abscissae of their extremities. 

2. Let P and JT coincide in the point O, R being at an 
infinite distance, 



i 
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.'. ^ = \^ «a d suppose ; then b (tan 0)' = 1 , 
and the co-ordinates of O are 

y = h^ tan = 6i, /» = c \/\ + b ; 
also the intercept of the tangent at O 

=. tan0\/l -c^(sin0)* = 1, 

.-. G = 2G(0)-c«(sin0)« = 2(l -•AO)" (l - fc), 

or G = 1 + 6 - 2 JO. 

The point is a fixed point, and enjoys properties similar to 
those of the point O in the ellipse. 

3. Substitute this value of G in equation (I), 

.-. 1 +6-2^0 + jp + jjr« icivr.cz, 

or PO- K0^\^^h-\CN. CL, 

the points P, if being so related that the ordinate of O is a 
mean proportional between their ordinates ; for the equation 

6 tan tan \^ = l gives 6* tan (p . W tan \|/ = 6*^ 

174. Elliptic functions of the second order can always be 
represented by the arcs of an ellipse ; but to assign an alge- 
braic curve whose arcs shall represent generally functions of the 
first order is more difficult. Perhaps the simplest curve which 
has this property is that which is constantly touched by a 
perpendicular to the diameter of an ellipse, through its ex- 
tremity. Let ATB be this curve (fig. 11. bis) its tangent PT 
being perpendicular to CP\ then if 

/ PTM= PCM = e, and .-. CP^ 



^/\ - & (sin Off \ 
by Art. 136, arc BT -- TP ^ f^ (CP) = bF(e)y 
because BT and 9 vanish together^ 
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.-. BT = bF (6) + — , ••• PT = d, (CP) ; 

and making = ^ir, the whole arc ATB = bF. 
Kafss MTi and y « MC be co-ordinates of y, we have 

^ = CP sine + PT^cos^ = -^ (1 + c* cos20), 



y - CPCOS0 - PTsin© = —^^j-(b^ + c?^cos2e), 



frcosd 
by means of which equations the curve may be constructed. 



176. As c varies from to 1, F^ ((pi) changes from j[^ 1 =0, 

to / — — = log (tan + sec0) ; similarly E^ {<p) changes from 

<j>9 to ff,coa (p = sin 0, as c varies from to 1. In Section vii. 
we expressed the values of these functions in series which 
converge with tolerable rapidity when c is small ; we now 
proceed to investigate formulas by which their values may be 
accurately computed for all values of e. 

We shall first obtain the values of the complete functions 
Pg, E^i when c « 1 very nearly, and therefore 6 is very 
small. 

Now Pe (0) = ji sec f 1 + 6* (tan (py] 'i 
= /^ sec0 { 1 -ift^ (tan0)« + ^6* (tan 0)*-1^6« (tan 0)^ +&c.} 

= /^sec0-^6« ^-sec0tan0--/^sec0j 

+ —^6* i- sec (f) (tan (py — sec tan + - j^ sec 0> - &c. ; 

since J^ sec (p (tan (py = — sec (tan (py^^ 
n - J 



n 



f^sec(p (tSLU (py-^ ; 
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1^2 1 Q 9 

.•. F^ (0) e log (tan + sec 0) . (l + ~ + -^. -6* + &c.) 

6* IS 1 3 S 

--8ec0tan0{l-^6«(tan0)«+^.-6»+&c.|. 

Let tan « — ^ , .-. F^. (0) = - F^ and sec o = y=- ; 



2 ^ 2.4 8.42 ^ 

Hence when 6 » very nearly, or c » i. 



'•-"•« (t?) ■ ""^ (j) 



176. Similarly, £, (0) = j!i cos { 1 + 6* (tan 0)*} 1 
= j|^co8 0{l+-6» (tan 0)* ^6* (tan 0)* + &c.} 

Z ^ • 4 

«sin0{l--fe««— .-6*(tan0)«-— .-fe* + &c.{ 
^ ^ 2 2.4 2 "^ ^^ 2.4 2 * 

+ log (tan -f sec 0) I — + . - 6* + &c. J , 

\Z z • 4 z / 

by the formula j(^ cos (tan 0)" 

1 fi — 1 

sin (tan^)*-* J|^ cos0 (tan 0)"-»; 



n-2 ^ "^ »-8 



let tan0--7^; .-.IJ.C^) - -£. + -(1 -6); 

Vl +6* 2 2.4 2 ' 
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, /I + v/l +6\ lb* 1.1 S .^ .\ 

Hence when c « 1 very nearly, or 6 = 0, 



E,^l + 



fNO-il 



177« In order to approximate to the value of F^ (0) for 
any values of c and 0, we must change it into another similar 
function having a different modulus and amplitude. By the 
transformation of Lagrange which we are al^out to give, we 
may compute either a scale of decreasing moduli reducing 
F^ {(p) to an angle, or a scale of increasing moduli bringing it 
nearer to a logarithm ; the process depends upon the following 
proposition. 

178* If the amplitudes and moduli of two elliptic functions 
of the first order F^ (<p) and Fg^ (0i)> be connected respectively 
by the equations 

sm (2 <p - <Pj) = Ci sin 01, c = , 

L -{- Ci 

the functions themselves are connected by the equation 

The equation sin (2 — (pi) «= Cj sin 0,, 

gives cos (20 - 0i) = y/i - (c, sin 0x)* = Ai ; 

.-. cos 2 «s cos (2 - 01 4- 0i) = Aj cos 01 — Ci (sin 0i)% 

or (sin 0)^ = 1 J 1 « Ai cos 0i + Ci (sin 00'} , 

2 c 

.-. 1 - (c sin 0)« « 1 - L_^ {1 - Ai cos 0i + Cj (sin 0i)*} 

(1 + Ci) 

= 7; r^ {1 +Ci^ + 2Ci Ai cos 01-2 (ci sin 0,)»i 

(1 + Ci)- ^ T ^ T ^ J 

Ai' + 2 Aj c, cos 01 + (ci cos 0i)* 
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/. A = ^ ; also 20 = 0i + sin"* (pi sin 0j), 

♦>^^^ Ai A, 

A ♦'^^^ A. ^^A 2 7^^ A,' 

or F, (0) - i^' F,. (00. 
since and 0^ vanish together. 

179. The above relations may be expressed differently, 
as follows. 

The equation c = , gives o «= v 1 - c* = , 

1 + c, 1 + Ci 

and therefore c. = 1^ ; also ^^^ ^J ^^^ = ^ , gives 

*^(<P^-f) » iZf? , or tan (0. - d>) = 6 tan 0. 
tan 1 + c, ' ^^' ^'' ^ 

Hence F, (0) - ^ F,, (0,) . 

If = I , then 0, - IT, and (Art. 99) F^, (tt) = 2 F,, ; 
hence the relation between the complete functions is 

F. = (1 + cOF,^, or F, - j-^^«,. 

180. Hence to transform a function F^{^) iiito another 
with a smaller modulus^ we have 

31 
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Ci, 01, being determined by the equations 

Ci « -9 tan (01 - 0) = 6tan ; 

(Ci is manifestly less than c, ••• ~ 



which is < 1 ; and 0i > 0) ; 

2 
and for a complete function, F^ = Fc . 

To transform a function Fc (0i) into another with a 
larger modulus, we have 

c, 0, being determined by the equations 

c s L, sin (20 - 0i) = Cj sin 0i ; 

1 + Cj 

and for a complete function, Fc = Fc. 

' 1 + c?i 

The first transformation is to be used when c < sin 45% so 
that by repeated applications the function may be reduced to 
an angle ; and the second when c > sin 45% in which case the 
function will be brought up to a logarithm : the two following 
Articles contain the resulting approximations. 

181. To approximate to the value of jP«(0) to any 
degree of accuracy, c being < sin 45^ 

Here we must reduce Fc((p) to an angle, by diminishing 
the modulus. 

Let there be a series of decreasing moduli o, Ci, c^, &c., c« 
derived from one another by the law that 

1-6 l-6i 1-6.- 1 

^^=776' '^''iT6;'*^'-*'-'^r76r/ 
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69 &19 be., i„_^ denoting the complements of c, Cp &c., c^.j ; 

and a series of increasing amplitudes 0, 0i, 0s » &c., 0^9 
such that 

tan (0j - 0) « fttan 0, tan (^ji — 0^) « 61 tan ^^ &c. 

tan (0, - 0,_i) = 6,.i tan 0..i ; 

_1 1 1 1 ^ 

As the moduli decrease rapidly, a small number of opera- 
tions will give a sufficiently accurate result. If n be so large 
that we may suppose c, = 0, then /\.^(0,) = 0«. 

• 

When the process is pushed so far that the modulus is 
very small, the modulus and amplitude of the succeeding func- 
tion may be obtained by the series 

1 - \/l - c,» 1.5 . 1.3.5 , ^ 

l + \/l-c,' 4-6 4.6.8 

0r+l =20^ - CV sin 2(f>r + j^Cr^ siu 40, - ^Cr^ siu 60, + &C. 

For the value of the complete function we have 

Pc =(1+Ci) Fc^ = (l + C,) (1 +C2) Fe, = (1 +Ci) (1 + CO — O+C,)^, 

the number of factors being such that c« s o very nearly. 

182. To approximate to the value of F^(0), to any 
degree of accuracy, c being > sin 45^. 

Here we must raise F^{ip) to a logarithm, by increasing 
the modulus. 

Let there be a series of increasing moduli c, c\ c\ &c., c^*^ 
derived from one another by the law that 



'r+l 
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and a series of decreasing amplitudes <pj <p'f (p'\ &c., ipf^\ such 
that • 

sin (2(f> ^ (p) ^ c sin 0, sin (2 (pf' - (j/) = c' sin (j)\ &c,, 

sin (2 0<*> - 0<*-'>) « c^"-'> sin ^« -*>. 

Then F^ (0) = ^F, (0') - ^^ . ^-^F, (0") 

1+c 1+c 1+c l+c^"-^> ^ ^^ ^ 
If n be so great that we may suppose c^"^ = 1, 

then JV., (0W) = log tan (* + ^) . 

For the value of the complete function we have 

F,^ -F«'= jf^c" 

' 1+c ^ 1+c 1+c ' 

= (l^c)(1.^0...(l + o(-'>) '"« (^) ^^''- '''^- 

We shall next apply Lagrange^s transformation to func- 
tions of the second order. 

183. Let there be two elliptic functions of the second 
order E^ (<f>) and Ec^^ (^1)9 whose moduli and amplitudes are 
connected by the same equations as in Art. 178, viz. 

c = ' , and sin (20 — 0j) = c^ sin 0j ; 

1 + Cj 

then, since (1 + c^) A = A^ + c^ cos 0^, and 

^ /^x A, +CiC08d)i XA-J /^x (Ai+Cicos0,y 

2^*. (<^) * -^— ^ —* •••2(l+c,)Ad^^(0) = V-i_±_V2i 

■= — { Aj* + 2 AjCi cos 01 + Ci' - c^* (sin 0i)*} 

Ai 

1 6* 

-« — (2Ai*+2AiCiCOS0i-6i*) = 2Ai + 2CiCos0i — -^; 
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therefore, integrating, 

(1 + Cj) E, (<p) = £., (00 + c, sin <t>, - \b* F,^ (0,). 

the equation which connects the two functions ; where, as 
before, the equations connecting the moduli and amplitudes 
may be replaced by 

Cj e ; , and tan (0^ — 0) = 6 tan ip. 

Also by this formula, a function of the first order is ex- 
pressed by means of two functions of the second order. 

For complete functions, making ss — , 0^ » tt, we have 

(i+0^, = 2i;,^-V^,^, or i;,-(i+6)je;,^-(i-c,)f,^. 

184. By the above formula of reduction, E^ (<p) is ex- 
pressed by functions of the first and second orders having 
smaller moduli; and the operation may be continued at 
pleasure. 

Thus, let Ec^ (^2) be another function whose modulus and 
amplitude are such that 

1 -61 
C2 = r , and tan (02 "* 0i) ~ ^1 ^an (f>i , 

.-. (1 + Cj) £c,(0i) = Ec, (02) + Cs sin (p^ - ^blF,^{^i) ; 

therefore, by division, {denoting Ec (0), -Eq (0i)> ^e^ (^a)* 
by JB, El, JEg, for the sake of brevity}. 



(1 


+ c») 


£.- 


• Ef^ 


-Cg 


sin 02 




6? 


1 + 

» 

2 


Ci 


• 
2 


1 


1 


-< 


I - Cg 


1 

■ 


-6, 


• 1 


1 ^ /I 


> _• . 


2 



, by Art. 178 ; 
_ 26 

1 + 6, 1+61 1+^1 
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.'. (l + Ci) jB - jBi - Ci sin ^1 

- -^ (1 + bi) {(1 + cg) £, - £j| - Ci sin ^2} 

- J {«!;, - (1 + 6.) E, - (1 -6,) sin^} ; 

.-. 2 (1 + c,) £ - (2 + 6,) Ei + -il+b^Et- 2c, sin 0, 

+ sm (pi^Oj 

the equation connecting three consecutive functions of the 
second order. 

Let <f> B -^Tr, and therefore, 0i = ir, d>s «= Stt; the formula 
then becomes, since -Ecj(^) « SjE^^, £ci(2ir) = 4.jBci> 

2(1 + cO^c- (2 + b{)E,^(w) + ^(1 +6i)i;c.(2^) « 0, 
or (1 + c,) IJc - (2 + 61) JB,^ +*! (1 + 6,) E,^ - 0. 



185. The formula of Art. 183, as was observed, enables 
us to express an elliptic function of the first order, by two 
elliptic functions of the second order; so that if the modulus 
and amplitude of a proposed function of the first order be c^ 
01, we have 

6!^c,(0i) ^'2£c,(0x) -2(1 +c,)£,(0) + 2c,sin0,, 
c and <f} being given by the equations 

2 vc, 

, sin (20 — 0j) = Cj sin <p^. 

JL T C. 



C = 



Hence a hyperbolic arc can be expressed by two elliptic 
arcs, which is Landen^s theorem. 

For by Ex. 14, Art. 137, if in Fig, 4, we make 
CS =1, CA ^ Cj, and NP « ftjtan^p 
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length of hyperbolic arc AP 

- tan 0, Vl - cj (sin <f>,Y - E,^ (0,) + 6j F,^ (0,) 
= tan0jv/l-cJ(sin0j)«+£,^(0i)-2(l+Ci)i;e(0) + 2Cisin0j. 

186. Hence also we can express the difference between 
the lengths of the asymptote and infinite hyperbolic arc, by the 
difference between the lengths of two elliptic quadrants. 

For PY-JP^ 2(1 +Cj) JBe(0) - £c, {(pi) - 2Cisin0j. 

Let 0j s ^TT, .'• cos 20 » - Cj, and consequently, 

(an 0)« - i±i3 - ^ ; .-. (Art. 169-) 17« (0) - iJC, + il^; 

hence the difference between the asymptote and infinite arc of 
a hyperbola whose ^ axes are c^ and \/l - c^^ 

= (1 + Ci)E, + (1 + cO (1 - 6) - £e,- 2ei 

1 -6^ 



(l+e0^c-£c., (v ""^"^YTl) 



«= length of elliptic quadrant [^ axes, (l +Ci) and (l -cj } 
- length of elliptic quadrant {^ axes, 1 and \/l - Ci*} . 

187« The formula of Art. 184, enables us to assign the 
value of Ec(<p) i° terms of two similar functions having smaller 
moduli, and by continuing the process, we may obtain a result 
as accurate as we please ; we may, however, approximate to 
this value more conveniently, by considering the more general 
form 



Gc(0)-/ 



Co + 60 (sin (py 
^ A,(0) 



then, making the same assumptions as in Art. 178, 
(8in0)»-i^l -A,oo«0,+c,8in»0,}, and _d^(0)-_fl._. 
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••• Gc(<f>) - 4 {oo + ^(1 - A, cos 0, + c, 8in» 0,)}-^' • ^ 

— 2^ ^-^^ ^'^ ■*■ 2 "^ "T ^'^ a; " 2 ""• ^'^ 

or G.(0) = 14^ {G., (0.) - ^b„ sin 0.} ; 
Similarly, G^^ (0i) = ? { G^^ (^g) - ^fc^ sin ^g} , &c. = &c. 

««^. ('^.-1) - ^-~ {Gc, (<t>n) - i&«-. sin <p,}. 

Let n be of such a magnitude that e. may be neglected ; 
.-. A,«l; also 6i=^6o<?i, 62=^61 Cg^^CiCgfeoj fea^gfts^s^i^CiCBCsfti 



0> 



and fc« = — CiC£...c^6o5 therefore, afortiorif 6„ may be neglected; 

and ai = Oo + i^o* ag «= Oi + -^fti = Oo + ^60 + ^61, 
a3=ag+^g=ao+i6o+^6i+^g, o„=:ao+^fto+^j+l6g+&c.+^._, 

= »o + i^oO+^i+J^CiC2 + ^CiC2C3 + &c.+ — :^CiCg...c._i); 

and G,^ (0,) = J^^ {a« + 6„ (sin 0,)^} = o»0„. 

Hence, collecting the results, and substituting for a„j b^ 
&g, &c., 6„.i, their values, we get 
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. ^Ci sin 02 + 1^(1 + Ci) (1 + cj) (1 + Ci) . ^CiC2 sin 08 + &c. 

the moduli and amplitudes being derived from one another 
by the formulae 

1-6 



For complete functions, (p « ^w, 0i » tt, 
or Ge = -0 +Ci)(l +C8)...(1 +c»){ao + ^6o(l +^Ci + iciC2+ &c. 

If we make Oq = 1, 6o = - c*, Gc(0) will become = Uc(0)» 
and the resulting formulae will give the length of any elliptic 
arc. 

Also by Ex. 14, Art. 187, length of a hyperbolic arc 






8 

=5' 



;sin (py 

hence, if in the value of Gc(<j>) we make Oq = c*, 6o = " ^y w® 
obtain the length of any hyperbolic arc. 

If 00= l-€and6o=-c*, then G^(0)=-B(0)-€F(0); and 
^c(0) - -~^ 4(1 - € - ^c» - ^(^c, sin«0,);^ + "~-sin0,. 

Nowletc«^ = (i±^I^^^ 

F (1 + Ci) Fi * ^ /It 

••• G.(0) .i±^4{l+6-|(l + fe)^e.-ic«-ic»c,8in»0,}i- 
32 
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+ sin m, 

2 ^* 



l+e^ (l+b)* . . • « . ^ 1 1 /, i.\ • A. 

= -—■ . ^'^-^^ (»-«!- «i «° 0i) ^ + i (1 - *) 8™ ^1' 

or (1 + c,) G, (<p) = G,, (0i) + c, sin 0, ; 

_ , <^F sin rf) cos d> 

.'. FGX<p) - F,G,^ (<^.) = c,F, sin ^i or = — ^^^^ • 

188. We shall now prove a remarkable relation, dis- 
covered by Legendre, between complete functions of the first 
and second orders, whose moduli are complementary to one 
another, and which may be useful as a formula of verification ; 
viz., that 

EcE^ - GcG^^^TTi where Ge denotes Ec - i^c- 
we >...e.,^.<*) = ^^^' = lX^' ■!«.(*). 



C 



c 1 c 

Similarly, d^Ej, ^ d^h . dj,Ei, == " r • ^ ^6 = " g^ ^6' 

Again, <i.F.(^) .j^^-^^-J- - -F.(0) 
„ 1 {^£,(^) , ^ ^?^} - 1 F.(^), by Ex. 2. Art. 154, 



hence d«Gc - d^Ec - d^Fe = - 5 •£« ; 



c 



amilariy, d.Gj - - j • - 3-^ = ^ ^»' 
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Now let C denote a function of c, and suppose 

C = i^c^ft - G^Gj,9 

therefore C does not involve e, and is the same for all values 
of c. 

Now if c be very small, /; = ^ M + Ij, jB^ = ^(i - -j, 
i^* = logQ,£j=l. Therefore, since i;,F,-(F,-£J/'j = C, 

log f- j « C; but when c «s 0, c^ log (- j « 0; 



we have 

2 4 



189. The equations 

give/'.-^e-c.d,!;,, £,«(l-c«)(F, + c.d,F,), 

by means of which the value of either of the complete functions 
Fg, jB^5 can be deduced from the known value of the other. 

Dififerentiating the former of the above equations, we find 
d^F^ = - c . d* JEp ; therefore, substituting in the latter, 

(l-c«)dJJ5, + i^I~d,i;, + £,«0. (1) 

c 

Similarly, differentiating the latter, and substituting the 
values thence obtained of E^ and d^E^ in the former 

I — 8c* 
(1 - i?)^,F, + d,F, - F. - 0. 
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If we regard E^ and F^ as functions of 6 the complement 
of the modulus, since 



c „ ^_ c^ ^-, 1 



d,£,= -^.d,£„ ^,E, = r.'4E,-:^.d,E,, 



by substitution, we find 

1 - S^ 

similarly, (1 - 6») . e^F. + — ^— . d^F. -F,~0. 

Hence the complete function of the first order is deter- 
mined by the same differential equation, whether it be regarded 
as a function of the modulus, or of the complement of the 
modulus ; and the integral of that equation, if in it we replace 
F^ by y, will be y = aF^ + a'Fj, ; and the integral of (l), re- 
placing Ec by %9 will be af « 6* (y + cd^y) ^^aEc + a (-Fj - E^), 

190. The transformation of Lagrange, is a particular 
case of the general one of Jacobi, which we shall now give; 
but we must first explain the following notation, which will 
be found convenient in investigating it. 

Let Fn^cf)) be the function which it is proposed to trans- 
form, of known modulus A?, and amplitude which may have 
any value from zero to infinity ; and let it be denoted by u^ 
so that -Fjk(0) = u; 

then (j) s amplitude of «^ = -^jkC^)) ^ ^^ is written ; 
or fp^Au simply, when it is needless to indicate the modulus; 

and sin0 as AvkA^iv)^ or « sinj^f^. 

The function miA^{u) is one of the most remarkable that 
has ever been introduced into analysis ; and, regard being had 
to the analogy of Trigonometrical functions, into which Elliptic 
Functions merge when the modulus vanishes, it is evidently 
one without the consideration of which we cannot hope to 
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arrive at a complete knowledge of FJ^{(|)) the function of which 
sin J t^ is the inverse. For in the equation 






it is a considered as a function of u^ or a? = sin Uy (and not 
u = sin'^ ai) that has engaged the attention of mathematicians, 
and which possesses properties so important as to make its use 
perpetual in all analytical calculations ; the properties for in- 
stance of having one determinate value and no more for any 
given value of m ; of having all its values periodical ; and of 
being capable of being resolved into factors, or developed in 
a converging series of powers of u. And we shall in the sub- 
sequent articles shew that sinAu in like manner (to specify 
only some of its properties) has one determinate value and no 
more for any given value of u ; that all its values, imaginary 
as well as real, are included in two periods, one real and the 
other imaginary ; and that it is expressible by a fraction whose 
numerator and denominator can be resolved into factors, or 
developed in converging series. 

191. Let — Fj^ss a)y p being any given whole number; 
P 
and let ai, ccg, as, &c. be the amplitudes of w, 2a;, 3q), &c. 

so that 

^»(«i) =^^». ■P'»(««) -^^» = 2n(«i).-F'»(«s) = «^»(«i),&c.; 

then Oi may be approximated to by Art. l65, and ag, as, &c. 
obtained from aj, by Art. 164; therefore ai, a2» as, 8ec. may 
be regarded as known in terms of p and k. 

Then pw = J^^, .•. A(pu)) = -Jtt, and %inA(pa)) = sina^ = 1 ; 
2pw = 2/\ = /\(7r), .-. J(2pa)) = tt, sin J(2jpw) = 0; 
npto = nFj^ « -F^C^wtt), .*. A(npw) = ^wtt, 

and sinA(npa)) or sin A{nF^) = 0, or (- 1) « , 
according as n is even or odd. 
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Again, recalling the property of all such integrals as ^^9(0) 
(Art. 99) n being a whole number, viz. 

F^{nir ± 0) - F^inir) ± /\(0), 

we have, if 2r + 1 be any odd number less than 2|), 

2rH-l 
(2p-2r-l)cD = 2F^ i^jk^^^W-i^^Cagr+O^J^iCTr^ag.+i), 

P 
.•. Bina2^_8r-i = sin-4(2p — 2r — 1) w « sinosr-i-i- 

Also, 2j}a) ± w «= Fj(7r) ± F^{<f>) - /'jCtt ± 0), 

.•. sin A (2jo<» ± w) = sf sin = sf sin Au ; 

tt + ^npw = ^;^(^) + Fj(n7r) «= /\(«ir + <^)» 

.*. sin J(w + 2wj0co) = sin J(t* + 2n/\) = (- l)*sin Jw; 

which shews that all the real values of sin A u are included in 
the period from u = to u =^ 2Kj putting K ^ Fj^; and that 
as u increases beyond 2jr, the values of sin^t^ recur in the 
same order, which property it enjoys in common with sin u, 

V 1 

192. Further, in the equation u ^ I \ ^ , 

J^^l -jfc^sin^^ 

put sin (J) 8= v/- 1 tan \j/^ and let ft'^ = l - Ac*, 

.-. u s= V — 1 / . - -- « v— 1 V suppose; 

•^^V 1 - Ap'^^sin^x^ 

.*. sin Af^{v v/- 1) = \/- 1 tan A^^' (v). 

Now let \|^ = l^TT, or « = the complete function F^* - K* 
suppose ; 

.-. sin Af^(K' \/ - 1) = \/-l tan^TT = « . 
Again (Art. 159), 

1 - Ac sm' <p sm* >^ 
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let V = JSTx/" 1, then sin\^ « x , 



.*. sin J (t* -H jT v/--l) = — -; « 



/psin0 ft sin ^T^' 

and by repeated substitutions o{ u+ K'^/- I for w, we get 

for any integer m'9 sin vi (t« + Sm'JTv/- 1) = sin^z^, which 
shews that sin Au has a period of imaginary values between 

w = and u « gJT'v/- 1, a property that it has in common 
with e*. 

Also from the preceding Art., m being any integer, we have 

sin^(t^ + 4mjr) a sin^f^; 

.% sin-<<(tt + 4wA^ + 2w'Jr\/- 1) = sin-iw. 

As an application of this theorem, we will shew that to 
divide a given function u ^ Fj^ (0) into n equal parts requires 
the solution of an equation of n^ dimensions. 

Let d7 = sin^l— j ; then because we may change u into 

w + 4mJr+«m'^\/^ without altering the given quantity 
jsin^ s sin J t<, the equation which determines w must equally 
determine all values comprised in 

. J (u + 4fmK + 9,m K* y/ - \\ 

SB — Sin ^ I . I 

\ n / 

\n n / 

replacing m and m' by aw + /ui, and an + y!, where n. and ^' are 
each < w, and rejecting multiples of 4jr and 2ir'\/- 1. 

Hence since /u and y! may each have any of the values 
O, 1,2... w-1, 0? will have w' values, of which only n will be 
real. 



sin^ 
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193. Hence, the formula of Art. 159, 

. . (sin 0)« - (sin >/r)2 

sm (7 sin d = J . ^ - 1X2 » 

1 - (A; sin (p sin yy 

may for the present purpose, be more conveniently expressed. 

For let Fj, (0) = u, Fj, (>/.) = «, 

.', or =^ A (u + v)^ S — A(u — v), 

. ^ . J , V (sin^t^)* - (sin Jtj)* 

.\ sm -4 (w + f?) . sin AKu-ri)^ ——, — - — -, — —^ . 

^ ^ 1 - (/psinJwsm Jt>)^ 

We observe that this product has its greatest value, (sin0)^, 
when «j = ; for if any other value of the product be subtracted 
from (sin0)*, the result is positive. 

Suppose D = no), so that Av =s cLn, 

' 4f . \ ' Af \ (sin0)*-(sina„)' 

/. sm^ {u +710)). sm^ (w - nw) = — rr,-^^:^ xg - 

1 " (tc sm (p sin a„) 

194. We now come to the enunciation of Jacobins First 
Theorem. 

If the amplitudes of two elliptic functions of the first 
order Fj^ (0), Fj^ (>^), are connected by the equation 

1 - (a^cosecog)^ 1 - (^cosec a^Y 1 - (a?cosecap_i)^ 
1 - (kwsinaiY 1 - (kafBina^y *" 1 - (kwsincLp_iy 

where ^ « sin0, y = sin\^, p is any odd integer, and 



1^ 

^8 ' 



/sina2sina4...sinap_i\^ 
Vsin ai sin as . . . sin ap_2 / 



«!> a2> ^3 9 &c* being the amplitudes of 

lF,,lF,,lF,,kc.; 
P P P 

and the moduli of the functions by the equation 

h^k^ (sin tti sin as ... sin a^.g)* ? 
the functions themselves are connected by the equation 
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195. The object of this theorem is to transform Fj^ {(pi) 

into — Fj^ (>|f), /3 and h being unknown constants depending 

upon kf and yf/ upon k and 0; and its demonstration is* 
founded upon the analogy which an elliptic function bears to 
the circular measure of an angle ; since, when the modulus 
vanishes, the function becomes equal to its amplitude. Now 
we shall make a supposition with respect to each of the unknown 
constants, viz., that h becomes 0, and /3 becomes a whole num- 
ber^, when A? ■■ 0, (it will be readily seen that these suppositions 
agree with the values of h and /3 in the above enunciation, ob- 
serving that when A? = 0, ^* = ^ -jt) ; therefore when /p = 0, we 
shall have >/f = p0 ; if therefore any algebraic relation can be 
obtained between yf/ and 0, it must be such as, when A; « 0, to 
coincide with the relation between two angles, one of which 
is a multiple of the other, i, e. taking the usual formula, and 

putting — = a, (Theory of Equations, p. 31.) with 

sin<^8in(0 + 2a)sin(^ + 4a)... sin \<f> + 2(p - l)a} 
^ sinasin3asin5a...sin(2p - l)a 

Hence, we are led to consider the properties of the func- 
tion of the amplitude denoted by y in the following Art., 

1 TT 

which, (since Au = 0, and Ato ^ w =» = a, when A = 0) 

it will be observed is formed upon the model of that which 
effects the transformation in the particular case when the func- 
tions become angles, and coincides with it when the moduli 
vanish. 

196. Let 

smA(u)sinA(u + 2a3)smA(u+^a}).,.sinA{u'^2{p''l)a)} 
sinA (w) sin A (da>) sin A(5 a)). ..sin A (2pa}--w) 

we must first shew that y represents the sine of an angle, and 
determine the law of its increase consequent upon the increase 
of A {u) or <p. 
33 
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If in the numerator we change u into z^ + 2 0)9 it becomes 

— sin^(tf +2a))sinJ(tf H-4a))...sin^ {tt + 2(p-l)ft)}sin^(w), 

# '.* the last factor is sin ^(t^ + ^pw)^ which equals - sin A {u)^ 
(Art. 191). 

Similarly, if we change u into t« + 4a), the numerator becomes 

sin A{u '\- 4(it>) sin A(u + 6a))... 
X sin ^ {u + 2(p — l)a}} sin A (u) sin A (u + 2a)). 

Hence it appears that if in the expression for y, we sub- 
stitute successively «« + So), t^ + 4 a), &c. in the place of u, the 
same series of sines perpetually recurs, and the same value 
results, abstracting the change of sign. If, therefore, we make 
u ^ Wf 3a), 5a), &c., the numerator will by each substitution 
become equal to the denominator, bating the sign ; and y will 
= + I9 — I, alternately ; and if we make u^O^ 2a), 4a), &c., 
then y will vanish at each substitution, for one of the factors 
of the numerator will become sin A (2npa)) = 0. 

Again, suppose u^to — z, « being less than o), then group- 
ing the factors in pairs from the beginning and end, the nume- 
rator may be written 

sin -4 (a) - a) sin A { (2p - 1) o) - »} 

X sin A (3a) - %) sin A { (2p - 3) a) - iJf} x &c., 

or, (Art. 191.) sin A{w-x) sin A{(o + z) 

X sin A (3a) - x) sin A (3a) + j8f) x &c. ; 

to which must be annexed the single factor sin A {pw --«), 
when p is an odd number. Now all the partial products have 
the same value whether x be positive or negative, and are all 
greatest when sf « 0, (Art. 193.) ; therefore y has the same value 
and the same sign when u is at equal distances from and 2 a), 
and attains its greatest value 1, when t^ «= a). The same thing 
may be proved when w = 3a) - «, 5a) - «r, &c. Hence we 
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conclude that y represents the sine of an angle yf/j which in- 
creases continually with A (u) or 0, and attains the values 

TT IT *7r „ ' 

'222 
at the same time that ^ == 0, om Of, 03, &c. ; and which has 

but one value, between m — and (w + 1) — , for any given 

value of (p between a^ and a^^^. 

197- We shall how put our assumed value of y into a 
shape analogous to that which we know the value of sin >^ 
or sin jp0, in Art. 195, can be made to assume, (Theory of 
Equations, p. 30.) viz. 

sin >/f s J? sin 1 1 - sin* cosec*2o} 

{1 — sin'0cosec*4a}...{l - sin* cosec* (p - l)a}, 

p being odd (for it becomes necessary to distinguish between 
the cases of p even and p odd). In the case then of p an odd 
number, there will be an even number of factors in the nu- 
merator of y after the first, which may be grouped two and 
two, thus: 

sin A{u-\- 2ft)) sin -4 {w + 2 (p - l)ft) J 

X sin ^ (t^ -I- 4ft)) sin ^ {f^ + 2 (p - 2)a)| X &c. 

X sin J {w + (p - l)ft)} sin J |t^ + (jo + l)ft)}, 

or, - sin J (t^ + 2a)) sin -4 («^ - 2ft)) 

X - sin J (z^ + 4ft)) sin A{u — 4ft)) x &c. 

X - sin-4 |m + (p- l)ft)} sin -4 {t^ - (p - l)ft?|. 

Hence, making n = 2, 4, &c. in the formula of Art. 193, 
the numerator is transformed into 

. ^ sin* og - sin* d> 

sm<i 1 ^ — 

^ 1 — (Ap sin sin 02)* 

sin* 04 - sin* sin* ap_ 1 - sin* (p 

1 - (Ap sin <p sin 04)* '*' 1 - (Ap sin sin a^-i)* * 
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Also, since sinasr+i = sin a^_^_i9 grouping the factors two 
and two as before, and omitting the middle factor sina^ = 1, 
the denominator may be written 

(sin ai sin 03 ... sin a|,_2)*' 

TT 1 • n /sin a2 sin a* ... sin a^-A * 

Hence, making p = -; : ; — ^— I , 

\sm Qi sm as ... sm a^.g/ 

and putting w = sin 0, we have 

1 - (a? cosec ag)* 1 - (a? cosec a4)* 1 - (a? cosec a^-i)* 

^ 1 - (A;<» sin a^y 1 - (Afo? sin 04)"* "* 1 - (Ajo? sin a^^i)*^ ' 

which is the value of sin \|^, and, we observe, coincides with 
the above expression for sin p(f), when A; = 0. 

198. The next step is to deduce the value of cos>|r. 

p 

Let the above equation be written y = /3a?-- , 

P and R representing rational functions, each of ^(p ^ i) 
dimensions in a^ ; 

The numerator is a rational function of p dimensions in a^y 
and will vanish whenever y* = 1, i. e. by Art. 196, whenever 
a^ = (sin a2»+i)*j 2» + 1 being any odd number less than 2p ; 
the numerator therefore is divisible by 

{1 - (a?cosecai)*} {l — (a? cosec as)*}... {l — (a? cosec ag^,- J*}, 

or ^since sinagn+i = sinag^-gn-u ^^^ sinop = l}, 
{1 -a?*cosec^ai}*{l-^cosec*a3|*...{l —d?* cosec* aj,.2}®(l -^^). 

But this expression is of p dimensions in a^, and the term 
not involving a?* is 1, therefore it is identical with the nume- 
rator ; 

1 — ^f 

——-{1 - ^cosec'aiJ*{l -a?* cosec* asp... {l-a?* cosec* ap.jp- 

Q* 

"= (1 - ^*) m suppose ; 
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hence cos \|/ « cos <p ■- , and tan >/r « p tan {p — . 

199. The next step of the proof would be to substitute 
P 

fi^'n ^^^ y ^^ ^^ equation 
R 



V/(1 - y«) (1 - AY) '^>/(l-^)(l-*».r')' 

which arises from ^* (>/')= /3J^n(0) by differentiation, and 
to see whether by giving to the indeterminate modulus h a 
proper value, the two sides could be made identical. This 
process is impracticable except for small values of p^ such 
as 3, 5 ; but the necessity of it is obviated by means of a pro- 
perty of the differential equation, which must be common to 
all its integrals. The property is, that the equation is satis- 
fied by putting ■— for w and — for y, the factor \/ — 1 being 

Kw hy 

suppressed in each member ; and this without subjecting h to 
any condition except that of being a constant. Therefore 

P . . . (? 

y ■* /3^"» » ^^ ^* ^^ * solution, as well as 1 - y* = (l - ^) ^5, 

which expresses the same relation between w and y under a 
different form, must likewise have the property of being satis- 
fied when a is changed into — and j^ into — , a proper value 

KW ny 

being assigned to A. 

200. We proceed therefore to make these substitutions, 
and shall thus obtain further relations between w and y, which, 
combined with those already found, will suffice to shew that 

P 

the equation is satisfied by y =/3<r — . 

R 

r.^1 1 i. « . 1 "" (^ cosec a)' , , , 

The general factor of y is ^^ ; — f-, which, putting 

1 - {kw sin o)* 

, — in place of a?, becomes 

kx '^ 
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1 I ^{kw sin ay P .„ i. 1 * 

— T — : J ; ••. ~ will become — • — » 

/r (sm a) I -{w cosec of R A P 

where A = Ap**"* (sin 02 sin 04... sin ap_i)* ; 

P 

and y = )3a7~ will become 

1 P 1 R kA ^ P 

hy kw A P ^Ifh^R 

P 

therefore in order that this may coincide with y=P^^9 

we must have kA = ^h^ 

or h^hP (sin ai sin 03.. .sin 0^.2)*- 

^ . i. i. Q . l-(^cosecaiy .„ 

Again, any factor of - , such as ^ _ (^„ ^^ ^^y > wiU 

become 

1 1 - (kof sin aiY Q .„ . 

: ^ —; .•. — will become 

Ac* (sin O] sin 02)* 1 - (^ cosec 02)' -R 

k T . 

-5- . -- , since fih = k^ (sin ai sin 02- ..sin a^.i)*, 

pA P ^ 

putting r = J 1 - (Af^ sin a^)*] { 1 - (Apa; sin 03)*} 

... {1 - (kw sin Op. 2)'}* 



Hence, the equation 

R 

will be transformed into 



l-y*-(l-««)^, 



'" (4^ " 0"(*^) 0^ p*"' """' ^■'^''^' 

which, in addition to the values of cos yf/ and tan yfr (Art* 198), 



263 

T 

furnishes us with the relation Aj(>/^) = ^kd^) "^ » (0 

hence multiplying the above equations together, 

(1 -y») Jl -(Ay)*} = -a^) |l -(&*)»} ^*. 

201. In the preceding equation, substitute for y its value; 
.-. {R^-(ftwPy\ |fi*-A«(/3^P)«} =(l-a?2){l-(&j?)«} (QT)\ 

Since P, Q, jR, T, are all polynomials of (p-1) dimensions 
in Wj the first member of this equation is the product of four 
polynomials, R + /3^P, R - )3a?P, &c. each of p dimensions 
in Wf no two of which have a common divisor, because R and 
P have no common divisor ; each of them therefore is com- 
posed of one simple factor, and ^(^-1) double factors, that 
being the only supposition which agrees with the form of the 
second member. Also (Q7^' is equal to the product of all 
the double factors on the first side multiplied by a constant. 
But every double factor of the first side, being a double factor 
of a polynomial of the form R + cwPy is a factor of 

Rdg{wP) - wPdffRi •••, c being any constant quantity, 

{R + ca;P) d, (wP) - w Pd^ {R + cwP)^ Rd, {ofP) - wPd^R ; 

.•• all the factors of QT are contained in Rdg(jvP) - wPd^R^ 
and these two quantities are of the same dimensions, and the 
term independent of x in each is unity, 

(a}P\ R.^ 
— ) -jd,yi 

and QTy/il-ai'){l-ik.ry\ = JZVO -y") {l-(Ay)1, 
Hence it is demonstrated, that the assumed value of 
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sin y^f effects the transformation, in the case of p being any 
odd number. 

202. The equation of the amplitudes admits of a remark- 
able transformation, by which the calculation of yj/ is greatly 
facilitated. 

P Q 

We have sin >^ = /3 sin •— , cos yfr = cos — ; 

now every factor of P and Q is of the form 

1 — (sin (p cosec aY which « (cos 0)* { 1 — (tan cot a)*}, 

and every factor of R is of the form 

1 -(Ap sin (f> sin a)*, which t= (cos 0)* [l + (l - A;^ sin* a) (tan ipy] 

= (cos (f)Y [1 + { A^ (a) tan 0}*], 

and there are ^ (p - 1) factors in each of P, Q, jR ; if there- 
fore we put tan ^^ x^ we shall have 

P = (cos ^y-^ { 1 - (» cot asY ] 1 1 - (a? cot 04)*} 

...|l - (j8f cot a^.j)*} e (cos 0)P"^Jf suppose, 
Q = (cos ^y-^ { 1 - (« cot tti)*} { 1 - (i!f cot as)*} 

... {1 - (x cot Op^iY} = (cos (piy-^N, 
R = (cos0)^-» (1 + )^A*) (1 + «*Aj)...(l + «'Ap-i), 
denoting by A2> A4, &c. \{a^y \{^9 &c.; 

. , (ixM ^ ^,. . A^, ^, 

.*. sm \|r = (cos 0)', COS \/^ >= -- (cos 0)^ ; 

.-. jv« + {fixMf = ^^^ = (1 + ««) (1 + «»A*)« (1 + ««a:)» 

...(1 + ««A»_,)». 
This equation may be resolved into 

N+fi«M^/^X = (1 +«x/rr)(l +«A,\/^)*.. . (1 +«A,_,v/^)*, 
N-fixM\/^l = (1 _«v/^)(l -«A2\/^)*. . . (I -«A,_ iv/^)"; 
forJV+/3«3f\/ — 1 cannothaveafactoroftheform l-sr Atav/-^* 
nor N-lixM\/—l one of the form l+«A»,\/-l ; 
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therefore dividing the second by the first, and observing that 

tan >// = p tan ^> we get 

1-tanx/^V^ l-«v/-l/l-»A2\/^\«/l-«A4\/^y 
l+tan>//'\/^ l+«v/-l\l+«A2v/^/ Vl+«A4v/^^ 

therefore taking the logarithms of both sides, and substituting 
the equivalent angles by the formula 

^ 1 / I -tangy/^ N 

2\/^ *^^ VI +tan0\/^^' 
^ = + 208 + 204 + &c. + 20p,i ; 

02 » being determined by the equation 



tan 0g« « tan AgM — tan v^l - Ap* (sin a2«)*. 

203. The theorem has been extended by Mr Ivory to 
the case when p is an even number. He has shewn (Phil. 
Trans. 1831.) that in that case, if y « sin\|/, w » sin 0, and 

fl^v/l — of 1 - (a^cosecag)* 

y wm ^ — 

y/\ - {kaif 1 - (Ap/t sin as)* 

1 — (/PCOseca4)' 1 - (^coseca^.g)* 
1 - {kwAvko^^ '" 1 - (kivsinap^iy ' 

, ^ /sin a^ sin 04 . . . sin a|,.8'^ * 

where p = I — ; : 1 , 

\smaisma3...smap.i/ . 

and A = Ap** (sin ai sin as... sin a^.OS 
then F, (>|,) = j3 F, (0). 

The demonstration is effected by the same steps and methods 
as for p an odd number ; and the equation of the amplitudes 
may be replaced by * 

>// = 0+0O + 02 + 04 + &C. + 0|>-2> 

where 

tan 00 = tan y/l — Ap*, and tan 02„ = tan \/l - (Ap sin og,,)*. 
34 
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204. Hence, J\ (0) can be transformed into a similar 
function, of which the modulus h is less than the given mo- 
dulus k ; and by repeating the process upon /\ (x^), we can 
find a second transformed function with a still smaller modulus ; 
and by continuing the operation, we can reduce the proposed 
function as near as we please to an angle. If we could deter- 
mine (f) in terms of \^, we could transform J\ (>|f) into a similar 
function Fj^ (0), with a larger modulus ; but this would re- 
quire the solution of an equation of p dimensions ; it is to 
obviate this inconvenience that Jacobi has invented a new 
transformation, the subject of his Second Theorem, which we 
now proceed to give ; its enunciation and proof are as follows. 

206. If the amplitudes of two functions Fj^ (r), Fj^ (<r), 
be connected by the equation 



Sf = /3^ 



1 + (/rcotaj)* 1 + (arcota4)* 1 + (a?cota-_i) 



2 



1 + (a?cotai)* 1 + (^cotas)**" 1 + (^cota^.g)'* * 

where or » sin cr, y » sinr, p is any odd integer, and /3, Op a^, &c. 
are the same as before ; and the complements of their moduli by 
the equation 

h^k^ (sin a, sin os*.. sin a^.^V, 
the functions themselves are connected by the equation 

J^V (t) - i3 F,. (cr). 

p 

We have seen that by the substitution of /3ar — for y 

R 

in the equation 

. v/(l -»*){! -(Ay)*} '^x^il-a>'){l-(ka>y\' 

the two members are made identical ; therefore they will be 

made identical by all values of w and y, which satisfy the 

p 

equation y = fia; — , whether real or imaginary, provided the 

constants A;, A, fi remain the same. 
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Let, therefore, a = \/-"l tan «•, y - v/^ tan t, 

denoting by k\ h' the complements of Ap, A; 

.•.i3F»'((7)-/'v(T). 

Also, since j^ s sin >^, 4? s sin 0, 
tan >fr » v/- 1 sin T, tan ^ - \/- 1 sin o- ; and by Art. 198, 

- 1 - (cosec Of sin (by 

tmylf = fltan0- :— 3X2 

^ '^ ^ 1 - (cosec ai sm (py 

1 - (cosec a* sin d>y 1 - (cosec a^-i sin 0)^ 
1 - (cosec as sin (f>y **' 1 - (cosec a^.j sin 0) 

.'. the relation between the amplitudes becomes 

/I . 1 + (cosec as tan o-)* 

sin T « p sm o- ;; : rj » «»c. 

1 + (cosec ai tan ay 

or, since 

1 + (cosec as tan ex)' (cos o-)* + { 1 + (cot a^ y} (sin <r)^ 
1 + (cosec ai tan ay (cos cr)* + J 1 + (cot aj*} (sin cr)* 

1 + (cot g, sin <r)^ 
~ 1 + (cot ai sin o-)' 

we have (y and a? now representing sin t and sin a respectively), 
1 -f (ay cot ag) M -i- (jycoto^)' 1 + (afcotap,t)* 
^ * ^'^l + (a?cotaJ* 1 + (a? cot a,)*'" 1 + (a^cotap-s)*' 

which gives t, and shews that t and a increase together from 0, 
and become equal at every multiple of ^ tt. 

Q 

Also cos >/^ = cos -- gives 

1 - (sin ffAoa)* 1 - (sin a A 04)' « 
COST - coscr ^ ^ (sincrcotaO* 1 + (sin <r cotasr ' 
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or since F (a«) + F (a^.*) = F, and 
.*. y/\ -Ac* tan a« tan a^^.a, = 1, which gives 
A (a«) = cos a^ cosec a^.., 
1— (^pcosojcoseca^-g)* l-(^ cos 04 cosec a„_4)* . 

.•.C0ST = C080- ; rr^^ -—^ ^ ./ . &C. 

1 + (iP cot ai)* 1+ {w cot as)* 

. jAv(t) cost l-(sino-Aai)* 1- (sincrAai)* _ 

And— — — - = .- — ;-: — 7i-&c. =; — J-, :--7i-»c. 

A V ((t) cos o- 1 - (sin (T A 02) 1 + (sm o- cot ai)* 

l-(a7cosai coseca^.i)* 1— (/PCOsa3COsecaj,_s)* 
l + (a?cotai)* ' l + (ircota3)* 

1 - (d7COSa--2COsecaa)* ^ ^ , , 

X ^^ — — ^-^ — =^ , from (1) Art. 200. 

l + (/pcota^_2)* "^ ^ 

206. Hence, having given Fj^ (cr) to be transformed into 
a similar function with a larger modulus, we first obtain 



and then compute ai, as, &c. ; this gives us the value of 

h^Ji^ (sin ai sin as . • . sin a^_.2)S 

and then A' = v 1 - A* is known, which is greater than k\ 
because h is less than k ; also the new amplitude r is known 
from the above equation, and hence we obtain the new value 

of the proposed function, viz. — F^ (t) ; and by continuing 

the operation, we may raise the proposed function as near as 
we please to a logarithm. We have supposed p to be an odd 
number, but by substituting in the formula of Art. (203), we 
shall easily obtain the formula belonging to the case of p 
an even number. 

207. The comparison of the results of these two trans- 
formations 

/3 F» (0) = F^ (^), /3 F^ (ff) = F^. (r), 
leads to a remarkable relation between the complete functions. 



269 



Since when « — , yf/ =p— (Art. 196)} the first equation 
gives 

Also, when t = ^ tp, <r = ^ tt, therefore the second gives 
Hence, eliminating j3, we have 

208. Again, in the equation (i F^{<t) » Fj^iT)^ change k' 
into hj and therefore, k into V ; 

.-. ^ F, (tr) « F, (r), 

Vsin /ui sm /Us ... sin /tip_2/ 
k' as A'' (sin /tij sin Ms • • • sin Mp-2)*> 

1 2 

/^i» /"Aj* ^^'J IJ^J^g the amplitudes of -F^^, ^Pjt'i &c. 

P P 

and which are also to be substituted for a^, 02, &c. in the value 
of y or sin r, and Aj^ (r), so that 

1 + (cot nia sin ay 1 + (cot /ti4 sin af 

sm T = ^ sm O- ^ . ^ ; r^ ; 7— ^ —. &C. (l). 

1 + (cot /til sm (r)' 1 + (cot /utg sm <j)* "^ 

A / V A / V l-(^cos/iiiCosec/ti i)« 
*^ ^ ''^ ^ 1 +(^cot/tiiy 

1 — (arcos/ujcosec/ui-,-,)* „ 

^ ^ 7 ^ va • «C. 

l + (/PCOt/A3)' 

Hence, /5' F, = F», and jSF, = p F„ .-. /3/3' = p. 
Let cr = >//, .-. /'a (>/.) = -g;/'* (r), 
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Hence, we can find any multiple or aliquot part of an 
elliptic function. Similar formulae may be obtained for p an 
even number. 

209. We shall in conclusion apply the general formulae 
of Arts. 194 and 205, to two particular cases. 

Letp = 2; .-. ^-— « 1 + A?', (Art. 160), 

'^ (smai)* 



A = A? (sin a^y 



l^y* l^k' 



(l^k'y l + ifc" 

. . Q sin cos (1 + k') cos d> sin 

sm w ^ — — ^ ■ ■ ■ ■ ■ . f ■ ■ ' 

^ y/l - {k sin (py . 1/1 - (A? sin 0)» 
which may be transformed into tan (>|^ - 0) « k' tan 0, 

Hence we fall upon Lagrange^s transformation, these 
formulae agreeing with the formulae of Art. (179)* 

* . 1 ^ /sinogX* 2 
Again, let p « 3, .-. /3 = 1 ^ = -; 1, 

as will be easily seen by eliminating k between the equations 
v/l - Ap* tan as tan oi = 1, tan 1^ aj = tan ai y/l - Ap* (sin ai)* ; 

which may be transformed into 
tan ^(>/^ - 0) = tan 0\/l - (Apsinas)' = [-; 1 j tan ; 

and FJd>) = _?!?_?5i_ J' (J,). 
*^^^ 2-sinai *^^ 

Upon this transformation, Legendre had hit, previous to the 
discoveries of Jacobi; the amplitude a^ is known from Art. l65. 

We shall now examine the consequences of supposing p 
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infinite in Jacobins Theorems, and shall so arrive at some re- 
markable formulae for developing functions into infinite products 
and series. 

210. In the formula? of Art. 208, suppose p to become 
infinite ; then, whatever Ap be, A b O; 

.-. h' - 1, F^^ ^Wi and (Art. 207) 

1 00 W F^ IT Jl 

-Fi,'^ — -1— -ias — — suppose. 
p. CO %F^ ^ K ^^ 

n 
Also /\/(m«) « "^k' becomes (Art. 175) 

,_ 1 + sin/A. nir JT n, 1 

1 -l!^ J • 1 + sin /Li^ 

where q^ e x and is < 1 ; .*. -, — = = q^\ 

1 - sm fi^ 

and cot'/u^| 



(l-9-)«' 
1 + (sin cr cot /A.)' 1 - 2g"cos2(r + ^ /i ««-k « 






1 + (sin cr cot /*._,)* 1 - 2f^cos2(T +^ 

2 

Also ^Fj^^Fj^ becomes /3' = — iT; therefore the value of 

TT 

sinr becomes 

2jr__ . 1 -29*cos2o' + ^ l-2o*cos2(r+9® „ 

sm T «= ^ sm a . ■ r . r . &c., 

IT 1 -2^cos2o' + gr 1 - i^qr cos2(r + y* 

« l-al-flr»l-o* 

where JB « ^ . ~. ^ &c. 

1 -g* 1 -qf* 1 -g« 

But/\(r) ^ ^F^{a)» — -, .-. sinr = sin J f — a) ; 

hence the amplitude is known in terms of the function. 

To obtain jS in a simpler form, put sin a = — 7= (« -»"'), 

2\/- 1 

. «„^ 2jr^ )«r-^-»(l-(yV)(l^(fO 
«• 2 V- 1 (1 - qz*) (1 - q«-') 
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'9K 



(QJ( \ 
— (T ) , if we change a into 



o- + -r^rv/- 1 , sin T becomes = — -; — (Art. 192), 
'^ '^ A? sm T 

and z or e''^"* becomes ssq^ ; 



J^ • 7^^^ • ~. ^ ^^ . ::r- • &C. 



A sin T TT * 2 \/^ * (1 - 9*^) (1 - »"*) 

therefore, multiplying theie equations together. 



.-. sin^ 



(t") 



2^i . 1 -2^*cos2(r + g* 1 - 2g*cos2<r + g^ 

** TT" Sin (7 • — ■ , — — ■ , &c 

k^ . 1 -25'cos2o- + 5r* 1 - 2g*cos2o- + 9^* 

Hence making a = -Jtt, and .-. the first member = sin^^r = 1, 

1 + q J_+^ \ j^^ \/2qh 

1 + ^ 1 + 9* 1 + ^ ki 

211. Next in the formula for Aj(t) (Art. 208) make 
p = w , then A;i (cr) = 1 ; 

also, smce^— ^— = 9-, sin/*p-i = 1, sin /ix^.g = l, &c. ; 

and cos* u^ = - — - — ; 

. A f \ _ 1 - (sin Q- cos fiiY 1 - (sin a cos /ui,)' 

* ^^^ " 1 + (sin a cot yu,)* ' 1 + (sin a cot /^j)* ' ^^' 
_ yy 1 +2gcos2o-+g^ 1 +2g^cos2o- + g^ 
1 -2gcos2(r + g* 1 - 2g^cos2o- + g®' 

i+gi + y*l+^ ^ ' 

as appears by making a and therefore T = i7r. 



273 

Similarly, when p = oo , the value of cos t becomes 

^, 1 + 2g*cos2(r + g* 1 +20* cosSo- + o^ ^ 

cos T = C* cos (T. 5 . ; 7 . &c. 

1 ^ 2q cos 2(r+9* l-25rcos2(r+g* 

1-a 1 -y* ] g* „ 
where C = — „ . 7. : . &c. 

1 -rq^ 1 + g* I +if 

1 + g 1 + g' 1 + g- 1 + g* 

= ^/Jfc^.^*=\/i|2. (Art. 208.) 

212. The quantities B^ C^ D, have the same numerator, 
which we may call a ; let /3, 'y, 5, denote respectively their de- 
nominators ; then a = Bfi = Cy = 2)5, also afiyS = /3, or 
a'yS = 1; from which equations any of the continued products 
a, /3, 7, 5, may be found ; thus, substituting in the latter for 
a and 7, we get S^^ = C ; 

••• ^ = (1 + g) (1 + g') (1 + ?») &c. = l^Y- 

Similarly, 
(l-g)(l-g«)(l-9»)(l-g«)&c.-«/3-(-^'=(^*; 
which is also the sum of the series l-g-g^+g'+g'^-g^-g^^^ ^^ 

I the indices of q being of the form j into which Euler 

has shewn that the first member can be developed. 

213. Again, to transform the products into series, suppose 

(z - z'') (1 - g^i^) (1 -^x-') (1 - q' z') (1 - q'z'^) &c. 
= a, (i8f - %-^) + aa («3 - z-^) + 03 (r* - z-^) + &c. 
change z into qz, 

.-. -— (1 - g««*) (1 - q'z") (1 - z-') &c. 

« ai (gar - q'^ z"^) + a^ (g^«^ - g-^^-^) + &c. 
36 
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Multiply , the latter equation by qz\ and add it to the 
former ; • 

+ «i ig^^ - ») + ©2 (^'^iir^ - q~^x'^) + &c. = 0; 

consequently, equating to zero the coefficients of either the 
positive or negative powers of », we get 

Oi5^ + Og = 0, Ogg* + 03 = 0, Os^f* + O4 « ; &c. 

.-. (z - i8f-») (1 - ^z^ (1 - g^ijf-*) . &c. 

« ai {» - »-* - ^ («* - O + 9" («* - »"*) - &c.}, 

or sino- (1 — 2^cos2(r + g*) (l - 2^* cos So- + ^) &c. 

= «! (sin c — ^* sin 3(r + 9* sin 5 cr — &c.). 

AUo changing j^ into q^z and multiplying both sides by 
— qizf we get 

(1 ^qs^{l- ^^) (1 - gar-«) (l - g^sf'^) . &c. 

or (1 -27Cos2(r + g*) (1 - 2y*cos2(r + g*) &c. 
as Oi(l -2gcos2{r + 2g*cos4(7 — 25r'cos6(r + &c.). (l) 

Therefore, substituting in the preceding results, 
2gi sin or - g^sinSo- + g* singer - g^*sin 7<r + &c. 



k^ 1— 2gcos2(r + 2q'*cos4(r-2g®cos6o'+&c, ' 
cos^ (— ^(r) 



(v 



/Ap'\i cos(r + 9*cosS(r+9*cos5(r + &c. 

\Ap/ 1— 2gcos2(r + 2g*cos4(7 — 2g^cos6(r + &c. ' 

/2jr \ , , 1 +2gfCOs2(r + 2g*cos4(r + 2g'cos6(r + &c. 

\w / l-25'cos2o'+2g*cos4(r — 2^cos6<r + &c.' 
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214. If Q(iT)^l-iqcoai(r+iq*cos4i<T-S^coa6iT + kc., 
the last equation becomes 



Aj(^a\'(lir)i 



e(<r) 



The function OC^^cr) possesses remarkable properties, one 
of which we shall here investigate. 

If we resolve each of the factors of O] (q, <r) into two 
others, we get from equation (l) of the preceding Art. 

«! (g, (t) = (1 - 2qi cos (T + 9) . (l - 2g cos <r + ^) &c. 

X (1 4-2g'icos(r + g).(H- 2g coS(7 + g^)&c. 

or (g, (t) = Oi (gi, i (t) . {gi, i (tt - <7) } ; 

or, changing 9, o-, into q\ 2 or; and putting 02 for the new 
value of Oj, 

0(9%2<r)=a,0((jr,(r). 0(g,i7r-cr). 

But from above, x/l - ^ 8in«T = \/F ^ ^^^^"^ 7"^^ 

(g, (t) 

.-. 0(9',2cr)«;^0>((7,(r)>/l-Ap^8m-T, 

a formula which we shall find useful in investigating certain 
properties of functions of the second order. 

215. The auxiliary q of the modulus A;, bjr which the 

above formulae are expressed, » e ' , so that its logarithm i& 

IT 

— TT — , which is easily calculated from a table of complete 

functions of the first order. 

Also, since (Art. 207) -7;7=p«-n; > if ^0 te the auxiliary of A, 

A XI 

then qfo-e "=« ' *<f. 
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If therefore we have any relation between q and Ap, we may 

change q into q^^ provided we change k into the descending 

modulus h. Thus if p = 2, and we change q into 9*, then k 

l-k' 
must be changed into h = -7 (Art. 180), and consequently 

K into H = ^— K, and iT into iJ' = 2 JT . ^ = (1 + A?') JT. 
Again, suppose k^ the modulus that precedes k^ and g^ its 
auxiliary, then ]^/ = P • j^ ^ 

,\ qi s: e '*^i = e'p'^ = gP. 
Hence in any relation between q and ky we may change 

q into gp provided we change k into the ascending modulus Ar^. 
Thus if |> = 2, and we change q into qi, then it must be changed 

2 \/k 
into A?i = — L — , and consequently K into JT, = (l + A?) JT 

1 + A; 
(Art. 180), and JT into IC^ = -i- JT. 

Ex. To sum the series 

1 + 2g + 2g* + 2g* -f &c. ^f(q) suppose ; 

.-. 1 - 2g + 2(|r* - 29' + &c. = \/k'f(q)y 
making a* = in value of A (t) (Art. 213) ; 

.-. 1 + 2g* + 2q'' + &c. = ^(l + \/k')f(q) =/(5^). 

Now let ky A, Ai, be three descending moduli, so that hi is 
what k becomes when q is changed in q* ; then 

2 2 f ^ \^ 

. /(g) /(^ 

which shews that the first member, since it does not alter when 
q becomes 9', is constant ; 
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.-. 1 +2g + 2^*H.2q'''+ &c. « C\/k^ V — ; 

IT 

making, in order to determrae C, g «= or A? = 0, and con- 
sequently jr= ^TT. 

Also, making a- = in the value of cos r, we get 
29* V^ (1 + g8 + g« + qri« V &c.) = 1 - 2g + 29* - 2g* + &c. 



.-. gi(i +(f + ?•+ <7''+ &c.)= V?^; 

27r 



by what precedes, 



or, putting gi for 9 and therefore — — for Ap, and (l +A;)ir for JT, 

1 + A; 



f* (1 + g + <f + 9" + g'' + &c.)= V ^^ - 



TT 



216. Hence we can determine the value of o^ in equation 
(1) of Art. 213; for making o- = ^tt, and substituting for the 
numerator its value from Art. 212, we have 

^^ 1 + 2g + 29* + 2<f + &c. Ua;7 * ^ 2ir ' 

Also e(0) = 1 - 29 + 2g* - 2qf* + &c. = sJVL^ . 



TT 



Hence we can readily compute the values of two complete 
complementary functions J\ and F^^ if we know their ratio. 
Suppose F^ the lesser of the two, and let F^ ^ nF^\ and let 
q be related to F^ as q is to F^ ; 



then q = «""% and qr' = e " , /. q<q \ 
... log g. log 9' - (- ^)^ = (log^J , .-. ?<^^; 
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\\ Fj^ ■= ^v{l + 2g + 2^ + 2^*)*, correct to twenty places of 
decimals; and then j^^^ » ^^y 

We shall now give the Propositions which connect Func- 
tions of the ifnd order with 6 (^9 ^). 

217. To prove that E((p)^- F{(b) + -^d,log eW, 

if 2 jr 

where w = — - ^i^p)* 

Since^ changing r and a into (p and ^ in the formula of 
Art. 214, we have 

e((f, 2^) = -%& (?,^) Vl - ^*sin«0, 

if we take the differential coefficients of the logarithms of both 
sides, denote d,0(g, .r) by O'iqy a?), and observe that 

2ir 

d,0= — Aj(0), we get 

TT 

e' (?, ^) e' ((f, 2 /r) jr A?« sin ^ cos (p 
e{q,a) " e(^, 2a?) " "^^ A;k(^) 

= — G^»(0) - — C^ik,(0i) (Art. 187), 

TT TT 

2 JT ^ ^^^ e' (7, ^) SiTj ^ ,^ , e'(q% 207) 



or 



TT 



^»(^> - 6(^7^" -^^».(^«> - -eW7^' 



where the second member results from 4>(Ar, 0) the first, by 
changing Ap, into k^ 0i, and therefore 7, 0?, into ^, 2a?, 
respectively ; hence the equation gives this series of equations, 

4) (A?, (p) = <l)(A;i, 0i) - *(A;8, 0^) = ... = 4)(A;^, ^^), 
the descending series of moduli being continued till Ar^«0; 
then q will become ^ and a fortiori = ; 

e (g^, 2^*0?) = 1, and 0' (9^, 2^a?) = 0; 
also?|^{£,^(0,)-e,F,^(0,)}«O, 



1 
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because e^ = 1 and £^^ {<p^ = Fj^ (0^) « 0^ ; 

therefore, in general, $(&, A) = 0, or — G^ {(b) = d, log (g, ar), 

or £ (0) = ^ F (0) + ^d, log e W. 

218. Hence ^{E(,<l>)-eF (^)} - ^^ 

4 g sin 2a? - 89^ sin 4^ + 12 q^ sin 6a? - &c. 

1 - 29 cos 2a? + 2 9* cos 407 - 2 g* cos 6j7 + &c. ' 

2F 

a formula which determines E {<f>) by means of F ((j>) = — a?. 

Also, since a^ 6 (a?) 
«(l-2gcos2a?+ g*) (l-29'cos2a?+g^) (l -29'cos2a?+9^®) &c. 

<i*0W 4(7 sin 2a? 4gr*sin2a? 

••• ' // = z + \ i + &c. 

0(0?) 1 - 29COs2a? + 9* 1 -2qrcos2a? + 9* 

IB 49 sin 2a? + 4^* sin 4a? + 4^^ sin 6x + &c. 

+ 49' sin 2a? + 49^ sin 4a? + 49^ sin 6x + &c. 
+ &c. 

e -8in2a? + ', sm4a?+ :sinoa? + &c. 

1-9* 1-9* 1-9® 

2E 
,'. E((j>) « — 0? + 

IT 

— I ^ sin 2a? + 7 sm 4a? + 1 sm oa? + &c. . 

F \l-q* 1-9* 1-9 / 

This gives by diflTerentiation 

„ . ^ E 2w^/ocos2a? 2 9^ cos 4 a? ^ \ 

and making 0-0, 1 = ;^ + y^l^Z^ + f^ ^ + &<^-J' 

therefore, subtracting, 

. . 4ir* faan'ot 2o*sin*2a? Sffsin'Sdr „ \ 

^ A'jF'U-?* 1-9* 1-9* / 
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9.Kx 



21 9. Suppose s ; then ultimately E ((p) » » 
and the preceding series give 

a 2V SV 4V n ^'^* 

1 -^ 1 -g* 1 -q'^ 1-^ TT* 

= g (1 + g + ^' + 9^ + g*° + &c.)® (Art. 215.) 
Again, suppose = g "^j and .'. »t = ^ tt ; then 

g 3y^ 59^ 7q' _ ikKy 

= 9 (1 + g* + g* + g^* + &c.)* ; 

or, putting q^ for g, 



which shews that any number, 8n4-4, is the sum of four odd 
squares. From this it follows that every odd number, and 
generally any number whatever, is the sum of four squares. 

Also the same formula gives 

1 Sq b(f 

+ — ^ + — ^ + &c. = (H-g + qf» + 9« + &c.)*, 



l-q l-(f l-(f 

which shews that any number is the sum of four triangular 
numbers. 

220. Let jF (>//) = 2 /^ (0) = — 2a?, 

and — 7-^ = — ; then (Art. 170.) 

A(0) TT 

2A;^sin^0cos0A(0) 

— fr^^j-i4^ — = 2£(0) -i;(>|.) 



I 



q^ 3q^' 5(f'' 1 
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-^d,loge»-^d.loge(2»); 

J .9(2^) 

(Art. 216) a remarkable property of the function 9(^)- 

221. We next come to the consideration of the function 
of the third order 

r \ 1 

"« ^"' ^> " y,i+»8in*0 Tr^T^' 

in which enters a new element, viz., the parameter n capable 
of all values from — 00 to + 00 ; this can always be made to 
depend upon a similar function, having the same modulus and 
amplitude, and a parameter between and — 1, as we proceed 
to shew, after Legendre. 

We shall first shew that the parameter may be always 
supposed less than the modulus. 

Let there be two functions of the third order 

having the same modulus and amplitude c and 0, but different 
parameters, viz. n and - , whose product is equal to c*. 



Now . . ■ , - + o - 1 

1 + n (sm 0)* , (T 

^ ^^ 1 + - (sm (ply 

36 
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1 - c^ (sin 0)* 

1 + { n -♦- - j (sin 0)* + c*(sin 0)* 

1 - c^ (sin (f>y 



(cos 0)*{ 1 - c* (sin 0)*} + (sin (pf (i + n + - + c^) 



I - c* (sin (pY 



(cos0)* A* + (1 + ») [l + - c^ j (sin 0y 

1 (sec 0)^ - c^ (sin 0)^ { (sec 0)' - 1 1 

A* /tan d)\ * 

1 + 



d, 



= A 



/tan 0\ 

/tan 0\ 

, making a = (l + n) ( 1 + - c* j ; 



/tan0\* 



therefore, dividing by A, and integrating, 

n.(». *) ^ n, g. *) - i-.w +-^u.- (^^). 

Hence a function containing a parameter >c, can always 
be made to depend upon one whose parameter is < c, 

222. The above equation furnishes immediately tbe value 
of Ilc(cy 0) or n^C- c, 0), by making w « c, or «fii - c. 

Also if we make a = 0, and, therefore, « = - 1, or = - c^, 
we have n,(- 1, 0) + n,(- c«, 0) = F,(0) +-^^. • 



And if we make n = c (cos + v - 1 sin 0), we have 



c* J . 

— = c (cos - V - 1 sin 0)y and a = 1 + 2c cos + c*, 
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and so obtain the value of the integral 

1 + c COS (sin (py 



. 



^^ 1 + 2c cos Q (sin ^)* + c* (sin 0)* * Ac(^) ' 

223. We have supposed a to be positive, and therefore 
n either to be positive, or to be negative and intermediate 
to ^ c* and — 1, that is, to be of one of the forms 

(cot e)% or - 1 + ft« (sin e)\ 

When n is negative, and not intermediate to - c^ and — 1, 
that is, of one of the forms — (cosec QY^ or — c* (sin 0)*, and 
consequently a negative, and = — ai suppose, the last term 
of the above equation must be replaced by the logarithmic 
function 

1 , A + vai^tan 
log ^ 



2\/a^ A-\/al^tan0 

These two latter cases of the parameter, by the preceding 
equation, depend one upon the other, since their product 
= c* ; that is, a function with a negative parameter not inter- 
mediate' to and — c^, can always be made to depend upon 
a similar function with the same modulus and amplitude, and 
parameter between these limits. 

224. We shall next shew that the two first cases of the 
parameter can be made to depend one upon the other ; that 
is, that a function with a positive parameter, can be made to 
depend upon a similar function with the same modulus and 
amplitude, and parameter intermediate to - c^ and —1. 

Let there be two parameters n and — m so related that 
(1 + w) (1 - w) as 6', or w - /i + mn = (? ; 

1 + n (sin 0)^ 1 - m (sin 0)^ 

c^ + n - m - 2wiw (sin 0y 4- mn& (sin 0)* 
1 + (w - m) (sin 0)* -- mw (sin 0)* 
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1 - S (sin 0)* -f c* (sin <py 
' 1 + (mn — <f) (sin 0)* — mn (sin 0)* 

(co80)«-(sin0)*A* 
'""•A* + m«(sm0cos0)' 



» mn 



mnA 



{COS sin 0U 
A ) 

{COS sin 01 
A j 



1 + nin 



rcosd>sin(/>]^* 



therefore, dividing by mnA, and integrating, 

— — n.(n, 0) + — ^ n.(- »«, 0) 

^ rr / j.\ ^ * -1 fy/fnn cos A sin 0l 

•»» '^ v/mn I A Ad)) J 



or-— n>,0) — -n,(-m, 0) 



= Jg,jr^(0)^, ^tan-^/ v/i^cos0sin0 l 
mn *^^^ y/mn \ A,(0) j 

no constant being added, because every term vanishes when 

0sO. 

Now let n = (cot Oy in the equation of condition 

(l + n)(l-m)-6S 

••. 1 - m = y (sin 0)«, or - m = - 1 + 6« (sine)^ 

hence a function with a positive parameter, can be made to 
depend upon a similar function with the same modulus and 
amplitude, and parameter between - <^ and - 1. 
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In the case of complete functions, substituting for m and n 
the above values, we find 

(«c«)-n.(„) - 1^ n,(- „) . (^ F„ 



or 



"«^"> " {^^^F ^**"'^""^ -^ '^^'*'^^*^'^- 



225. Hence it results from the preceding formulae, that 
an elliptic function of the third order n^Cn, 0), having for 
its parameter any real quantity n^ can always be made to 
depend upon a similar function Il^Cfit, 0) having the same 
modulus and amplitude, and of which the parameter m is in 
every case between and — 1 ; that is, 

1. between - 1 and - c*, or of the form —1+6* (sin 0)*, 
when n is positive ; 

2. betwen and — c*, or of the form - & (sin 0)*, 
when n is negative* 

Also since the function of the parameter (l + n) [ i + _ L 

which we have denoted by a, is made positive by the first form 
of the parameter, and negative by the second, it follows that 
functions with these respective parameters are essentially differ- 
ent, and not reducible one to the other ; functions of the former 
sort in their reduction and comparison involving angles, and 
those of the latter, logarithms. The first of the above funda^ 
mental forms of the parameter may for the sake of distinction 
be called (Arcular^ and the second form logarithmic; and 
instead of 11^ (n, 0) we may use 11^(0, (p) where 6 denotes the 
ar^le of the circular or logarithmic parameter — 1+6*^ sin' d, or 
-c«sin»0,asthecasemaybe. 

226. To investigate a formula for the comparison of 
elliptic functions of the third order. 
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If a be the given amplitude of a function of the third 
order, and (p and yf/ two other amplitudes subject to the 
condition 



cos a = cos cos %^ — sin ^ sin yfr s/x -c^(8ino")*, 
then n, (n, 0) + H, (n, x/.) - H, (n, tr) 

1 , n V a sin d) sin \!r sin cr 

-as — y= tan" 4- ^^ . 

V a 1 + n — n cos cos -^ cos o* 

Since >^ is a function of 0, we may assume 
n^ (», 0) + n^ (w, >//) - n^ (n, a) = P (a function of 0) ; 

'■l+n(sin0y'A(0) 1 +w(sin^/,)^A(>|/) * ' 

or, smce — 7-— + — , . ^ »= 0, 
A (0) A(>|.) 

A (0) In- w (sin 0)^ " 1 + w (sin >/.)4 " * ' 

^^ ^ (sin >/.)^ - (sin 0)^ ^^ ^ 

A (0) * 1 + w (sin 0)"* + n (sin ^Y + (^ sin sin \^)'^ ^ 

But A (0) + A (\/r) d^^l^^ €^d^ (sin sin \|/- sin a) 

.-. {A(0)}'- {A(>|.)}* = c*(sinx/,)2-cHsin0) 

= c^ A (0) d^ (sin sin yf/ sin d) ; 



9 

2 



wcf^ (sin sin yj/ sin o-) 



r^d.P. 



I +n (sin 0)^ + w (sin y^y + (w sin sin >|a)^ 
Let sin sin >^ sin <r = - , then observing that 

(sin 0)^ + (sin >/^)^= (sin o-)*- 2 sin sin \|r cos <r A {a) 

+ c* (sin sin \^ sin cr)^, 
— w 



•d-*- 



^ 1 1 + w (sin o')'*^ - 2 war cot (T A (a) + tic' + n^ (cosec (t)' 



=rf,P; 
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1 , « } 1 + n (sin aYl - n cot a A (tr) „ 

cot"* ' ^-p= = Fy 



v/a nva 

by Ex. 4) Art. 26 ; making, as before, 



a = (1 + n) f 1 + i c«j , 



and no constant being added, because both sides vanish when 

s Oy or iir s 00 , and >|^ = cr. 

Hence restoring the values of z and P, and reducing by means 
of the equation of condition, 

n,(n,0) + n,K./.)-n,(n,cr) 

JL_t -1 w va sin sin >!/• sin 0- 

_^ villi ■""" — — ' • 

V a 1 + n — n cos cos yj/ cos o* 

If a be negative, that is, if the parameter be logarithmic, 
the second member must be replaced by a logarithm. 

227* Hence the excess of the sum of the functions whose 
amplitudes are (j) and yjr over that whose amplitude is <r, which 
is nothing in functions of the first order, and algebraic in those 
of the second, is in functions of the third order expressed by 
an angle, or by a logarithm if a be negative. . From the above 
equation, we can deduce every thing relating to the comparison 
of elliptic functions of the third order, in the same manner as 
we have done for functions of the first and second orders, from 
their corresponding equations ; thus 

leto-^^TT, .-. n, (w, 0) + n, (w, x|.) - n, (w) 



1 «\/asin0sin\^ , , ^ . 

= —7:^ tan"* —^ , where 6 tan d> tan v^ = 1 ; 

v/a 1+^ ^ ^ 



and if ■= >//, and therefore (sin <py = 



> 



. / 
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2n,(n,0) - n,(n) = ^tan-' '"^' 



\/a (1 + n) (1 + li) 

228. To prove that complete functions of the third order 
can always be expressed by functions of the first and second 
orders. 

o-J» 1 1 

We have H^ (») = / .. ^.^ . -r-zr- , 

jir _ (sin ^y 

iM' l+n(sin^)«-l 



w J^ {l 4-wsin*0}*Ac(0)' 

ori' 1 

or n . c{, n. (n) + 11^ (n) = / t- 2^?2 a /^\ • 

1 + _ (1 + c») + — J n, («), by Ex. 3, Art. 154, 

where aa(l+n) (l + — c*]. Hence, combining this equation 
with the preceding, 

2ad.n.(«) + (i - ^) n« (») = - -, j; + ^ (£. - ^o), 

or 2ad,n.(«) + n.(«)d.a = - -, F, + - (-B, - F,), 



since d-a = 1 5 • 



Hence, if a be positive, dividing by 2 \/a^ ^.nd integrating, 
we have 
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But if a be negative and ~ — ai, then 

- 2«jd. n. (n) - n. («) d,«i ~--F, + l(E,- F„) ; 

n n 

therefore, dividing by - 2 \/a] > and integrating as before, 

v^;.n.(«)-^/-p^-i(i;.-F.)/-^. 

In order to effect the integrations, we must consider 
separately the two fundamental forms of the parameter, the 
first of which we know makes a positive, and the second makes 
a negative. 

229. Case I. Let the parameter be circular ; and for 
the sake of convenience, let n = (cot Oy ; we can afterwards 
adapt the formula to the fundamental form of the circular 
parameter, viz. 

-l + 6«(sin0)»; 

.-. d^n=:-2cot0(cosecd)',v/a = ^ . ^ ; 

^ cosdsmd 

_- T— i— ^ f ^^^ r c^jtaxiey 

= taneA6(0)--Ej(0), 

.-. s/Z. n, {n) = F, {tan A, (0) - E^ (0)} 
- Fj (d) (£, - /',) + const. 
To determine the constant, let c = 0, and therefore 6 « l ; 

.-. Ai(0)«cos0, J5j(d) = sin0, U^^FcS^tt, v/a = cosec0, 

andUc^{n)= f __-i-_~=(sin0)« f , . ;,, ^ w^x. 

^^ l + (cot0sm0)* '^ ^^ (sm0)V(tan0)* 

- sin 0. tan"* I — r— ^ I =sind.-; therefore, constant = — ; 

Vsmdy 2 ' 2 

37 
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-F,(e)(E,-F:). 

Now let - »» = - 1 + 6* (sin 0)*, n = (cot Q)*\ therefore by 
Art. 224 

A,(0) n.(«).?l?^i^j6^n,(-«.)+c«8ec«dj;} 



8in6>co8 "^ ' Aj(0) 
hence, substituting and reducing, 
d'sindcosd 



A»(0) 



|n,(-m)-F4 - l-ir-F^EM-iE^-F^iFM' 



230. Case II. Let the parameter be logarithmic, or 

n B ^ <«* (sin Qy^ 

^\ d^n = - 2c* sin 9 cos 0, and a = - ai « - {cotfl A^C^)}*; 

-^r_J f^ 

■ * 2 -/.n'v^x -^j (8in0)«A.(e) 

--J'.(0)+j;.(e) + A.(d)cote, 

.-. cot e A.(d) n,(«) = F, { - /•,(«) + 1;. (6) + AXG) cot9\ 

-FMi^c-F^ + C, 
- F, {E,(9) + AM cote} - E^FM + C, 
and C Bs O, as is easily shewn by making c s o ; 

.-, n.(«) -fc + ~ {-^-.£.(6) -E^FM I 

The above formulae are of great importance, for since 
they reduce complete functions of the third order to func- 
tions of the first and second orders, and since in the solu- 
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tion of mechanical and geometrical questions which depend 
upon this theory, it is usually only complete functions that 
are required ; the necessity of having tables of elliptic func- 
tions of the third order, is in a great measure obviated. 

231. To shew that a function of the third order with 
logarithmic parameter, may be determined by one of the first 
order, and by the function 6 (9, a?). 

Let — w ^ -^(0) *^d — a = jF(a), 

IT ' IT 

.-. — (a? - o) - jP(0) - F{a) = F((f>) suppose 

TT 

2 F 

— (« + o) - F(.^) + Fia) = /"(f ) ; 



also 



2 



F d,0 d,0' ^ d,^^ 



TT A(0) A(<^) H<P") 
Then in the formula ^M « !^ {£(0) - e/^(0)^ 

(Art. 217) substituting a? -a for a? and 0' for 0; and again 
d? + a for w and 0'' for 0, and subtracting,, we get 

d,0(a? - a) d,0(«2f + o) 
0(«r-a) 0(a? + «) 

" :^ ^^^^'^ ■ -^^^"^ ■ '^^^'^ "^ ''^<^">^' 

But E{d}) + E(a) - E(d>) = l^anaaiufft sin ^', 
i:(0) + £(0) - £(0") - ft* sin o sin <j> sin ^", 
.-. E (<(>') - E((f>") = ft* sin o sin <j> (aa<p' + sin <p") -ZE(a)i 

ejof - a) _ <?,^ 

}2ft'8in*0sinacosaA(a) „, . „ ri/ \1 
1 — Ac sm a sm <p j 

substituting for sin 0' + sin 0" its value from Art. 159 ; there- 
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fore, integrating, and adding no constant because both members 
vanish for s we get 

cotaA(a){n(o, (p) - F((p)] + {eF(a) - E{fx)\ F(<p) 

The importance of this formula will be perceived by con- 
sidering that if a table of the functions 6(99 ^) and an auxiliary 
table for calculating q from k were computed, we should 
be able, with the help of the existing tables of F and £, to 
assign the values of all functions of the third order whose 
parameter is logarithmic ; that is, of quantities depending in 
general on three elements by tables depending only on two. 
This remarkable property does not appear to have been ex- 
tended to the case of functions whose parameter is circular. 

232. Since (a?) = (- a?), we may in the preceding 
equation interchange <r and a, and consequently and ay 
without altering the value of either member ; 

.'. cotaA(a){n(a,0)-F(0)} '•'E(a)F((p) 

= coti^A(0){n(0,a)-F(a)}-£(0)/'(a), 

which shews that the functions 11 (a, <p) and 11 {<py a) are re^ 

ducible one to the other. And by putting sina=\/ — ltanj3, 
it may be farther shewn that a function whose parameter, 
modulus, and amplitude are k^ tan^ (i, Ar, and respectively, 
may be reduced to a function whose similar elements are 

- 1 + /p^ sin* (J>y k\ and /3. 

233. Again, using the same notation as in Art. 23 J, we 
have 

r d,(f> i jp , ^ 2A?'^sin*0sinacosa A (a)l 
" Xa(0) [ ^""^ ■" 1-Ar»sin*asin»0 j ' 

or, if we denote the integral / — -—-r by Y (0), 
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Y (0")-Y(0')-2 JB (a) F(0)-2 cot a A(a) {U (a,0)-F(0)}, 

no constant being added, because both members vanish when 
0=0; a formula furnishing a second mode of computing 
n(a9 0) from a table of the functions Yj^(0)9 and which is 
perhaps the most advantageous mode of all for that purpose, 
as it does not involve 9, and requires only the values of 

Yj^ (0) = j /^ , which may be computed with superior fa- 

cility, on account of the value of E (0) being already known 
in the Tables. But if a Table was formed of one of the 
functions or Y, the values of the other could be immediately 
deduced, as we shall now shew. 

234. Adding together the formulae of Arts. 231 and 233, 
we obtain 

log^^^Kr (<(>') -Y (<{>") +2eFia)F(<l>); 
and making a^w^ and therefore a = 0, 0^ <j>\ and 

l«g|(^--Y(0") + 2e{/'(0)}«(l). 
But iF(<p)^F(<}>") gives^^ ^-l^^d,<p'\ and 



S 



E{<p) - E(<p ) = A» sin* sin 7- ,2 • T^ - > 

1 - Ar sin* © 

41? (^) _ E(<p") „ _ W sin' ^ cos 
•*' A(0) "a(^ *^ ~ 1-A»8in*0 ' 

.-. 4Y(0) - Y(0")- -log(l -&Hin*0) = - log^^|j:|^> 

(Art. 220). 

Hence, adding this to equation (l)« we have 
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or log 0(0?) - Y(0) - |€ {F(0)}* + ^ log (^^ , (Art. 2l6), 
the equation which connects the functions 6 and Y. 

235. A function whose parameter is imaginary, and of 
the form ^y (cos 6 + y/— 1 sin 6), will, in any real expression 
whose integral is required, be accompanied by its conjugate 
function whose parameter is 'y (cos — v-1 sin 0) ; and their 
sum, which will be an integral of the form 

a + /3 (sin 0)^ 



V^ 1 + 27 cos fl (sin (py + y (sin 0)* * Ac(0) ' 

can always be expressed by two other functions, whose 
parameters are real, one of the form —1+6' (sin /m)^, and 
the other of the form — c* (sin X)*. For the proof of this, 
which is omitted on account of its length, and of several other 
important propositions, recourse must be had to the TraiiS 
des Fonctiona Elliptiques of Legendre, (who is the author of 
this branch of the Integral Culculus); to Jacobins Fundamenta 
nova theoruB functionum ellipticarum ; and to AbePs Oevres 
Completes, and to various papers in Crelle^s Journal. But 
the property expressed by the formula for the comparison of 
Elliptic Functions (Art. 226), is common to Transcendents of 
far higher orders, as discovered by Abel ; with whose general 
theorem we shall terminate this part of the subject. 

236. Let n (a;) =7- ^^^=^ where /(or), 

•'' (07 - a) V (a?) ^1 (X) 

(p («r) and 0, {oe) are known polynomials, of any dimensions in a?, 
whose coefficients, as also the quantities a and c, are given 
constants ; and let .Ti, o?2» ••• ^ft ^^ particular values of w satis- 
fying the equation 

P(,v) = {y^wf (pw ~ {y^^wY <p^w s^ (<r-a?i)(ar-a?2)...(«2?-a?^) (l), 
where y\f (ai) = Oq + ^i^ + ^2^' + ... + a^a?" 
>^, (/v) = Co + CiOf + c^a^ + ... + c^ /r"^ 
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Then, m, m^y denoting the dimensions of (pw and (piOf re- 
spectively, we have 

fi a greater of the two numbers 2n + ft^ or 2ni + i»i ; 

and by equating coefficients of like powers of x in equation (l), 
we shall obtain /n + ^ equations, of which only n + n^ + 2 are 
needed in order to determine a^y Cq, a^ Ci &c. in terms of a^i^ 
^2 9 &^*^ there will consequently remain n — nj + m — 1, or 
ni " n + nil - ly equations expressing relations among ^i, A?g... 
w^ only ; and enabling us to determine the same number of 
those quantities in terms of the rest which will continue arbi- 
trary. Hence we may assume all the quantities ^i, /Tg, ... ^^ 
to be functions of another variable t ; and P(/c) by this sup- 
position becoming a function of tj and of w which is also a 
function of t, its differential coefficient will be 

or Q(pafyj/afdt\l/af — 2<j>iWylfiWdt\l/iaf + P^{ai)diX'^ 
and if we consider w to represent one of the quantities 

^15 ^2> &c., so that P{3d) = 0, and y{/w\/(paf = e>lf\Wy/(piaf 
where e = ±1, we get 

P{w)diW « Ze\/<f>af(piW(y^wdt>^iW — yf/iwdi\ffw) ; 
efix) diX 2fa 

(a? - a) V 0^01^ (a?-a)i^(<») ^ 

= 0.-a)i>-(^) ^"PP"^^- 

Hence, substituting for o^ all the values ^i, 0^29 &c- ii^ 
succession, and taking the sum, observing that we may assume 

F{ai) - F{a) + (a; - o) Fi{x), 
- -/W^*^ ^ ^(^)2 ^^ + 2^'^*'^ 



{w - a) \/^w^iX {x-a)P' (<r) -P (a?) * 

_ 1^ 1 ^ 1 (1 X a^ \ 

But ^T-T-^Sp r5?7-T'=2"i5?7^ " + 1+"3 + ^c- » 

P(o) (a-d?)/^^^?) F{x)\a a^ or ) 
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(Art. 34), /. 2 - ^ ^ ■» coefficient of o"' in expansion of—- — ; 

Fix) ^W 

and consequently, F^{ai) being a rational integral function, 



P'iw) 



coefficient x~^ in expansion, according to powers of 



^-1 of '■ ^ or -^—^ ^-^, or of ^-^ simply 

because the least power of w~^ in the expansion of 



(a?-a)P(a?) 
is the (pi + 1)^ ; let this coefficient be dir, 

yf/a.(f>a~ylfia^ia 

Therefore, integrating relative to t, observing that only 
>^(a) and \|/i(o) involve ^, ^ell(jc) or 

€in(a?i) + 62n(a?8) + ... + e^nor^) 

where r denotes the coefficient of a*~^ in the expansion, ac- 
cording to powers of zp~\ of / ■ , 

(tV — a) \/{f>wtpyW . Kyj/ay/^w — yj/iX \/(J)iwJ 

the coefficients 6i, eg, &c. being either + 1 or — 1 according to 
the different terms £1(47,), n(*rs), &c., to which they are 
applied. 

If f(w) = (a? - a)f, (<i»), then /(a) = 0, 

.*. €in(a?i) + 62X1 (a?2) + &c. « C + r, or = C, 
if the dimension of /^(ai) be less than ^(m + mi). 
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237- Such transcendents as the one just treated of have 
received the name of AbeFs Integrals, and are said to be of the 
(n — 1)^^ class when the polynomial under the radical sign is 
either of Sn — 1 or of 2n dimensions; because in the former 

case, by making of = — , the integral is transformed into 

1 + 'y^ 

another of the same kind in which the polynomial under the 
radical is of 2 n dimensions. Thus if the polynomial under 
the radical be of 3 or 4 dimensions, we get the first class of 
AbePs Integrals, viz. Elliptic Functions; if of 5 or 6 dimen- 
sions, the second class, and so on. And each class, the same 
as for Elliptic Functions, is divisible into three orders, in 
which the second member of the general equation of com- 
parison equals respectively a constant, the sum of a constant, 
and an algebraic function, or the sum of a constant, an alge- 
braic, and a logarithmic function of the variables Wi, ^29 &c. 

The number of the quantities «2?i, ^29 &c- '^^ ™^y ^^ ^ 
great as we please, but cannot for functions of the n^ class be 
less than n + 1 ; also the number of them which are not 
arbitrary but determinable by the others, cannot be less than 
fs; 60 that one at least is in every case arbitrary. 

To the case of AbeFs Integrals may be reduced the yet 

more general form / / — , where Fa is any rational func- 
tion; for Fa may be resolved into partial fractions of the 
general form ,^^ , and then 

J \ ^ r A 



f — ^-^= — i-d:/- ^-y=. 

*^»{w-' ay \/ipx [^ - 1 '^*(ti? - o)\/0«i? 



238. The following example of integrating a system of 
AbePs Integrals is remarkable, as being a generalization of 
Xiagrange^s method of integrating the equation (Art. 157) on 
livhich so much of this theory depends. 

Let a?i, a^g, &c. x^ be n functions of ^, determined by the 
38 
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) 



equations d^^i « \f > ^^« " v ' *'^* ' -^^^^ ^'^^^"^ * 
rational integral function; and jY^, iNT^, &c. denoting {x^ — ^2) 
(a?i — ^s) — (^1 -^«)> (^« - ^1) (^2 - ^3) — (^2 - ^1)9 &c. Also 

let ^ s Jf (d?), o - /r being any factor oif(ai) ; then 

a ^ w 

v/a— a?j iVj 

[N^ a - a?2 a?i — a?2 *" N, a - a?« a?i — wj 

since ci#. f-rr) = tt"; r> &c. Similarly for a^g, and for 

"VATi/ iV^i (fl?i - arg) 

all the other quantities, 

Vo-a?2 \y/a^x^f I -^2 J -^2 ^-^2 



o — J?g o — /Pi 



Hence^ by addition, observing that =• + ess 1, 

^1 ^ ^2 ^2 ~ ^1 
we get 



+ 2 



lJV,Ar, ^ (a - ar,) (a - a?,)/ ■ 
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But by resolution into partial fractions we have 

-^(") 2d^ /iM_i_l; 

or, if ea^ be the highest power in >^ (<v), and we expand 
according to descending powers of Wy 



COB^" + 



Hence if m - 2n - 2, 2d,,|^^^l = 0; 



In the first case 



Let 2tt as log (o - a?|) (a - a72)*>«(a " ^n) 5 
.-. «*djw = const or \/(a-^i)(o-^8)...(o-a?,)2( — ?-^J«:C; 



C 

\/(a — Wi) (a - ^2)... (a - ^») 



aoo 

In the second case d*u + (<!(«)' + ^c » 0; 



or V<^) ^ >//(^e) ^ ^ v//(*.) 
or ^ ^_ + . ^_ + • • • + 



The differential coefficients d^x^^ d^w^y &c., instead of 
having the explicit forms given above, may be supposed to be 
determined from the n equations 

Ri diXi + R^ d^x^ + . . . + fi„ diW^ = 0, 



JZi representing (/^i)"*; for the values given above are the 
well known results of elimination between such a system of 
equations. 
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